Differential Forms

Differential forms will allow us to express the fundamental theorem of calculus,
Green’s theorem, Stokes’ theorem, and the divergence theorem all as the same
theorem.

We have already encountered differential 1-forms (which were called
differentials in the first 3 semesters of calculus). For example, if z = f(x,y) we
have:

_9f of
dz = ™ dx + aydy.

Soif z = x% + xsiny,

dz = (2x + siny)dx + (xcosy)dy.

The expression (2x + siny)dx + (xcosy)dy is called a differential 1-form (or just a
1-form for short).

Real valued functions on an open set in R3 (or R™) are called 0-forms. Thus
when we take the differential of a function (a 0-form) we get a 1-form. In fact, we
will see that we can define the operation of taking a differential of an n-form to get
an (n + 1)-form. We will then see that the fundamental theorem of calculus,
Green’s theorem, Stokes’ theorem, and the divergence theorem can all be written
as:

faMa) = fM dw,

where w is a differential n-form and dw (the differential of w) isann + 1 form.

For the purposes of this section we will assume that all functions have as many
derivatives as we need.



0-Forms

Let K be an open setin R3. A zero form on K is a real valued function
f:K = R. Given two O-forms f; and f, on K, we can add them or multiply them.

Ex. Let fi(x,y,2) = xe¥? + 2xy, £,(x,y,2) = xy. Then we have:
ey, 2) + fo(x,y,2z) = xe¥? + 2xy + xy = xe¥? + 3xy

[f1(X,y, Z)] [fZ(x'in)] :( xeyz + ny)(xy) = x2yeyz + 2x2y2

1-Forms
A 1-form on K € R3 is of the form :
w = P(x,y,z)dx + Q(x,y,z)dy + R(x,y,z)dz, or

w = Pdx + Qdy + Rdz.

We line integrate 1-forms over a curve.
If we write: @ = Q(x,y,z)dy, thisisjusta 1-form where

P(x,y,z) =R(x,y,z) = 0.

It also doesn’t matter which order we write the terms in:

w = Pdx + Qdy + Rdz = Qdy + Rdz + Pdx.

However, the standard form is:

w = Pdx + Qdy + Rdz.



Given two 1-forms we can add them:

w = Pdx + Qdy + Rdz

n = Ldx + Mdy + Ndz
w+n=FP+L)dx+(@Q+M)dy+ (R+ N)dz

EX. w = (x%y + 3y)dx + xzdy — xydz
n = (x—2y)dx + (x* — xz)dy + 4xydz

w+n = (x%y +x+y)dx + x2dy + 3xydz.

If f(x,y,z) isa0-form (ie a function), we can multiply a 1-form by a 0-form and get a
new 1-form.

Ex. f(x,y,2) =x*
w = xyzdx + e¥Y?dy + x3dz; then we have:
fw = x°yzdx + x*e¥?dy + x"dz.

There will be a way to multiply two 1-forms, but we will see that later.

2-Forms

A 2-form on K € R3 is of the form:

w = F(x,y,z)dxdy + G(x,y,z)dydz + H(x,y, z)dzdx;
where F,G,H: K - R.

The order in which we add the terms does not matter:

Fdxdy + Gdydz + Hdzdx = Gdydz + Hdzdx + Fdxdy.



However, the order of dx, dy, dz does matter. We will come back to this.

For now we will write all 2-forms in the standard form:

w=F(x,y,z)dxdy + G(x,y,z)dydz + H(x,y,z)dzdx .

To add two 2-forms, we add their corresponding components.
w = Fdxdy + Gdydz + Hdzdx
n = Ldxdy + Mdydz + Ndzdx ; then we have:

w+n=(F+L)dxdy + (G + M)dydz + (H + N)dzdx

As with 1-forms, we can multiply a 2-form by a O-form and get a new 2-form.

Ex. = (y? —x)dxdy + xdydz — x3z*dzdx

n 3xdxdy + ydydz + yzdzdx
f(x,y,z) = xyz?, then we have:
w+ n=(?+2x)dxdy + (x + y)dydz + (yz — x3z?)dzdx

fw = (xy3z? — x?yz?)dxdy + x*yz*dydz — x*yz*dzdx.

