Surface Integrals of Scalar Functions

let®:D c R?2 > R3 bea parametrization of a surface S and D an Elementary
Region (ie, ¥ € [c,d] and hy(y) < x < h,(y), and/orx € [a, b] and

ki(x) <y < ky(x)): 5(u, v) =< x(u,v), y(u,v), z(u,v) >.

Def. If f(x,y, z) is a real-valued continuous function on a parametrized surface S,
we define the integral of f (x,y, z) over S to be:

llg fx,y,2)ds = [ f(@u,v))|T, x T,|dudv.

Notice that if f(x,y, z) = 1, then this integral equals the surface area of S.

The motivation for this definition is similar to that for surface area.

Ex. Evaluate ffs fdS when f(x,v,z) = x> + y?> + z and S is the portion of the

cone definedby: x =rcos@ y=rsind z=r; 0<r<1 0<6 <2m.
2

We saw from an earlier example:

®(r,0) =< rcosh,rsind, r >

i =< cos0,sin6,0 >

79 =< —rsinf,rcosf,1 > |
-1 +
T, XTog=| cos® sing 1| = —rcosdt—rsinfj+rk;
—rsinfd rcosf 0



So we have:

|fr X 79| = Vr2c0s20 + r2sin20 + r2

= |r|lvV2. (r = 0,sodontneed| |).
f (5(r, 9)) =x?+y%2+z=r%c0s5%0 +r?sin’0 + .

Il fds = f;:o f;o(rzcosze + 125in?%0 + r)rv2drd6

2 1 2 1
=2 [, [ _ 2+ r)rdrdd =2 [,7 [ (3 +7r?)drdf

7V2m

2 1 4 311
=VZ [T d6 L (r* + rydr = v22m) Gl |0 SpaL

Ex. Compute the surface integral [f. x?dS, where S is the unit sphere.

x = cosfsingg y=-sinfsing z=cosp; 0<¢p<m 0<6<2m.

<1_5(¢, 0) =< cosBsing, sinfsing,cosp >; 0<p<m 0<6 <2m.
ﬁp =< cosOcos@, sinbcosp, —singp >

79 =< —sinfsing, cosfsing, 0 >

> -

— — ? ] k
Ty X Ty = | cosOcos¢p sinBcos¢p —sing
—sinfsing cosOsing 0



ﬁp X Ty = (cosO sin? ¢)T + (sind sin? )j + (sin pcosp)k

|7¢ X fg| = \/[cos? 6 sin* ¢ + sin? O sin* ¢ + sin? ¢ cos? ¢]

= \/sin* ¢(cos? 6 + sin? 0) + sin? ¢ cos? ¢

= \/sin2 ¢(sin2 ¢ + cos? ¢p) = sing.
f (5(1’, 9)) = x2 = cos? 0 sin? ¢.

JIg x*ds = f::o fqio (cos? 8 sin? ¢) sing d¢pdo
= (J,7, (cos? 0)d) ([, (sin® $)d¢p)
= ;7 (5 +>cos20) a6] | f(;fj (1 — cos?¢)(sin )d]

— [GQ + isinZH) |2(;T] [(—cosO + %cos3 9)|g

af(1-Y- (=



Surface Integrals when S is given by z = g(x,y)

As we saw with surface area, when z = g(x, y) we can parametrize the
surface:

x=u y=v z=g(uv) and

|fu X Tv| = \/1 + (9% + (9,)? = Jl + (gx)* + (gy)%; sowe have:

Il flx,y,2)ds = [[, f(x,y,9(x,)) \/ 1+ (gx)? + (gy)?* dxdy

Ex. Evaluate [[. ydS, whereSisthesurfacez=x+y% 0<x<1 0<y<2.

4 z=x+y?

In this case, g, =1 and g, = 2y.

2 1
s ydS = [_o feeoyV/1+1% + (2y)* dxdy

2 1 1
[s ydS = [,_oJeey ¥(2 + 4y*)2 dxdy

1 2 1
= [—odx [,_o¥(2 + 4y*)zdy

1
= (1) fyz=0y(2 + 4y2)2dy  (letu = 2 + 4y?, %du = ydy)

1342
=—.



