
                                     Surface Area of Parametric Surfaces 

Def.   Let 𝛷⃗⃗ : 𝐷 ⊂ ℝ2 → ℝ3,  be a parametrization of a 𝐶1 surface 𝑆.  We define 

the surface area of 𝑆 to be: 

                           𝑨(𝑺) = ∬ |𝑻⃗⃗ 𝒖 × 𝑻⃗⃗ 𝒗|𝒅𝒖𝒅𝒗
𝑫

  

where 𝑇⃗ 𝑢 =
𝜕𝛷⃗⃗⃗ 

𝜕𝑢
   and 𝑇⃗ 𝑣 =

𝜕𝛷⃗⃗⃗ 

𝜕𝑣
.    

 

The motivation for this definition comes from approximating the surface area of 

the image of a “small” rectangle, 𝑅𝑖𝑗 , on a surface 𝑆, which we will call 𝑆𝑖𝑗. 

 

 

 

 

 

 

 

 

Notice that the area of the parallelogram spanned by 𝑇⃗ 𝑢(Δ𝑢) and 𝑇⃗ 𝑣(Δ𝑣) is 

given by |𝑇⃗ 𝑢(Δ𝑢) × 𝑇⃗ 𝑣(Δ𝑣)| and is approximately equal to the surface area of 

𝑆𝑖𝑗, 𝐴(𝑆𝑖𝑗).  

 

 

 

𝐴(𝑆) ≈ ∑ ∑ |𝑇⃗ 𝑢(Δ𝑢) × 𝑇⃗ 𝑣(Δ𝑣)| = ∑ ∑ |𝑇⃗ 𝑢 × 𝑇⃗ 𝑣|(Δ𝑢)(Δ𝑣)𝑚
𝑗=1

𝑛
𝑖=1

𝑚
𝑗=1

𝑛
𝑖=1 . 

𝛷⃗⃗  

𝑇⃗ 𝑣(Δ𝑣) 

𝑅𝑖𝑗 
Δ𝑢 

Δ𝑣 

(𝑢𝑖
∗, 𝑣𝑗

∗) 

 

𝑆𝑖𝑗 = 𝛷⃗⃗ (𝑅𝑖𝑗) 

 
𝑆 

𝑇⃗ 𝑢(Δ𝑢) 

𝑆𝑖𝑗  
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Now take a limit as Δ𝑢, Δ𝑣 go to zero to get: 

                            𝐴(𝑆) = ∬ |𝑇⃗ 𝑢 × 𝑇⃗ 𝑣|𝑑𝑢𝑑𝑣
𝐷

  

 

Ex.   Find the surface area of the portion of a cone defined by: 

𝑥 = 𝑟𝑐𝑜𝑠𝜃        𝑦 = 𝑟𝑠𝑖𝑛𝜃        𝑧 = 𝑟 ;         0 ≤ 𝑟 ≤ 2,     0 ≤ 𝜃 ≤ 2𝜋.  

 

 

𝛷⃗⃗ (𝑟, 𝜃) =< 𝑟𝑐𝑜𝑠𝜃, 𝑟𝑠𝑖𝑛𝜃, 𝑟 >   

𝑇⃗ 𝑟 =< 𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜃, 0 >                        

𝑇⃗ 𝜃 =< −𝑟𝑠𝑖𝑛𝜃, 𝑟𝑐𝑜𝑠𝜃, 1 > 

𝑇⃗ 𝑟 × 𝑇⃗ 𝜃 = |
𝑖 𝑗 𝑘⃗ 

𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃 1
−𝑟𝑠𝑖𝑛𝜃 𝑟𝑐𝑜𝑠𝜃 0

| 

                = −𝑟𝑐𝑜𝑠𝜃𝑖 − 𝑟𝑠𝑖𝑛𝜃𝑗 + 𝑟𝑘⃗  ;      So we have: 

|𝑇⃗ 𝑟 × 𝑇⃗ 𝜃| = √𝑟2𝑐𝑜𝑠2𝜃 + 𝑟2𝑠𝑖𝑛2𝜃 + 𝑟2 .                                                                               

                     = |𝑟|√2                                                    (𝑟 > 0, so don’t need | |).  

