The Riemann Integral

Let f be a bounded real valued function on [a, b] (a, b finite). Let
P = {xy, x4, ..., Xn} be a partition of [a, b]:
Aa=xg<x1 <Xy <-+<x,=D>b.
We define the lower and upper Darboux sums for f and P by:
L(f,P) = Xizy mi(x; — xi—1)
U(f,P) = Xizg My (x; — x;-1)
where m; =inf {f(x)| x;_; < x < x;}
M; = sup {f ()| xj—1 <x < x;}.
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We define the lower and upper Riemann sums of f over [a, b] as:
fl;f = sup{L(f, P)| P apartition of [a, b]}

fff = inf{U(f, P)| P a partition of [a, b]}.

Since f is bounded and [a, b] has finite length, L(f, P) < U(f, P) and

Pr<plf.

b b
If f_af = fa f we say that f is Riemann integrable over [a, b].

Proposition: If P’ is a refinement of P (i.e. P’ contains all of the points of P plus

others) then L(f,P") = L(f,P) and U(f,P") < U(f, P).

Proof. Choose any subinterval x;_; < x < x; and add a point t.
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et = inf fGO and = inf £ ).

Thenm;’ = m; and m;"" = m;.



Now just using the interval x;_1 < X < X; we have:
L(f, P") = mi(t — x;—1)+m;"" (x; — ©)
> m;(t — x;-1)+m;(x; — t)

= m;(x; — x;_1) = L(f, P).

A similar argument shows U(f, P") < U(f, P).

Def. A real valued function Y defined on [a, b] is called a step function provided
there is a partition P = {x, X1, ..., X, } of [a, b] and numbers

C1,Cp, w,Cpsuchthatforl <i<n; Yx)=c¢ if xi_1 <x<x;.

Notice that for a step function ¥ and any partition Q,
L(l/), Q) = ?:1 Ci(xi - xi—l) = U(lp! Q)

b
Thus we get fa Y=Y (g —xi_q).
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We can now reformulate the definition of the upper and lower Riemann sum as:
b b .
J f =sup {fag0| @ a step function and ¢ < f on [a, b]}

fff = inf {ffgo | ¢ a step function and ¢ = f on [a, b]}.

Ex. Letf(x) =1 ifx e QN [0,1]
=0 ifxg QnJ0,1].
Let P be any partition of [0,1], then
L(f,P)=0 and U(f,P)=1.

Thus ftf=0 and fOTf=1.

Hence f is not Riemann integrable on [0,1].

So far we know of two ways in which a sequence of function {f,,} can converge to

a function f, pointwise and uniformly. We are going to be interested in other
notions of convergence. These will be related to integration.

Ex. If {f,} = f pointwise on [a, b] and f,, and f are Riemann integrable over

. b b
[a, b], is it true that 7111_{20 fa fn = fa f? n

Y= fo(x)

No! Here’s an example.

1
Let f,(x) =0 if Z<x§10rx=0

1
=n if 0<x<-.
n




Notice that lim f,, = f where f(x) = 0forall0 < x < 1.
n—oo

Thatis, {f,,} = f pointwise on x € [0,1].

1
However, fo fn=1 forallnso

lim [ fy =1, but [, f = 0.

n—->00o
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