Gradient, Divergence, and Curl

Def. A Vector Field in R",isamap F: A € R™ — R", that assigns to each

point X = (X1, X5, X3, ..., X, )EA, avector F(x)eR™.
If n = 2 we call F a vector field in the plane.

If n = 3 we call F a vector field in space.

We can always write a vector field in space in the form:

F(x, v,z) = F(x,y,2)T+ F,(x,y,2)] + F3(x,y, Z)E, or

F(x,y,2) =< Fy(x,y,2), F,(x,y,2), F;(x,y,2) >

Notice that this is different from a real-valued function from R3® - R

(which we will sometimes call a Scalar Field).

EX. ﬁ(x, y) = 21— 3_]> = < 2,—3 > is a vector field in the plane drawn as

&
ok e ek S
: k :

N N N N
Wﬁﬁzﬁﬁ.;ﬁ;&ﬁﬁiﬁw
BEY NN N NN
e e R R e e

N N N
IR EE R R |




Ex. F(x,y) = yi— xJ = < y,— x > is a vector field in the plane

Point F(x,y)
(1,0) <0,—-1>
(1,-1) <-1,-1>
(0,-2) <-=2,0>
(-2,-2) <-22>
(—4,0) <04 >
(—4,4) <44 >
(0,8) <80 >
(8,8) <8,-8>
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Ex. F(x,y,z) = (x22)[+e]+ Sin(xz)l_c) is a vector field on R3.

f(x,y,z) = x%z + eY + sin(xz) is a real-valued function on R3.

Notice that for every value of x,y,z, ﬁ(x, Y, Z) gives us a vector in R3.

For every value of x,y, z, f (x, y, z) gives us a real number, not a vector in R3.



Ex. A mass M at the origin in R3 exerts a force on a mass m located at

- . . GmM . .
r =< x,y,Z > with a magnitude of 7z where (G is a gravitational constant

and the direction is toward the origin. Thus we can write the force field as:

= GmM 7 GmM,
F(x»y;Z) =( |7;>|2 )(_ﬁ) - _( |.'7.’|3 )r'

7 X y zZ

— =< >

|7'|3 2 y 37 2 21,2 3 2 21,2 3
(x“+y<+z<)2 (x“+y<+z<)2 (x“+y*+z<)2

SO we can write ﬁ(x, Yy, Z) as:
—GmMx —-GmMy —GmMz
3 >

F(X, Y; Z) = < 3 3 3
(x2+y2+z2)2 (x2+y2+z2)2 (x%2+y?+2z2)2




The Del operator is defined as:
>0 > 0 = 0
V— 6_ + 6_ ka— .
We can do 3 things with this Del operator:

1. Apply it to a real-valued function f to get the gradient(f):

Vilx,y,z) = f9+a—ff g—il:t)= Grad(f)

2. Take the dot product with a vector field FinR3 to get the divergence(ﬁ);
Ve F@y,2) =5+ 5+ k5 (Fi(oy, DU+ By, ) + F(x,7,2)0)

S oF, OF, OF =
V-F(x,y,2z) = 6x1+ ayz+ a; = Div(F)

3. Take the cross product with a vector field F in R3 to get the Curl(ﬁ):

A T T T TN
VX F(x,y,z) = 9 9 9 oy 0z|U—|ox adz|j+ |0x dy|k
ox oy 0z |E, F, F, F; F, F,
Fi F, F
7 _ %_aﬁ)*_(%_%) %_% _
Vx F (x,y,z)—( Pty Dl e + (5 )k Curl(F).

Note: we can only take the gradient of a real-valued function, not a vector field, and
we can only take a divergence or a curl of a vector field, not a real-valued function.

Grad(real-valued function)= vector field
Div(vector field)=real-valued function

Curl(vector field)=vector field.



Ex. LetF(x,y,2) = (x22)T+e¥] + Sin(xz)l_{) be a vector field on R3 and
f(x,y,z) = x?z + e¥ + sin(xz) be a real-valued function on R3.

Find Grad(f), Div(F), and Curl(F).

of », 0f >, O
Grad(f) = Vf(x,y,2) =£l+£} +£k

= (2xz + zcosxz)T + eV] + (x% + xcosxz)l_é

a , dF, = dF, OF
Div(F)=V-F(x,y,2) = axl + a; + 623 = 2xz + eY + xcosxz.

4

Jokl e ey a9 12 2
CurlF)=VxF(x,y,z2) =2 2 2| =|oy oz[7—|ox az|j+|ox oy|k
dx Jdy 0z FZ F3 F1 F3 F1 Fz
F, F, F,

OF. 0K\ » OF 0F\ - OF; 0F\ 7
- (-2 (- )+ (237
ay 0z dx 0z dx ay

= (0 — 0)i — (zcosxz — x2)] + (0 — 0)k

= (x? — zcosxz)]J.



A vector field that is the gradient of a real-valued function is very special and is
called a Gradient Field. One special property of gradient vector fields is:

Thm. For any C2 function f:R3 - R we have: Curl(Grad(f))=V x V(f) = 0.