 

𝐴(𝑆) = ∬ |𝑇⃗ 𝑢 × 𝑇⃗ 𝑣|𝑑𝑢𝑑𝑣
𝐷

= ∫ ∫ 𝑟√2
𝑟=2

𝑟=0

𝜃=2𝜋

𝜃=0
𝑑𝑟𝑑𝜃   

 

𝐴(𝑆) = √2∫ ∫ 𝑟
𝑟=2

𝑟=0

𝜃=2𝜋

𝜃=0
𝑑𝑟𝑑𝜃                                                                                                    

           = √2 ∫
𝑟2

2

𝜃=2𝜋

𝜃=0
|
2
0
𝑑𝜃 = 2√2∫ 𝑑𝜃 = 4𝜋√2

𝜃=2𝜋

𝜃=0
.  

 

𝑥 

𝑦 

𝑧 
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Ex.   Find the surface area of 𝑥2 + 𝑦2 + 𝑧2 = 16,  a sphere of radius 4.  

 

Parametrize the sphere with spherical coordinates: 

𝑥 = 4𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙      𝑦 = 4𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙     𝑧 = 4𝑐𝑜𝑠𝜙;                                                          
                   0 ≤ 𝜙 ≤ 𝜋,    0 ≤ 𝜃 ≤ 2𝜋 

 

𝛷⃗⃗ (𝜙, 𝜃) =< 4𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙, 4𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙, 4𝑐𝑜𝑠𝜙 >;                                                        

                          0 ≤ 𝜙 ≤ 𝜋,    0 ≤ 𝜃 ≤ 2𝜋. 

 

𝑇⃗ 𝜙 =< 4𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙, 4𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙,−4𝑠𝑖𝑛𝜙 >   

𝑇⃗ 𝜃 =< −4𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙, 4𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙, 0 > . 

 

𝑇⃗ 𝜙 × 𝑇⃗ 𝜃 = |
𝑖 𝑗 𝑘⃗ 

4𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙 4𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙 −4𝑠𝑖𝑛𝜙
−4𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙 4𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 0

|  

                = (16𝑐𝑜𝑠𝜃 sin2 𝜙)𝑖 + (16𝑠𝑖𝑛𝜃 sin2 𝜙)𝑗 + (16𝑠𝑖𝑛 𝜙𝑐𝑜𝑠𝜙)𝑘⃗ . 

 

|𝑇⃗ 𝜙 × 𝑇⃗ 𝜃| = √162[cos2 𝜃 sin4 𝜙 + sin2 𝜃 sin4 𝜙 + sin2 𝜙 cos2 𝜙]  

                  = 16√sin4 𝜙(cos2 𝜃 + sin2 𝜃) + sin2 𝜙 cos2 𝜙 

                   = 16√sin2 𝜙(sin2 𝜙 + cos2 𝜙) = 16𝑠𝑖𝑛𝜙. 
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𝐴(𝑆) = ∬ |𝑇⃗ 𝑢 × 𝑇⃗ 𝑣|𝑑𝑢𝑑𝑣
𝐷

= ∫ ∫ 16(𝑠𝑖𝑛
𝜙=𝜋

𝜙=0
𝜙)

𝜃=2𝜋

𝜃=0
𝑑𝜙𝑑𝜃  

                                                       = ∫ −16𝑐𝑜𝑠
𝜃=2𝜋

𝜃=0
𝜙|

𝜋
0
𝑑𝜃 = ∫ 32𝑑𝜃 = 64𝜋

𝜃=2𝜋

𝜃=0
.   

 

Ex.   Find the surface area of the portion of 𝑥2 + 𝑦2 + 𝑧2 = 16 cut out by the 

cone  𝑧2 = 𝑥2 + 𝑦2,     𝑧 ≥ 0,  with 𝑧2 ≥ 𝑥2 + 𝑦2. 

 

First draw a picture: 

 

 

 

 

 

 

 

 

 

Now find the intersection of the sphere 𝑥2 + 𝑦2 + 𝑧2 = 16  and the cone 

𝑧2 = 𝑥2 + 𝑦2 by solving the equations simultaneously. 