There is a way to multiply 2-forms and 1-forms, but we will see that later.



3-Forms
A 3-form on K € R3 in standard form:

w = f(x,y,z)dxdydz; where f: K € R3 - R.

We can add 3-forms and we can multiply 3-forms by a 0-form.

EX. w = (x +y?+ z3)dxdydz
n = (x—2y?+ z3)dxdydz

f(x,y,z) = yz?,  then we have:

w+ n=Q2x—y?+2z3)dxdydz
fw = (xyz? + y32z% + yz°)dxdydz.

Again the order of dx, dy, dz matters. dxdydz # dydxdz.

Rules of Multiplication of Differential Forms

Let w be ak-formandn beanl-form,0 <k + 1 < 3,on K € R3, thereisa
product called the wedge product, w A7, thatisa k + [ form on K € R3. This
wedge product satisfies the following properties:

1. Foreach k, thereis a zero k-form, O, such that:
0+ w= w, forall k-forms w,and OA n =0, l-formsnif0 <k +1<3.

2. (Distributive property) If f is a zero-form then:

(fw; +wx)) A n=f(wg A1)+ (w; A D).



3. (Anti-commutativity) w A1 = (=1)*(n A w)
Ex. When we write w = x%dxdy, we mean w = x%dx A dy.
(dx) A (dy) = (—=1)DDdy Adx = —dy A dx
(dx) A (dydz) = (=1)DP(dydz) A (dx) = dydzdx.
(dx) A (dx) = (=1)DDdx Adx = —dx Adx
which means dx A dx = 0.

This also means: dy Ady =0and dzAdz = 0.

4. (Associativity) If wq, w,, w3 are kq, k,, k3 forms respectively with
k1+k2+k3 < 3 then

(1)1 A (0)2 N (1)3) = (0)1 N 0)2) N 0)3.

5. If f is a zero-form, then

wA(fn)=((w)Anand fAw = fw.



Ex. Letw = zdx + y%?dzand n = (x)dxdy. Findw Anandn A .
w AN = (zdx + y*dz) A (xdxdy)
= (zdx) A (xdxdy) + (y?dz A xdxdy) (distributive property)
= zx(dx A dxdy) + xy?(dz A dxdy) (property 5)
= zx(dx Adx Ady) + xy?(dz A dxdy) (dxdy = dx A dy)
= zx(0) + xy?((-1)V@(dxdy) A (dz) (Anti-commutativity)
= xy?dxdydz

nA w=C1DDVD(wAn) =wAn = xy?dxdydz.
So in this case: WAN=nA w.

Ex. Let w = ydx — xdy andn = xydx + y%zdy + ydz. Find w A .

wAn = (ydx — xdy) A (xydx + y?zdy + ydz) (now distribute)
= xy2dx Adx + y3zdx Ady + y*dx Adz

—x%ydy Adx — xy?zdy Ady — xydy A dz.

Now write each term in terms of either dx A dy, dy Adz, or dz A dx.

= xy2(0) + y3zdx Ady — y?dz Adx + x*ydx Ady — xy?(0) — xydy Adz

wAn = (y3z+ x%y)dx Ady — xydy Adz — y*dz A dx.



Ex. Letw = (x%y)dx + (xz)dz andn = (x)dxdy — (yz)dydz. Find w A 7.

w AN = (x?ydx + xzdz) A ( xdxdy — yzdydz) (now distribute)

= x3ydx A dxdy — x*y?zdx A dydz + x*zdz A dxdy — xyz?dz A dydz

Notice that dx A dxdy = dx A dx A dy = 0, because dx A dx = 0 and

dzAdydz=dzAdyAdz = (—1)DVdyAdzAdz=0,sincedzAdz =0

wAn = —(x?y?z)dxdydz + x*z(—1)'@dxdy A dz

= (x%z — x%y?2)dxdydz.

The Differential, d, of a Differential Form w

We now need to define dw, the differential of a differential form w.

1. If f:K — Risa0-form (i.e., areal valued function), then

W=%m+%@+%w

2. If w; and w, are k-forms, then

d((l)l + (1)2) - d(l)l + da)z



3. fwisa k-formandnisan [-form then
dlwAn) = (dw An) + (—1)*(w A dn)

Note that the exponent depends only on what form w is and not 7.