To find the center of mass of a surface S, where p(x, y, z) =density at (x, y, z).

m = mass= [[. p(x,y,2)dS and (X, y, 2) is the center of mass.

1
X = Zﬂs xp(x,y,2)dS
y=—fl; yo(x,y,2)dS
1

7= ;ffs zp(x,y,z)dS

Ex. Suppose a Helicoid, S, is parametrized by 5(1‘, 0) =< rcos@,rsind, 0 >;
where 0 <r < 1and0 < 8 < 2m. Suppose the density at (x,y,z) € S equals
the distance to the z-axis. Find the mass and write down definite integrals
representing the center of mass (x, y, ). ¢

In this case p(x, y, z) = \/x? + yZ2.

m =mass= [[. p(x,y,2)dS = [[. Jx? +y?dS

5(7‘, 0) =< rcosf,rsind,0 >; where0<r<1land0<8 < 2%{

as we have seen in a previous example:

ﬁ =< co0s0,sinf,0 > _)9 =< —rsinf,rcosf,1 >
L o [ ook S
T, XTog= | cos&  sing 0| =sind7— cosbj+rk.

—rsin@ rcosf 1

|TTX T9|=V1+T2.



We also know that /x? + y? = (\/T‘ZCOSZQ + TZSinZB) =1; sincer = 0.

m = mass= f;:o frlzor\/1 + r2drdé.

1
=7 do [ _ r(1+r2zdr

2T
3

= 2mG A+ r2y: |(1) =—(2V2-1).

_ 1 1 2w 1
x=—[f. xp(x,y,2)dS = — 6:0 J._ (rcos@)(r V1 +1r2)drd6
y==f; yo(x,y,2)dS =% 02:0 frlzo(rsine)(rxﬂ + r2)drd6

z=—[f, zp(x,y,2)dS = % 62:0 frl=0(0)(r\/1 + r2)drd8 .

Ex. Find ffS ydS, where S is bounded by the triangle with vertices 4(1,0,0),
B(0,1,0), C(0,0,1).

(0,0,1)

A(1,0,0)
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First find the equation of the plane that contains these 3 points.

AB =< —1,1,0 > AC =< —1,0,1 >
A I j ok .
ABXAC= |—1 1 o|=T+]+k.

-1 0 1

-

N = T+7+ k =< 1,1,1 > is perpendicular to the plane containing 4, B, and C.
Using N and the point (1,0,0), an equation of this plane is:
x—-1D+y+z=0

Solving this equationforz: z=—-x—y+1,s0 2z,= —1 zy = —1,

Us e ﬂD y 1+ (@) + (2y)dxdy

=, yJ1+ (D2 + (=DZdxdy = [[, yV3dxdy.

D is bounded by the x —axis, the y —axis, and the liney = —x + 1.

y=1—-x




Ex. Evaluate ffs x2dS, where S is the boundary of the cube [0,1]x[0,1]x[0,1].

< (0,0,1) Face #2
(0,1,0)
| y
1,0,0
( )/ l

xr Face #1

The surface S is made up of the 6 faces of the cube. We must parametrize each
face of the cube.
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Face#1: x=1, 0<y <1, 0<z<1; ie ®(uv)=<1uv >
0<uyv<li
T,=<010>, T,=<001> T,xT,=7 so |T,xT,|=1.

[ x2ds = [ 7 12 dydz = 1.

Face#2: x =0, 0<y<1, 0<z<1; ie®(w,v) =< 0,u,v >;
0<uv<l

1 1
ffFace 2 ZdS fZ y 02 dde = O

Face#3: y=1, 0<x<1, 0<z<1 ie®(w,v) =<u,1,v >;
0<uv<l.

T, xT,| =1

1 1 =1 =1 1
50 [frace 3 X204 = 5 Jiog X2 dxdz = [~ dz [ "x?dx = .

. . 1
Faces 4-6 work out just the same as face 3 so the integral for each face equals 3

[J, x?dS=1+0+-+5+-+-=—.
3 3 3 3 3