Substituting 𝑥2 + 𝑦2 = 𝑧2 into 𝑥2 + 𝑦2 + 𝑧2 = 16  we get 

                          𝑧2 + 𝑧2 = 16   or 𝑧 = ±2√2. 

Since 𝑧 ≥ 0 in this problem, 𝑧 = 2√2. 

𝑥 

𝑦 
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Now plugging 𝑧 = 2√2 into 𝑧2 = 𝑥2 + 𝑦2, we get 8 = 𝑥2 + 𝑦2. 

Thus the intersection of this sphere and cone is the circle 𝑥2 + 𝑦2 = 8 in the 

plane 𝑧 = 2√2. 

We are finding the surface area of a portion of 𝑥2 + 𝑦2 + 𝑧2 = 16 (instead of the 

entire surface area as we did in the last example).  So we already know what  

|𝑇⃗ 𝜙 × 𝑇⃗ 𝜃| equals from the last problem.  The only difference here is the limits of 

integration. For the portion of the sphere that we are interested in, what are the 

limits on 𝜙 and 𝜃? 

The surface area we are finding is the top of the ice cream cone.  Thus it’s the 

region where 𝜃 goes from 0 to 2𝜋 and 𝜙, the angle with the 𝑧 axis, goes from 0, 

i.e. the north pole, to the point where 𝑧 = 2√2.  Thus we can form a triangle: 

                                                          So 𝑐𝑜𝑠𝜙 =
2√2

4
=

√2

2
 ; so 𝜙 =

𝜋

4
 . 

 

 

 

 

𝐴(𝑆) = ∬ |𝑇⃗ 𝑢 × 𝑇⃗ 𝑣|𝑑𝑢𝑑𝑣
𝐷

= ∫ ∫ (16𝑠𝑖𝑛𝜙)
𝜙=

𝜋

4
𝜙=0

𝜃=2𝜋

𝜃=0
𝑑𝜙𝑑𝜃  

                                                  = 16(∫ 𝑑𝜃)(∫ (𝑠𝑖𝑛𝜙
𝜙−

𝜋

4
𝜙=0

𝜃=2𝜋

𝜃=0
)𝑑𝜙 

                                                   = 16(𝜃|
2𝜋
0

)(−𝑐𝑜𝑠𝜙)|
𝜋

4

0
 

                                                    = 16(2𝜋) (−
√2

2
+ 1) = 32𝜋(1 −

√2

2
). 

2√2 

4 
𝜙 
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Surface Area when the Surface is of the form 𝑧 = 𝑓(𝑥, 𝑦) 

If 𝑧 = 𝑓(𝑥, 𝑦), we can always parametrize the surface by   

𝑥 = 𝑢,    𝑦 = 𝑣,    𝑧 = 𝑓(𝑢, 𝑣),  ie   𝛷⃗⃗ (𝑢, 𝑣) =< 𝑢, 𝑣, 𝑓(𝑢, 𝑣) >. 

𝑇⃗ 𝑢 =< 1, 0, 𝑓𝑢 >              𝑇⃗ 𝑣 =< 0, 1, 𝑓𝑣 >         

𝑇⃗ 𝑢 × 𝑇⃗ 𝑣 = |
𝑖 𝑗 𝑘⃗ 

1 0 𝑓𝑢
0 1 𝑓𝑣

| = −𝑓𝑢𝑖 − 𝑓𝑣𝑗 + 𝑘⃗   

|𝑇⃗ 𝑢 × 𝑇⃗ 𝑣| = √1 + (𝑓𝑢)2 + (𝑓𝑣)2  

 

𝑨(𝑺) = ∬ √𝟏 + (𝒇𝒖)
𝟐 + (𝒇𝒗)

𝟐 𝒅𝒖𝒅𝒗
𝑫

= ∬ √𝟏 + (𝒇𝒙)
𝟐 + (𝒇𝒚)

𝟐 𝒅𝒙𝒅𝒚
𝑫

.  

 

Ex.  Find the surface area of the paraboloid 𝑧 = 1 + 𝑥2 + 𝑦2  that lies above the 

disk in the 𝑥𝑦-plane  𝑥2 + 𝑦2 ≤ 1. 

