Continuity of Measure

Def. The restriction of the set function outer measure to the class of measurable
sets is called the Lebesgue measure. We will denote this by m. Thus if E is

measurable m(E) = m*(E).

Prop. Lebesgue measure is countably additive, that is, if {Ek},cfﬂ is a countable
disjoint collection of sets then U}~ E} is measurable and

m(Up=1 Ex) = Zp=1 m(Ey).

Proof: We already know that Uy~ E} is measurable and the outer measure is
subadditive thus:

m(Up=1 Ex) < 2p=1 m(Ey).

Now let’s prove the inequality in the other direction.

We know for a finite number of disjoint measurable sets:

m(Ugk=1Ex) = Z=1 m(Ey).
Since Uy=1 Ex 2 U}~ Ex foralln, we have :
m(Uy=1 Ex) = m(Ug=1 Ex) = Xi=1 m(Ep).
Thus we have: m(Uy=1 Ex) = Xi=1 m(Ey).

Hence: m(Ur=1 Ex) = Zp=1 m(Ey).



The Lebesgue measure defined on the o-algebra of Lebesgue measurable sets
satisfies:

1. m(I) = L(])
2. m(t+ E) = m(E)
3. m(Ui=1 Ex) = Y=y m(Ey); E) are disjoint measurable sets.

Ex. Define EAF = (E~F) U (F~E). Suppose E and F are measurable sets.
Prove m(EAF) = m(E N F¢) + m(F N E°).

e

EAF = (E~F) U (F~E) = (En F) U (F n E°).

Since (E N F€) and (F N E€) are disjoint and measurable we have:

m(EAF) =m((ENF) U (FNE®)) =m((ENF°))+m((FNE®)).

Def. {Ej }r=1 is said to be ascending if for each k E}, € Ej 1, and descending
if foreach k E}, 2 Ej4q.



Theorem (The Continuity of Measure):

1. If{Ay } =1 is an ascending collection of measurable sets, then
m(Upzs A) = lim m(4y)
2. If{By } =1 is an descending collection of measurable sets and
m(B,) < oo, then
m(Ng=1Bk) = ,ll_f}go m(Bg).

Proof: 1. Ifforany k, m(Ay) = oo then by monotonicity

m(Up=1 Ax) = m(Ay) = o, so the conclusion holds.

If m(Ay) < coforallk > 1, thendefine Ay = ¢ and E}, = A ~Aj_4.

A,

Ay

A3

Since A; € A, € Az € -+, the E}’s disjointand Uy~1 Ax = Uy=1 Ex:

m(Ug=14x) = m(UyZq Ex) = Xkoa m(Ag~Ag-1)-
Since Ap_1 € Ag:
> mAp~Ae) = ) (m(A) - mAy )
k=1 k=1
= lim S, (m(A) = m(A-1)

= lim m(4,).

n—>0o



To prove 2, let F;, = B;~Bjy, foreach k.

Since { By } r—1 is descending {F}, } s~ is ascending.

Bypartl, m(Ux=,Fyx) = %I_)IEIO m( Fy,).

However, U1 Fy = UpZ1(B1~By) = By~ Ny Bx.

Foreachk, m(By) < oo so m(F;) = m(B;) — m(By). Thus
111_{210 m(F) = m(UiZ, F) = m(By~ Nig=1 By) = ]li_{‘f)lo(m(Bﬂ — m(By)).

Since Ny =1 Bx € By
m(B1~ N~y Br) = m(By) — m(NigZy By).

So we have:

m(B1) — m(Nkzy By) = m(By) — Ill_)r{‘lo(Bk)
o m(NFLy Bi) = Jim m(By).

Note: m(B;) must be finite since if B,, = [n, ), then m(Ny=1 B,) = 0, but
lim m(B,,) = oo.

n—->0o

Def. For a measurable set E we say a property holds almost everywhere (a.e.) on
E provided there is a subset E; € E for which m(E,) = 0 and the property
holds for all x € (E~Ej).

Ex. Suppose f(x) =1 if xisirrationaland f(x) = 0 if x is rational.
We would then say that f (x) = 1 almost everywhere (a.e.) on R.

The Borel-Cantelli Lemma: Let {E} } .~ be a countable collection of measurable
sets for which ).y m(E}) < . Then almost all x € R belong to at most
finitely many of the E},’s.



Proof: By countable subadditivity of m we have:

m(Ugzq Ex) < Xi=q m(Ey) < oo
If we let A,, = U=, Ex thenwe have A,,,1 S A,.

Thus by the continuity of measure:
MmNy Ay) = lim m(A4,) = lim m(UE, Ey)
n—>00 n—o>00
<lim Y, m(Ey) =0,
n—>00
Thus almost all x € R fail to belong to Ny=q An = Nye1(Uk=r Ex)-

Hence X belongs to at most a finite number of the E}.’s.

Properties of Lebesgue measure

1. Countable and finite additivity. If {E}} (finite or countable) are disjoint and
measurable then

m(Uyzy Ex) = Xz m(Ex)

2. Monotonicity: If A € B, A, B measurable then
m(A4) < m(B)

3. Excision: If A € B and m(A) < o then
m(B~A) = m(B) — m(A).
If m(A) = 0 then m(B~A) = m(B).

4. Countable Monotonicity: For any collection {E}}r~q of measurable sets

that covers a measurable set E

m(E) < Yy m(Ey).



