
               Gauss Curvature and the Gauss-Bonnet Theorem  

 

Let 𝛷⃗⃗ : 𝐷 → ℝ3, be a smooth parametrized surface 𝑆 (𝛷⃗⃗ (𝐷) = 𝑆,   𝑇⃗ 𝑢 × 𝑇⃗ 𝑣 ≠ 0). 

We want to develop a definition of the Gauss Curvature of a surface at a point  

𝑝 ∈ 𝑆. 

Let’s start with 2 curves in the 𝑥, 𝑦 plane:   𝑦 = 𝑥2   and     𝑦 = 4𝑥2. 

 

 

 

 

 

 

 

 

 

 

Our intuition tells us that the curvature of 𝑦 = 4𝑥2 at the point (0,0) is larger 

than the curvature of 𝑦 = 𝑥2 at (0,0).  We can also intuitively conclude that the 

notion of curvature should be related to the second derivative of the function at 

that point. Not surprisingly, 𝑦’’ = 8 for the curve 𝑦 = 4𝑥2 𝑎𝑡 (0,0), and 𝑦’’ = 2 

for the curve 𝑦 = 𝑥2 at (0,0). (In this particular example, the curvature of the 2 

curves actually does equal 8 and 2, however, in general, the calculation of 

curvature is a more complicated than just calculating the 2nd derivative.) 

𝑦 = 𝑥2 

𝑦 = 4𝑥2 
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Now let’s parametrize both curves:   

𝑐1⃗⃗  ⃗(𝑡) =< 𝑡, 𝑡2 >                                    𝑐2⃗⃗  ⃗(𝑡) =< 𝑡, 4𝑡2 > 

𝑐 1′(𝑡) =< 1,2𝑡 >                                  𝑐 2′(𝑡) =< 1, 8𝑡 > 

𝑐 1′′(𝑡) =< 0,2 >                                  𝑐 2′′(𝑡) =< 0,8 > 

Notice the upward pointing unit normal vector at the point (0,0) to both curves is  

  𝑛⃗ =< 0,1 >. 

Finally, notice that the “curvatures” we calculated above can be gotten by: 

𝑐 1′′(𝑡) ∙ 𝑛⃗ =< 0,2 >∙< 0,1 > = 2  

𝑐 2′′(𝑡) ∙ 𝑛⃗ =< 0,8 >∙< 0,1 > = 8.  

Thus it should not surprise us to see 2nd derivatives dotted with a unit normal 

vector in a formula for curvature of a surface. 

 

To define curvature for a surface we start by defining: 

𝐸 = |
𝜕𝛷⃗⃗⃗ 

𝜕𝑢
|
2

,      𝐹 =
𝜕𝛷⃗⃗⃗ 

𝜕𝑢
∙  

𝜕𝛷⃗⃗⃗ 

𝜕𝑣
,           𝐺 = |

𝜕𝛷⃗⃗⃗ 

𝜕𝑣
|
2

   

 

It can be shown through a messy calculation that: 

|𝑇⃗ 𝑢 × 𝑇⃗ 𝑣|
2
= 𝐸𝐺 − 𝐹2.    

 

Let 𝑊= 𝐸𝐺 − 𝐹2.  

We know that a unit normal vector, 𝑛,⃗⃗⃗   on the surface 𝑆 is given by: 

𝑛⃗ =
𝑇⃗ 𝑢 × 𝑇⃗ 𝑣

|𝑇⃗ 𝑢 × 𝑇⃗ 𝑣|
=

𝑇⃗ 𝑢 × 𝑇⃗ 𝑣

√𝑊
 . 
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Now we define 3 functions 𝑙, 𝑚, 𝑛 at a point 𝑝 ∈ 𝑆 by: 

𝑙(𝑝) = 𝑛⃗ (𝑢, 𝑣) ∙  
𝜕2𝛷⃗⃗⃗ 

𝜕𝑢2   

𝑚(𝑝) = 𝑛⃗ (𝑢, 𝑣) ∙
𝜕2𝛷⃗⃗⃗ 

𝜕𝑢𝜕𝑣
  

𝑛(𝑝) = 𝑛⃗ (𝑢, 𝑣) ∙  
𝜕2𝛷⃗⃗⃗ 

𝜕𝑣2   

We now define the Gauss Curvature, 𝑘(𝑝), for 𝑝 ∈ 𝑆: 

𝒌(𝒑) =
𝒍𝒏−𝒎𝟐

𝑾
 . 