 

𝑓𝑥 = 𝑧𝑥 = 2𝑥                            

𝑓𝑦 = 𝑧𝑦 = 2𝑦 

 

𝐴(𝑆) = ∬ √1 + (𝑓𝑥)2 + (𝑓𝑦)2 𝑑𝑥𝑑𝑦
𝐷

 

          = ∬ √1 + 4𝑥2 +  4𝑦2 
𝑥2+𝑦2≤1

𝑑𝑥𝑑𝑦 

 

𝑥 

𝑦 

𝑧 
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Now change to polar coordinates: 

𝐴(𝑆) = ∫ ∫ (√1 + 4𝑟2 
𝑟=1

𝑟=0

2𝜋

𝜃=0
)𝑟𝑑𝑟𝑑𝜃  

        Let  𝑢 = 1 + 4𝑟2,     when 𝑟 = 0,   𝑢 = 1 

             𝑑𝑢 = 8𝑟𝑑𝑟,           when 𝑟 = 1,   𝑢 = 5. 

          
1

8
𝑑𝑢 = 𝑟𝑑𝑟 

 

𝐴(𝑆) = ∫ ∫ 𝑢
1

2 (
1

8
)𝑑𝑢𝑑𝜃

𝑢=5

𝑢=1

𝜃=2𝜋

𝜃=0
  

          = (∫ 𝑑𝜃)(
𝜃=2𝜋

𝜃=0
∫ 𝑢

1

2 (
1

8
) 𝑑𝑢)

𝑢=5

𝑢=1
 

          = (2𝜋)(
1

8
)(

2

3
𝑢

3

2|
5
1

=
𝜋

6
(5√5 − 1). 

 

Ex.  Find the surface area of the portion of the plane 𝑥 + 𝑦 − 2𝑧 = −6 where 

2𝑥2 + 𝑦2 ≤ 4. 

 

 

 

 

 

 

 

 

𝑥 + 𝑦 − 2𝑧 = −6 

2𝑥2 + 𝑦2 = 4 

𝑥 

𝑦 

𝑧 
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𝑧 =
1

2
𝑥 +

1

2
𝑦 + 3;   So we can write the surface as 𝑧 = 𝑓(𝑥, 𝑦). 

𝑧𝑥 = 𝑓𝑥 =
1

2
  

𝑧𝑦 = 𝑓𝑦 =
1

2
  

𝐴(𝑆) = ∬ √1 + (𝑓𝑥)2 + (𝑓𝑦)2 𝑑𝑥𝑑𝑦
𝐷

  

𝐴(𝑆) = ∬ √1 + (
1

2
 )2 + (

1

2
 )2 𝑑𝑥𝑑𝑦

2𝑥2+𝑦2≤4
= ∬ √

3

2
𝑑𝑥𝑑𝑦

2𝑥2+𝑦2≤4
  

The region 𝐷 is the interior of the ellipse 2𝑥2 + 𝑦2 = 4.  If we let:   

 

       𝑢 = √2𝑥  

    𝑑𝑢 = √2𝑑𝑥  

1

√2
𝑑𝑢 = 𝑑𝑥    

 

The region we will now be integrating over 

 will be a disk   𝑢2 + 𝑦2 ≤ 4. 

𝐴(𝑆) =
1

√2
∬ √

3

2
 𝑑𝑢𝑑𝑦

𝑢2+𝑦2≤4
 . 

Now change to polar coordinates: 

𝑢 = 𝑟𝑐𝑜𝑠𝜃  

𝑦 = 𝑟𝑠𝑖𝑛𝜃  

𝑑𝑢𝑑𝑦 = 𝑟𝑑𝑟𝑑𝜃  

𝐴(𝑆) =
√3

2
∫ ∫ 𝑟𝑑𝑟𝑑𝜃 =

√3

2
(∫ 𝑑𝜃

𝜃=2𝜋

𝜃=0
)(∫ 𝑟𝑑𝑟) = 2𝜋√3

𝑟=2

𝑟=0
.

