Stokes’ Theorem, the Divergence Theorem, and the Fundamental Theorem of
Calculus

The Fundamental Theorem of Calculus is:

[, f'®dt = f(b) - f (@)
Let w be a differentiable 0-form, i.e., a differentiable function w = f(t), then
dow = f'(t)dt.
Let I = [a, b] be the interval a < t < b. Then we define the boundary of I,

0l = {b} — {a} (this is a formal difference of points, we don’t subtract them as real
number).

If we then define the zero dimensional integral of a function, f, over a point p to be
f(p) the Fundamental Theorem of Calculus becomes:

[f@dt=[ do=[, o=Ffb)-f(a).

Stokes’ Theorem

Stokes’ Theorem: Let S be an oriented surface in R3 with a boundary consisting of
a simple closed curve, 3§, oriented as the boundary of S. Suppose that w is a

1-form on some open set K © R3 that contains S then:

fasw = ffs dw.



Proof. Stokes’ theorem said [f. (V X F)-dS = fasﬁ -ds.

We canwrite F as: F(x,v,2) = F,(x,y,2)T + F,(x,v,2)] + F5(x,y, 2)k.

let'sletw = F - d§ = Fidx + F,dy + F;dz and show that dw = (V X 1_7)) - dS.

Then we have:
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We need to show that (V X ﬁ) - dS=dw.
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To find dS we need to parametrize the surface S:

(1_5(u, v) =< x(u,v),y(u,v), z(u,v) >.

dS =(T, x T,)dudv

= oD ox dy 0z = oD dx dy 0z
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thus we have:

S =(F, x T,)dudv = (agy'z) {+2& "))j ZEX” K)dudv.
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So now we can calculate (V X F) - dS:

(VxF)-aS = [(52 - 52) T+ (52— 507 + G2 - THK]
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Notice thatif x = x(u,v), y = y(u,v) then:

_ ox _ 9 9y
dx = audu+avdv dy = audu+ ™ dv and
dx/\dyz(g—idu+%dv) ( du+aydv)

= 9% i A dv +——ydv/\du

ou dv
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Similarly, one can show:

_0(y.2) __0(zx)
dyANdz = 3 ao) du Ndv and dzAdx = T du A dv.

Thus our expression for (V X ﬁ) - dS becomes:

(Vxﬁ)-d§ (Z—?—aizz)dy/\dz+(%—%)dz/\dx+(aﬂ—%)dx/\dy
= dw.

So we have:

[y OXxF)-dS=[f, do and [ F-ds=/[ w.

Hence we have:

lfs do =[50



Ex. Letw = —yx2dx + xy?dy, and let S be the portion of the cone given by

z? =x?+y? 0<z<1. Evaluate [, w both directly and by Stokes’ theorem.

Evaluating fas w directly:
dS is the unit circle in the plane z = 1.
We can parametrize this by: ¢(t) =< cost, sint, 1 >,

0<t<2m.

We then have:

dx = %dt = (—sint)dt, dy = %dt = (cost)dt

Josw = [oo —yx?dx + xy*dy
= fozn —(sint)(cos?t)(—sint)dt + (cost)(sin? t)(cost)dt
= fozn(smzt) (cos?t) + (cos?t)(sin?t)dt = fozn 2 (sin?t)(cos?t)dt
21 1 11
=/, 2(; — 5 cos2t) (5 + EcosZt) dt
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= 02”(% - % (% + %cos4t)dt
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Now evaluate by Stokes’ theorem: [ dw =/, . w.

dw = d(—yx?dx + xy?dy)

=d(=yx?) Adx + (—1)°(—yx?) Ad(dx) + d(xy?) Ady

+(=1D°(xy*) Ad(dy)
= (—2xydx — x%2dy) Adx + (y?dx + 2xydy) A dy

= —x%dy Adx + y?dx Ady = (x? + y*)dx A dy.

JI; do = [[; (x*+y*)dx Ady.

To evaluate this integral we need to parametrize the cone S.

