LP Spaces

Def: For E a measurable set, 1 < p < o0, and a function f € LP(E),
define:

Ifll, = Cf, 1F1P)7.

The functional |||l is a norm on LP (E).

It's clear that ||Af ||, = [A]||f ]I, and [If]l, = O with ||f]],, = Oif,
andonlyif, f = 0a.e.onE.

What is less obvious is the triangle inequality:

If +glly < lIfllp + llglly.

This is called the Minkowski inequality.

Def. The conjugate of a number p € (1, 00) is the number g = pr%l , Which is
the unique g € (1, ) for which:

1 1
—+—-—=1.

P q

The conjugate of 1 is defined to be ©0, and the conjugate of ©0 is

defined to be 1.

Young’s inequality: for 1 < p < 00, @ the conjugate of p, and any two

positive numbers a, b,



Proof: f(x) = e* has a positive second derivative and therefore is
convey, i.e. forany A € [0, 1], and any numbers u, v.

eMut(1-Dv < J0u 4 (1 — 1)e
ie. fAu+ (1 -Dv) <Af(w)+ (1 —-ADf(v).

u Au+(1—-Dv %

1 1
In particular, setting A = y 1—-A= r u = InaP, v =Inb1

1 1
e(gln ap+aln b9) - le(ln ) 4 le(lan)
P q

1 1
ab < —aP + —b1,
p q

Def. sgn(f) = 1iff(x) =2 0and —1if f(x) < 0.



Theorem: Let E' be a measurable set, 1 < p < 00, and ¢ the conjugate
of p. If f € LP(E) and g € LY(E), then f - g is integrable

over E and,

Jo 1fgl < NIfllllgllg (Holder's inequality)

Moreover, if f # 0, the function:
f*=UfI" - sgn(f) - [f P~ € L9(E)
and [ fof* = IIfllpana lIfllg = 1.

Proof: Firstletp = 1then g € L*(E).

So, |lgllec = essential upper bound of g on E.

L 1fg1 < gl f, 1f1 = lglloollflls-

fp=1, f*=sgn(f)sof - f*=|f]and
Loff= L= Mfll andllf*lles = 1



Ifp > 1, assume f £ 0, g Z O else there is nothing to prove.

Notice that if Holder’s inequality is true for f replaced by ”;C”
p
and g replaced by —— g ” then it’s true for f and g as well since:
q
E ”f”p |Ig||q ”f”p |Ig||q

ifandonlyif [, 1fgl < llIflipllgllg-

Thus we can assume || f]l, = llgll; = 1, thatis:

Jg IfIP =1and [, |g|? =

In which case Holder’s inequality becomes: fE 1fgl < 1.

Since |f|P and |g|? are integrable over E, f and g are finite a.e. on E.

By Young’s inequality we have:

p q
f-gl=Ifllgl < LL 414

—— ae.onk.
p q

By the integral comparison test f g is integrable over E and,
1 1 1 1
<- P 4= 1=-+-=1.
e fgl <SP 1fIP +2fp g1t =2+ 2

Thus Holder’s inequality is proved.



Now notice that since f* = IIfllzlg_pSgn(f)|f|p_1,

Ff = UFIPIfP aeconk.

so f I £ 1= MFI, ™ S 112 =1F N PIFIP = NI llp.

Andsinceq(p — 1) = ﬁ(p - 1) =p,

IF°llg = Cfy 1710 = (f, IFIS 1oy’
= (IFIS P, 171E-D9y'
= (IF1,77CS IF1P°

1

=, IfIP) “(, IfIP)a = 1.

tf € LP(E), f % 0,wecall f* = ||fll, "sgn(f)|fIP~! the

conjugate function of f.



The Minkowski inequality: Let E be a measurable setand 1 < p < 0.

if £, g € LP(E), then f + g € LP(E) and:

If+gll, < lIfll, + llglly.

Proof: We have already seen this is true forp = 1 and p = oo.

Assume 1 < p < oo,

Since |f(x) + g(x)lp < Zp[lf(x)lp + |g(x)|p]
we know f + g € LP(E).

