Line Integrals
We can represent a path or curve, C, in the plane in the following 3 ways:
1. ¢(t) =< x(t),y(t) > (vector form of a curve)
2. C(t) =x(t)T+ y(t)] (another vector form of a curve)
3. x=x(t), y=y(t) (parametric form of a curve)

In each case t will be in some interval (eg, a < t < b)

From first year calculus we know that the length of a curve, x = x(t), y = y(t),
a <t < b, which we can also write as ¢(t) =< x(t), y(t) >, is given by:
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Length of curve= [ ds=f;\/(%) + (%) dt = f:|5'(t)|dt

where c(a) and c(b) are the endpoint of the curve ¢, |¢’(t)] is the length of the
velocity vector of ¢(t), and the curve is C1,i.e., x'(t), and y'(t) are continuous.

We define a line (or path) integral of a function f(x,y) over a C! curve c, in the
plane by:

[, feyds =[] fx(®), y®)IE ®)ldt.

If the curve c is in 3-space rather than the plane then we have:

[, fxy,2)ds = [ fx@®,y®),z(t)|¢ (©)|dt

Notice that if f(x,y,z) = 1, then fc flx,y,z)ds = fc ds= f;|5'(t)|dt

which is just the length of the curve c.



Ex. Evaluate fc y(sinz)ds; where cis the helix

x(t) = cost, y(t) =sint, z(t) =t; where 0 <t < 2m.
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Notice we could write this curve as ¢(t) =< cost, sint, t >; 0<t < 2m.

c'(t) =< —sint,cost,1 >= |¢'(t)| = \/coszt +sin“t+1=v2.

fx(t),y(t),z(t)) = y(sinz) = (sint)(sint).

12 F@(®),y(®), 2D & ()lde
= ["(sint)(sint) (V2)dt = VZ [} (sin’t)dt.

1 cos(2t)

cos(2t)
Remember: Sint = E —

and cos?t = > + ; we will need

these formulas often!

21 o
\/E (Sinzt)dt — \/_.[ (1 . COS(Zt)
0

sin(2t) | 2T

dt—\/_(— 1

=2 [G (2m) — 0) —(0— 0)] = 2r.



Ex. a. Write down a definite integral that represents the length of the curve

given by ¢:[0,2] =< t,t? >. (or we mightsay c: [0,2] = tT + (t2)))

b. Find [ f(x,y)ds where f(x,y) = 2x.
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a. Lengthofacurve=|_ ds= f;IE’(t)Idt
c(t) =<t t?>, c'(t) =< 1,2t >, 1I¢'(t)] = V1 + 4t2,

Length of curve= | ds= ffIE’(t)Idt = ftt:ozv1 + 4t? dt.

b. f(x(t),y(t)) =2x =2t

[ fyds = 7 F(x®, )& @)lde

t=2
= J,_, 2tV1 +4t2dt
Letu = 1 + 4t? whent =0, u=1,
%du = 8tdt whent =2, u=17.
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[l +4t?dt = f;‘:”ui G) du = %(E) w |117
- 1(17 - 13) =1 (17vA7 - 1)



Ex. Find fc xeY?ds, where c is the line segment from (0,0,0) to (1,2,3).

To do this problem we first need to find a parametrization of the line segment. We
can find an equation of a line through the 2 points by finding the direction vector
and then using either point (although (0,0,0) is easier).

Directionvectorv =< 1—0, 2—0, 3—0 >=<1,2,3 >;
So an equation of the line is given by:
x=0+t=t, y=0+4+2t=2t, z=0+4+3t=3t;, or

c(t) =< t, 2t,3t >. We just want the line segment between (0,0,0) and
(1,2,3). Notice that meansthat 0 <t < 1.

¢'(t) =< 123> &) =VIZF 2237 = V14
F(x(®), y(1), 2(8)) = xe¥? = (£)(e @BV = tebt’

J, xe¥?ds = ftt:ol teSt°\14 dt

Let u = 6t2; whent =0, u=0
du = 12tdt when t=1 u=6

~ du = tdt

12

_rt=1, g2 _ [(u=6 1 _ V14 6
J, xe¥?ds = [_ te®V1ddt=[ _"e¥ (E) V14 du = ?e“|0

V14 Vi
=-—(e®—e")="—"+(e*—1).



Ex. Find fc f(x,y)ds where f(x,y) = xy and the curve is y = x* for
0<x<1

When we have a curve givenas y = f(x), 1

we can parametrize it as

x=t, y=f(t).

That means c(t) =< t, f(t) >.
In this case: C(t) =< t, t* >.

c'(t) =< 1,4t3 >

Ic'(t)] = V1 + 16t°
flx@),y(®) = t(t*) = t5

J. fGx,y)ds = ftfol t>V1 + 16todt
letu =1+ 16t° whent=0, u=1

du = 96t°dt whent =1, u=17
L du = t5dt
96

t=1 u=17 1/1
J. fGeydds = [_ t>V1+16tédt = [ _ " uz (—) du

96

= (&) @)l = (7vT7 - 1)




Ex. Find the center of mass of a wire in the shape of a semicircle, x?% + y2 =4,

x = 0, if the density is 5 grams/unit length.

Mass=fc p(x,y)ds; x2+y2=4, x>0

where p(x,y) is the density at a point (x, y). ;

The center of mass is given by (,y), where:

£=——[ (0)p(x,y)ds,
y=—J. 0pxy)ds.

Parametrize the semicircle by:

X = 2cost, y = 2sint, —
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So C(t) =< 2cost, 2sint >, —% <t<

SIE

¢'(t) =< —2sint,2cost >, |¢'(t)| = V4sin2t +4cos2t =4 =2

p(x(®),y(®) =5




Mass= fc p(x,y)ds = ftt:_EES(Z)dt = 10m.
2

f (x)p(x,y)ds _Ff (ZCOSt)S(Z)dt = —smt|

mass

y =

f p(x,y)ds _Ff n(Zsmt)S(Z)dt

mass

S

20

= Tom i n(smt)dt— ——cost| 2 =0.
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