4. d(dw) =0 (soinparticular,d(dx) =0, d(dy) =0, d(dz) =0).

The differntial of a k-formisa (k + 1) —form.

Ex. Letw = x%ydx + z2dy, find dw.

dw = d(x?ydx + z2dy) = d(x%ydx) + d(z%dy) (by#2, now apply #3)

=d(x?y) Adx + (—1D)°(x%2y Ad(dx)) + d(z?) Ady + (—1)°(z% Ad(dy))

(oG L oG, o) :
= (de-l_Tdy-l_sz)Adx_ (x“y A0)
a(z2 o(z? o(z?
+(% +(6_y)dy+(a_z)dz) Ady=25n0 - (by#Land#

= (2xydx + x*dy + 0dz) A dx + (0dx + 0dy + 2zdz) A dy

= 2xydx Adx + x?dy Adx + 2zdz A dy (distributive property)

=0—x%dxAdy —2zdyAdz=—x?dxANdy —2zdy Adz.
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Ex. Letn = xz%dxdy + ye*dydz, find dn.
dn = d(xz*dxdy + ye*dydz)

= d(xz*dxdy) + d(ye*dydz) (by #2)

= d(xz?) A (dxdy) + (—1)°(xz? A d(dxdy))

+d(ye*) A (dydz) + (—1)°(yex A d(dydz)) (by #3)

G (xz 0 (xz

=2 g Z)dy+a(xz)dz)/\(dxdy)+(xz A d(dxdy))

d(ye* d(yeX 0
+( %,i )dx+ ((ﬁ; Ldy + 200 47) A (dydz) + (ve* Ad(dydz))  (by#1)

Now notice: d(dx A dy) = d(dx) Ady + (—1)*dx Ad(dy) =0 (by #3,1#4)
d(dy Adz) = d(dy) Adz + (—1) dy Ad(dz) = 0.

dn = (z%dx + 0dy + 2xzdz) A (dxdy) + (ye*dx + e*dy + 0dz) A (dydz)

= z%dx A dxdy + (2xz)dz Adxdy + ye*dx Adydz + e*dy A dydz
(distr. prop)

= 0+ (2xz)dzdxdy + (ye*)dxdydz + 0

= (2xz(-1)V®)dxdydz + (ye*)dxdydz = (2xz + ye*)dxdydz.



Ex. Letw = P(x,y)dx + Q(x,y)dy, be a 1-form on some open set K € R?.
Find dw.

dw = d(P(x,y)dx + Q(x,y)dy)

= d(P(x,y)dx) + d(Q(x,y)dy) (by #2)

=dP Adx + (—1)°P Ad(dx) +dQ Ady + (—=1)°Q Ad(dy) (by #3)

<6Pd +8Pd )Ad +0+(6Qd +6Qd )/\d
ox X Ty )N ox Ty W)Y
aPd Ad +a dy Ad +an Ad +6Qd Ad #1, #4
ax X X ay y X a X y ay y y ( ) )
—0——d x ANdy + de/\dy+0 (anti-comm)

_(aQ aP)d Ad
- \ox 0y XAy
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This should look familiar from Green’s theorem:

Jop PG, y)dx + Q(x,y)dy = [[, (g—i — g—i)dxdy.

In other words, if w = P(x,y)dx + Q(x,y)dy and thus

d JoP
dw = (£ ~ 3% ) dx A dy, then Green’s theorem can be written:

Jop@ =[], dw.

Ex. Letw = f(x,y,z)dxdydz on an openset K € R3. Show dw = 0.

dw = d(f(x,y,z)dxdydz)

= df A dxdydz + (—1)°f(x,y,2) Ad(dx A dydz) (by #3)

= (Lax+ Z—’;dy +2Ldz) A dxdydz
+f A[d(dx) Adydz + (—1)1d(dydz)]. (by #1, #3)
= 0.
Since (g—i dx + Z—f]dy + gdz) A dxdydz =0

because each term will be a 4-form where we will have either dx A dx,dy A dy,
or dz Adz, init, all of which are 0 and

The second term is 0 because: d(dx) = 0 by #4, and d(dydz) = 0 (see the 2"
example, page 10 in this section). Thus, dw = 0.



