Surface Area of Parametric Surfaces

Def. Let (1_5): DcR?- ]R3, be a parametrization of a C* surface S. We define
the surface area of S to be:

A(S) = [[,) |Ty x T,,|dudv

= _0® = _ 0%
where T}, = 3 and T, = e

The motivation for this definition comes from approximating the surface area of
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the image of a “small” rectangle, R;;, on a surface S, which we will call §;;.
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Notice that the area of the parallelogram spanned by Tu (Au) and ﬁ, (Av) is
given by |Tu(Au) X Tv(AvN and is approximately equal to the surface area of
Sijr A(Siz)-

T, (Av) Sij

Tu (Au)

A(S) = T 3T Ty (Mw) X T, (Av)| = T, T4 | Ty, % Ty (Aw) (Av).



Now take a limit as Au, Av go to zero to get:

A(S) = [f, |T, x T,,|dudv

Ex. Find the surface area of the portion of a cone defined by:

x = rcos@ y = rsinf Z=71; 0<r<2 0£606<?2m.

5(7”, 0) =< rcos8,rsinf,r >
i =< cos6,sind,0 >

ﬁg =< —rsinf,rcosf,1 >

T XTo =] cosO sin@ 1
—rsin@ rcosf O

= —rcosHT — rsinfj + rk ; So we have:

T, x Ty| = Vr2cos20 + r2sin20 + rZ .
= |r|V2 (r > 0,sodon’tneed | |).

AS) = [f, |T,, X T,,|dudv = 69:02n frr:oz V2 drd6

0=2m

AS) =2 [, " [ rdrde
0=2mr? 2 6=2m
=2 440 = 2V2 [, d = 4mv2.

0=0 2 =0



Ex. Find the surface area of x? + y? + z% = 16, a sphere of radius 4.

Parametrize the sphere with spherical coordinates:

X = 4cosfOsingg y = 4sinfsing z = 4cose;
0<¢p<m 0<6<2m

(¢, 0) =< 4cosBsing, 4sinbsing, 4cosgp >;
0<¢p<m 0<560<2m.

ﬁp =< 4cosOcos¢,4sinfcosp, —4singd >

79 =< —4sinfsing, 4cosOsing,0 > .

Ty XTg = | 4cosOcos¢p  4sinfcos¢p —4sing
—4sinfsin¢g 4cosOsing 0

= (16c0s6 sin? )T + (16sind sin? ) + (16sin pcos)k.

|7¢ x Ty| = \/162[cos? 6 sin* ¢ + sin? @ sin* ¢ + sinZ ¢ cos? ]

= 16,/sin* ¢(cos? O + sin2 0) + sin? ¢ cos? ¢

= 16,/sin? ¢(sin? ¢ + cos2 ¢) = 16sing.



A(S) = [f, |Tu x T |dudv = [ [9°" 16(sin ¢) dpde

_ 0=2m
— Jo=0

0=2m

—16c¢0s d)lgdG = Joco

32d60 = 64m.

Ex. Find the surface area of the portion of x? + y? + z2 = 16 cut out by the
cone z2 =x% +y?%, z=>0, withz?>x?%+ y2.

First draw a picture:

Now find the intersection of the sphere x% + y2 + z? = 16 and the cone

z? = x? + y? by solving the equations simultaneously.
Substituting X% + y2 = z% into x? + y2 + z%2 = 16 we get
72472 =16 orz = +22.

Since z = 0 in this problem, z = 24/2.



Now plugging z = 2\2into z%2 = x% + yz, we get 8 = x? + yz.

Thus the intersection of this sphere and cone is the circle x% + yz = 8 in the

plane z = 2+/2.

We are finding the surface area of a portion of x? + y? + z? = 16 (instead of the
entire surface area as we did in the last example). So we already know what

|T¢ X T9| equals from the last problem. The only difference here is the limits of

integration. For the portion of the sphere that we are interested in, what are the
limits on ¢ and 67?