®(r,0) =< rcosO,rsinf,r>; 0<r<1, 0<0<?2m.
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The Divergence Theorem

Theorem (Divergence Theorem): Let W < R3 be an elementary region with 0W
given the outward orientation. If 7 is a 2-form on some region K which contains

w,then  [Jf,, dn=[f,,mn

-

Proof: The Divergence theorem said: fffW DivFdV = ﬂawﬁ -dS .

When proving Stokes’ theorem we saw that:

dx A dy = 25 gy, A do

d(u,v)

2(y,z)
dy/\dz—a(u )d uANdv
__ 0(zx)
dz ANdx = 6(uv)d uAndv

and that dS = (T, x T,)dudv = (gg'gﬂ Zgu’g 7+ ZE"” K)dudv

= (dy A dz)T + (dz A dx)] + (dx A dy)k .

So, F-dS =< Fy,F,, F; >< (dy Adz), (dz A dx), (dx A dy) >

= F,dydz + F,dzdx + F;dxdy;

Now let’s let 1 be:
n = Fidydz + F,dzdx + Fzdxdy.

We need to show that dn = Divﬁdxdydz.



dn = d(F,dydz + Fydzdx + Fzdxdy)
= dF; Adydz + (-=1)°(F; Ad(dydz)) + dF, A dzdx
+(—1)°(F, Ad(dzdx)) + dF; A dxdy + (—1)°(F; A d(dxdy)).

We saw earlier that d(dydz) = d(dzdx) = d(dxdy) = 0. So we have:

dn = dF; ANdydz + dF, Ndzdx + dF; A dxdy

where:

dFy Adydz = (S2dx +52 2 dy + 22 “1dz) Adydz = S dxdydz

oF, oF, OF. oF,
dFZ/\dzdx—(de+gdy+gdz)/\dzdx—Edydzdx
— (—1\ @@ 2 _ %R
= (—1) % dxdydz = % dxdydz
dF, A dxd (aFd + 854,495 d)/\dd 3 tzdxd
sAAXEY =\ gx P T oy P T ¢ xdy = - dzdxdy

= (=)@ 2 — 95
=(-1) P dxdydz = P dxdydz.



So now we can say:

dn =22 dxdydz + "f,)iyz dxdydz + 22 dxdydz

dn = ( Tt aZ) dxdydz = DivFdxdydz.

Thus we have: ffawﬁ-d§=ﬂawn and fffw DivﬁdV=fffW dn.

So by the Divergence theorem: fffW Div ﬁdV = ffawﬁ . d§, we can conclude:

HIy dn=ff5,n-

Ex. Evaluate ffs 1, where n = xdydz and S is the unit sphere, directly and by the

Divergence Theorem.

Divergence theorem: fffw dn =ffaWr] where W is the unit ball and W = §

e, W={(yz):x*+y*+2z*°<1}, S={(xy2):x*+y*+2z*=1}.

n = xdydz
dn = d(xdydz) = dx A (dydz) + (—1)°x A d(dydz)
= dxdydz

IIf,, dn = [ff, dxdydz = volume(W) = %n(1)3 = %7‘[.
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Direct calculation:  ff. n = [f. xdydz.

Use the standard parametrization of the unit sphere:

& (u,v) =< cosvsinu, sinv sinu,cosu >, 0<u<nmn , 0<v<2m.

V=2T

JIg xdydz = [ _ fu . (cosv)(smu)( O(y.z ))d dv

dy 0dy
d(y,z) du  ov |cosu(sinv) cosv(sinu) 5
= = = sin“u(cosv
(ww) dz 0z —sinu 0 ( )
du O0Ov

[ fs xdydz = | v=emn fu (cosv)(smu)(sm u)(cosv)dudv

v=0

= fozn fon cos? v(sin3u)dudv = fozn(coszv)dv fon(sin3u)du

fZTL' 1 Ccos2v

—)dv f (sin?u)(sinu)du

sin2v

= [(%v + ) |2(;T] fon(l — cos*u)(sinu)du

cos3u |TT

= (m)(—cosu + = (n)(g) = gn

General Stokes’ Theorem: Let M be a (compact) oriented n-dimensional manifold
with boundary and w is a (n — 1)-form on M then:

fM dw = faMa)