 

Ex.  Planes have curvature 0 at every point.  

 

The general form of a plane in ℝ3 has the form: 

𝛷⃗⃗ (𝑢, 𝑣) =< (𝑎1𝑢 + 𝑎2𝑣 + 𝑎3),  (𝑏1𝑢 + 𝑏2𝑣 + 𝑏3), (𝑐1𝑢 + 𝑐2𝑣 + 𝑐3) > ; 

where  𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖   are constants.  

 

Notice that since 𝛷⃗⃗ (𝑢, 𝑣) is linear in 𝑢 and 𝑣 we have: 

𝜕2𝛷⃗⃗⃗ 

𝜕𝑢2 = 0,      
𝜕2𝛷⃗⃗⃗ 

𝜕𝑢𝜕𝑣
= 0,         

𝜕2𝛷⃗⃗⃗ 

𝜕𝑣2 = 0   ⟹ 

𝑙(𝑝) = 𝑛⃗ (𝑢, 𝑣) ∙  
𝜕2𝛷⃗⃗⃗ 

𝜕𝑢2 = 0     

𝑚(𝑝) = 𝑛⃗ (𝑢, 𝑣) ∙
𝜕2𝛷⃗⃗⃗ 

𝜕𝑢𝜕𝑣
= 0    

𝑛(𝑝) = 𝑛⃗ (𝑢, 𝑣) ∙  
𝜕2𝛷⃗⃗⃗ 

𝜕𝑣2 = 0.      
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Thus we have: 

𝑘(𝑝) =
𝑙𝑛−𝑚2

𝑊
= 0.  

 

Ex.  Calculate the Gauss curvature of the sphere 𝑥2 + 𝑦2 + 𝑧2 = 𝑅2. 

 

𝛷⃗⃗ (𝜙, 𝜃) =< 𝑅 𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙,  𝑅𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙,  𝑅𝑐𝑜𝑠𝜙 >;  0 ≤ 𝜙 ≤ 𝜋,  and  0 ≤ 𝜃 ≤ 2𝜋. 

𝑇⃗ 𝜙 =< 𝑅𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙, 𝑅𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙,−𝑅𝑠𝑖𝑛𝜙 >   

𝑇⃗ 𝜃 =< −𝑅𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙, 𝑅𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙, 0 >   

 

𝑇⃗ 𝜙 × 𝑇⃗ 𝜃 = |
𝑖 𝑗 𝑘⃗ 

𝑅𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙 𝑅𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙 −𝑅𝑠𝑖𝑛𝜙
−𝑅𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙 𝑅𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 0

|  

𝑇⃗ 𝜙 × 𝑇⃗ 𝜃 = 𝑅2𝑠𝑖𝑛2𝜙𝑐𝑜𝑠𝜃𝑖 + 𝑅2𝑠𝑖𝑛2𝜙𝑠𝑖𝑛𝜃𝑗 + 𝑅2𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝜙𝑘⃗ .  

 

|𝑇⃗ 𝜙 × 𝑇⃗ 𝜃| = √𝑅4𝑠𝑖𝑛4𝜙𝑐𝑜𝑠2𝜃 + 𝑅4𝑠𝑖𝑛4𝜙𝑠𝑖𝑛2𝜃 + 𝑅4𝑠𝑖𝑛2𝜙𝑐𝑜𝑠2𝜙 

                   = 𝑅2𝑠𝑖𝑛𝜙. 

Unit normal=𝑛⃗ =
𝑇⃗ 𝜙×𝑇⃗ 𝜃

|𝑇⃗ 𝜙×𝑇⃗ 𝜃|
; 

                             =
𝑅2𝑠𝑖𝑛2𝜙𝑐𝑜𝑠𝜃𝑖 +𝑅2𝑠𝑖𝑛2𝜙𝑠𝑖𝑛𝜃𝑗 +𝑅2𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝜙𝑘⃗ 

𝑅2𝑠𝑖𝑛𝜙
 

                         𝑛⃗  = 𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝜃𝑖 + 𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝜃𝑗 + 𝑐𝑜𝑠𝜙𝑘⃗  . 
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𝜕2𝛷⃗⃗⃗ 