The surface area we are finding is the top of the ice cream cone. Thus it’s the
region where 68 goes from 0 to 2w and ¢, the angle with the z axis, goes from 0,

i.e. the north pole, to the point where z = 2v/2. Thus we can form a triangle:
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A(S) = [f,) |To x T |dudv = f, 2"f¢ 4(16sm¢) dodo

0=21

= 16(J=2" d6) ([ 3 (sing)dg
= 16(01%)(- cos¢)|4

— 16(27) (—§+ 1) = 32n(1 L)



Surface Area when the Surface is of the form z = f(x,y)

If z = f(x,y), we can always parametrize the surface by

x=u, y=v z=f,v), ie CI_S(u,v) =<u,v,f(uv) >.

T,=<1,0,f, > T,=<0,1,f, >
TuXT,=[1 0 f, = —ful — fiJ +k
0 1 f,

|Tu X Tv| =1+ ()% + (f,)?

A(S) = [[, T+ F)Z + (F)7 dudv = f], Jl + (FO? + (f,)? dxdy.

Ex. Find the surface area of the paraboloid z = 1 + x% + y? that lies above the
disk in the xy-plane x? + y2 < 1.

fx =2y = 2x

fy =2y =2y

4= | fD JL+ G0+ ()7 dxdy |

= ﬂx2+y251‘/1 + 4x2 + 4y2? dxdy



Now change to polar coordinates:

A(S) = 62n0 fr O(\/l + 4r2 )rdrdf
let u=14+4r%, whenr=0, u=1

du = 8rdr, whenr =1, u = 5.

1du = rdr
8

A(S) = [9777 150wz () dude

u=1
= Uy o) (i uz (3) duw
= enOCul; =Z(5V5 - 1),

Ex. Find the surface area of the portion of the plane x + y — 2z = —6 where
2x% +y% < 4.




zZ= %x + %y + 3; So we can write the surface as z = f(x, y).
1
Zy = fx = >

1
Zy = fy =3

A(S) = ], J 1+ (£)? + (£,)? dxdy

1 1 3
A(S) = ff2x2+y254 \/1 + (E )2 + (E )2 dXdy = ff2x2+y2S4\/;dXdy

The region D is the interior of the ellipse 2x2 + y? = 4. If we let:

u =+/2x
2x2+y? =4
du = v2dx
—du = dx / ; \

V2

The region we will now be integrating over

|

will be a disk u? + y? < 4. A 0 j

1 3

Now change to polar coordinates: \ /
u = rcosd \q/

y = rsinf
dudy = rdrdf
V3 0=2m r=2 V3, ~6=2 r=2
AS) = [y [y rdrde = —([,_ " dO) ([, rdr) = 2mV3.



Surface Area for Surfaces of Revolution

From first year Calculus we know that if the curve y = f(x) is revolved about the

x-axis, the surface area is given by:  A(S) = 2m f;:ﬂf(xﬂ\/l + (f'(x))? dx.

We will now rederive this formula using the surface area formula for parametric
surfaces.

We can parametrize the surface of revolution produced by revolving y = f(x)
about the x-axis by:

x=u y=fcosv z=f(u)sinv; a<u<b 0<v<2m

Thus: @ (u, v) =< u, f(wcosv, f(u)sinv >; a<u<b, 0<v<2m.

fu =<1, f'(uw)cosv, f'(u)sinv >
ﬁ, =< 0, —f(u)sinv, f (u)cosv >

B i j k
TuXT,=|1 f'(wcosv f'(u)sinv
0 —f(u)sinv f(u)cosv

l

l

T, x T, = (f' W f(w)cos?v + fW)f' (W)sin?v)i — (f (W)cosv)]
— (f(u)sinv)l_c)

T, x T, = (f' @ f W)T — (f w)cosv)] — (f (w)sinv)k

T X T,)| = (') f @)? + (fFw)?cos?v + (f (w))2sin?v
T X T, = J(FF@F @) + FW)? = If @Y1+ (f'(w)?




AS) = [ 12 IfF@IY1+ (F'(w)? dudv

AS) = [7 dv [ If T+ (FW)? du

AS) = 2 [, If @1+ (F7G)? du.
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