Proof:
I 7k
9 9 8
V X V(f) =lox o9y oz
of of of
dx 0dy 0z
=0.

g

2 2

°f 0 f)e_(
dydz  dzdy)*

2 2

a°f  9°f
0x0z  0zdx

)i+

2 2

o°f  0°f
dxdy  0yodx

Later we will see that the converse is also true: if Curl(ﬁ) = Othen F =Grad(f)

for some real-valued function f, ie, Fisa gradient vector field.

Ex. Show F (x, y,z) = (x2)T+ (xyz)] — (yz)l_c) is not a Gradient field
(ie, F# Vf, for some function f).

If F were a gradient vector field then by the theorem above Curl(ﬁ)=0. So if

we can show that Curl(ﬁ)i 0, then Fisnota gradient vector field.

Curl(F)=V x F(x,y,2) =

I ]k
99 9 9
ox dy 0z
xz xyz -—y?

9, 9,

oy 0z |T—

xyz —y*

0 0
ox 0z
xz —y?

j+

d 0
dx 0dy
XZ XyZ

(=2y +x2)T— (0 — x)] + (yz — 0)k # 0.

)

-
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Suppose we have a vector field in the plane, F(x,y) = P(x,y)T + Q(x,y)].

We can consider it as a vector field in R3, where the k component is 0. In that

case we could still take the Curl of F (remember, the Curl of a vector field is only

defined for vector fields in R3, unlike the divergence which is defined on vector
fields in R™).

F(x,y) = P(x,y)T + Q(x,y)] + Ok.

I 7 k
Curl(ﬁ)=VxI3(x,y,z)= aa_x aa_y %
P Q 0
209 2 o 12 2.
= [0y 0z|T—|ox az|j+ |0x dy|k
Q0 0 P 0 P 0

_ (92 _9ryp
_(6x 6y)k

Notice that in this case, Curl(ﬁ) only has a k component. That component,

JdQ oOPp

— — —, is called the Scalar Curl of F.
dx 0dy



Ex. Find the scalar curl of V = cos(xy) T+ sin(xy)J.

P(x,y) = cos(xy) Q(x,y) = sin(xy)
oP . 0Q _
Ty —xsin(xy) o, = yeos(xy)

VxV(x,y) = (ycos(xy) — (—xsin(xy)))l_c)

So the scalar Curl(V) = ycos(xy) + xsin(xy).

Thm. For any C2 vector field F on R3 we have:

Div(CurlF) = V- (V x F )=0.

Proof: Let ﬁ(x, v,z) = F(x,y,2)T+ F,(x,y,2)] + F3(x,y, Z)E.

I ]k
. = > 0 - 0 70 0 0 d
DiviCurlF) =(1—+]—+k—)|=— = —
iv(CurlF) (lax+]ay+ az) % 3y 92
Fi F, F
(L2 R L) (L - L) (L2 (220
_(lax-l_]ay-l_kaz) [(63/ 0z l 0x 0z Jt 0x dy k]

_ (62F3 _ 62F2) _ (62F3 _ 62F1) n (62F2 _ azpl)
~ \9xdy 9xdz dydx  9ydz 9z0x  0zdy
0



Ex. Show V (x,y,2) = (x2)7 + (xyz)] — (yZ)E can’t be written as the Curl

of another vector field (_f

fV = Curl((;')) then by the previous thm. Div(l7) = Div (Curl(G_))) = 0.
Now let’s show Div(l7) * 0.

Div(l7) =Z+XxzZ+ 6

Ex. Which of the following make sense if ﬁ': R3 - ]R3, is a C? vector field and

g:R3 - Risa C?, real-valued function?

a. Grad(Grad(ﬁ)) (no) d. Grad(Div(ﬁ)) (yes)
b. Curl(Grad(g)) (yes) e. CurI(CurI(ﬁ)) (yes)
c. Grad(Div(g)) (no) f. Div(Div(ﬁ')) (no)

If f: R3 — Risa C2, real-valued function then

2 v 2 (L LDy s Y YR
Vef =V V(f)—(lax+]ay+kaz) (axl+ay]+azk)—

02 0% K
_ f 4 f 4 f;
0x2 = 0y2 = 0z2

is called the Laplacian of f, and is written Af .

If f:IR? > Risa C?, real-valued function then Af = o7 + o°r
. , 0x2 ayz'
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Ex. Show f(x,y) = e*(siny) satisfies Af = 0 (or equivalently V2f = 0).

[ = e*siny fy = e*cosy
frx = €¥siny fyy = —e*siny
62

a—x];+——e siny — e*siny = 0.

Any smooth function that satifies Af = 0 on a domain is called harmonic on
that domain.

Important Identities of Vector Analysis:

1. V(f+g9)=Vf+Vg
2. V(cf) =cV(f), wherecisa constant

3. Div(F + G) = Div(F) + Div(G)
4, Curl(ﬁ + 5) = Curl(ﬁ) + Curl(@)
5. Curl(Grad(f)) =0

6. Div (Curl(ﬁ)) = 0.