𝜕𝜙2 =< −𝑅𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙,−𝑅𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙,−𝑅𝑐𝑜𝑠𝜙 >  

𝜕2𝛷⃗⃗⃗ 

𝜕𝜙𝜕𝜃
=< −𝑅𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙, 𝑅𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙, 0 >  

𝜕2𝛷⃗⃗⃗ 

𝜕𝜃2 =< −𝑅𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙,−𝑅𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙, 0 >  

 

 𝑙(𝑝) = 𝑛⃗ ∙  
𝜕2𝛷⃗⃗⃗ 

𝜕𝜙2 

       =< 𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝜃, 𝑐𝑜𝑠𝜙 >∙< −𝑅𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙,−𝑅𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙,−𝑅𝑐𝑜𝑠𝜙 > 

       = −𝑅𝑐𝑜𝑠2𝜃 sin2 𝜙 − 𝑅𝑠𝑖𝑛2𝜃 sin2 𝜙 − 𝑅𝑐𝑜𝑠2𝜙 

       = −𝑅[sin2 𝜙(cos2 𝜃 + sin2 𝜃) + cos2 𝜙] = −𝑅  

 

𝑚(𝑝) = 𝑛⃗ ∙ 
𝜕2𝛷⃗⃗⃗ 

𝜕𝜙𝜕𝜃
 

          =< 𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝜃, 𝑐𝑜𝑠𝜙 >∙< −𝑅𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙,𝑅𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙, 0 > 

          = 0  

 

𝑛(𝑝) = 𝑛⃗ ∙  
𝜕2𝛷⃗⃗⃗ 

𝜕𝜃2  

          =< 𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝜃, 𝑐𝑜𝑠𝜙 >∙< −𝑅𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙,−𝑅𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙, 0 >  

           = −𝑅𝑠𝑖𝑛2𝜙 cos2 𝜃 − 𝑅𝑠𝑖𝑛2𝜙 sin2 𝜃 

           = −𝑅𝑠𝑖𝑛2𝜙(cos2 𝜃 + sin2 𝜃) = −𝑅𝑠𝑖𝑛2𝜙. 
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Since  |𝑇⃗ 𝜙 × 𝑇⃗ 𝜃| = 𝑅2𝑠𝑖𝑛𝜙, 

𝑊 = |𝑇⃗ 𝜙 × 𝑇⃗ 𝜃|
2
= 𝑅4𝑠𝑖𝑛2𝜙 .  

 

Finally, we have the Gauss Curvature, 𝑘(𝑝): 

𝒌(𝒑) = 
𝒍𝒏−𝒎𝟐

𝑾
=

(−𝑹)(−𝑹𝒔𝒊𝒏𝟐𝝓)−(𝟎)𝟐

𝑹𝟒𝒔𝒊𝒏𝟐𝝓
=

𝟏

𝑹𝟐        

Thus the Gauss Curvature of a sphere of radius 𝑅 is constant at all points and 

equal to 
1

𝑅2. 

Notice that for a sphere of any radius 𝑅: 

          
1

2𝜋
∬ 𝑘(𝑝)𝑑𝑆 =

1

2𝜋
∬

1

𝑅2 𝑑𝑆 =
𝑆𝑆

1

2𝜋𝑅2 ∬ 𝑑𝑆 =
𝑆

4𝜋𝑅2

2𝜋𝑅2 = 2.  

 

∬ 𝑘(𝑝)𝑑𝑆
𝑆

 is sometimes referred to as the total curvature of the surface 𝑆. 

 

Gauss-Bonnet Theorem:  
1

2𝜋
∬ 𝑘(𝑝)𝑑𝑆 = 2 − 2𝑔

𝑆
,  where 𝑆 is a closed 

smooth surface in ℝ3 and g is the genus (number of holes) of the surface. 

 

Thus,   
1

2𝜋
∬ 𝑘(𝑝)𝑑𝑆

𝑆
 for any ellipsoid is equal to 

1

2𝜋
∬ 𝑘(𝑝)𝑑𝑆

𝑆
 for any 

sphere   (= 2), since both surfaces are genus 0 (no holes).  In fact, this remarkable 

theorem says that if we had a sphere made of clay and distorted it into any 

smooth surface we like without punching a hole in it, 
1

2𝜋
 times the integral of the 

Gauss curvature of that new surface over that surface  (ie  
1

2𝜋
 times the total 

curvature)  would still be 2. 