If f + g Z 0, then by Holder’s inequality:
If +gll, =J; F+ +9)

=, fF+9) + [, @ +9)
< Ifll,If +g)llg + gl 1F + ),

sut | (f + 9)"llg = 150

= [Ifll, + llgllg-



The special case of Holder’s inequality where p = q = 2 is called the Cauchy-
Schwarz inequality.

Cauchy-Schwarz inequality: Let E be measurableand f, g € L*(E), then
f-geL'(E)and

o= ({5 12) ({1 o)

This is also the analogue of the Cauchy-Schwarz inequality for vectors in
R", ie.v,w € R® |v-w| < ||7||[IW]].

1
Ex. Prove the if f € L?[a, b], then [ |f| < (Vb — a)([, If1*)* and
thus L%[a, b] € L'[a, b].

By the Cauchy-Schwarz inequality we have:

[ f1 <UD G = b= a) () If12)

Although L?[a, b] € L*[a, b], L'[a, b] € L?[a,

(o)
I._I

L?[0,1].

ﬂ|~

For example, f(x) = F L1[0,1], but f(x) =



Corollary: Let E be a measurable setand 1 < p < 0. Suppose F is a family of
functions in LP (E) that is bounded in LP (E), i.e. there is a constant
M = 0 such that:

Ifll, < M forall f €F.

Then the family F is uniformly integrable over E'.

Proof: Let € > 0.

We must show there existsa & > 0 such thatforany f € F,ifA € E'is
measurable and m(4) < § then fA |f] < e.

Let A © E be measurable and m(4) < oo.
Let g(x) = 1forx € A. Then g € L1(A).
Since f € LP(E), it’s restriction to A is in LP (A).

By Holder’s inequality:

L=, 1f1g < U, 1f1PY -, 1g19)e.

But forall f € F:

- (m(A))".

QR

Uy 1F1PP < (f, 1fIP)° < Mand (J, 1919)

So, [, 1] < M(m(A)).
et &= ().

Then m(4) < (%)q and fA fl <M - ((%)q)a = €.



Corollary: Let E be a measurable set of finite measure and
1<p <p; <.
Then, LP2(E) € LP1(E)
and [[f[,, < cllfIl,,forall f € LPZ(E)

P2—DPq
where ¢ = [m(E)] P2P1” if p, < oo and

B Co N
¢ =[m(E)]*1 ifp; = oo.

Proof: Assume p, < 0.

Define p = 5—2 > 1 and let g be the conjugate of p.
1

Let f € LP2(E). So fE |f|P2 < oo.
Notice that fP1 € LP(E) since fE |fPL|P = fE |f|P2 < oo.
And g = xp belongs to LY(E) because m(E) < oo,

By the Holder inequality:

S If1Pr= [ AfIPr-g < NlfPlpllgll

= (, 1) (4, 1g1o)?
= [(J, 1£172 )74 Gm(EDa
— 7 ().



N Ifl”l) < 11fll, (m(E))¥5?

d-+==1
and — 4+ — =
p= p aq
1 1 -
so——l—& and —-— = 22701
p D2 qa DP1 P1D2
p2 pl)

1£llp, < ”f”pz(m(E)) P1pP2

If p, = 0 and f € L% (E) then

11, = Uy 117995 < [C1f )™y 177
= Ifllo B

Ex. Showthatlf E =[0,1] and1 < p; < p, < oo, LP2(E)isa
proper subspace of LP1(E).

m(E) < oo so LP2(E) € LP1(E).

Let f(x) =x% 0<x <1, where ——<0(<—i,
p1 b2

then f(x) € LP1(E) ~ LP2(E).

1
Forexample,ifp; =1, p, =2; —-1<ac< _E

then f(x) = x% |sL1((01)smcef x% =— butf x?

10



Ex.

In general, if m(E) = oo there are no inclusion relations among
1

X 2

LP (E) spaces. For example, if E = (0,0) and f(x) = 1+(In x|

f € LP(E) if,and only if, p = 2.
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