𝑟=2

𝑟=0

𝜃=2𝜋

𝜃=0
  

2𝑥2 + 𝑦2 = 4 

𝐷 

𝑥 

𝑦 
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Surface Area for Surfaces of Revolution 

From first year Calculus we know that if the curve  𝑦 = 𝑓(𝑥) is revolved about the    

𝑥-axis, the surface area is given by:      𝐴(𝑆) = 2𝜋 ∫ |𝑓(𝑥)|√1 + (𝑓′(𝑥))2
𝑥=𝑏

𝑥=𝑎
𝑑𝑥. 

We will now rederive this formula using the surface area formula for parametric 

surfaces. 

We can parametrize the surface of revolution produced by revolving 𝑦 = 𝑓(𝑥) 

about the 𝑥-axis by: 

𝑥 = 𝑢      𝑦 = 𝑓(𝑢)𝑐𝑜𝑠𝑣      𝑧 = 𝑓(𝑢)𝑠𝑖𝑛𝑣;      𝑎 ≤ 𝑢 ≤ 𝑏,      0 ≤ 𝑣 ≤ 2𝜋.  

 

Thus:   𝛷⃗⃗ (𝑢, 𝑣) =< 𝑢, 𝑓(𝑢)𝑐𝑜𝑠𝑣, 𝑓(𝑢)𝑠𝑖𝑛𝑣 >;  𝑎 ≤ 𝑢 ≤ 𝑏,      0 ≤ 𝑣 ≤ 2𝜋. 

 

𝑇⃗ 𝑢 =< 1, 𝑓′(𝑢)𝑐𝑜𝑠𝑣, 𝑓′(𝑢)𝑠𝑖𝑛𝑣 >  

𝑇⃗ 𝑣 =< 0,−𝑓(𝑢)𝑠𝑖𝑛𝑣, 𝑓(𝑢)𝑐𝑜𝑠𝑣 >  

𝑇⃗ 𝑢 × 𝑇⃗ 𝑣 = |
𝑖 𝑗 𝑘⃗ 

1 𝑓′(𝑢)𝑐𝑜𝑠𝑣 𝑓′(𝑢)𝑠𝑖𝑛𝑣

0 −𝑓(𝑢)𝑠𝑖𝑛𝑣 𝑓(𝑢)𝑐𝑜𝑠𝑣

|  

 

𝑇⃗ 𝑢 × 𝑇⃗ 𝑣 = (𝑓′(𝑢)𝑓(𝑢)𝑐𝑜𝑠2𝑣 + 𝑓(𝑢)𝑓′(𝑢)𝑠𝑖𝑛2𝑣)𝑖 − (𝑓(𝑢)𝑐𝑜𝑠𝑣)𝑗 

− (𝑓(𝑢)𝑠𝑖𝑛𝑣)𝑘⃗  

𝑇⃗ 𝑢 × 𝑇⃗ 𝑣 = (𝑓′(𝑢)𝑓(𝑢))𝑖 − (𝑓(𝑢)𝑐𝑜𝑠𝑣)𝑗 − (𝑓(𝑢)𝑠𝑖𝑛𝑣)𝑘⃗    

 

|𝑇⃗ 𝑢 × 𝑇⃗ 𝑣| = √(𝑓′(𝑢)𝑓(𝑢))2 + (𝑓(𝑢))2𝑐𝑜𝑠2𝑣 + (𝑓(𝑢))2𝑠𝑖𝑛2𝑣  

|𝑇⃗ 𝑢 × 𝑇⃗ 𝑣| = √(𝑓′(𝑢)𝑓(𝑢))2 + (𝑓(𝑢))2 = |𝑓(𝑢)|√1 + (𝑓′(𝑢))2  



10 
 

𝐴(𝑆) = ∫ ∫ |𝑓(𝑢)|√1 + (𝑓′(𝑢))2 dudv
𝑏

𝑢=𝑎

2𝜋

𝑣=0
   

 

𝐴(𝑆) = ∫ 𝑑𝑣 ∫ |𝑓(𝑢)|√1 + (𝑓′(𝑢))2 𝑑𝑢
𝑏

𝑢=𝑎

2𝜋

𝑣=0
   

 

𝐴(𝑆) = 2𝜋 ∫ |𝑓(𝑢)|√1 + (𝑓′(𝑢))2 du
𝑏

𝑢=𝑎
 . 


