Normed Linear Spaces

Let E be a measurable set of real numbers.

Let I be the collection of measurable extended real valued function on E that

are finitea.e.on E.

Let’s define two functions in F to be equivalent, f = g, if f(x) = g(x) for
almostallx € E.

~

= is an equivalence relation (i.e. it’s reflexive, symmetric, and transitive).

So we can partition F into F/E , equivalence classes of functions.

Notice that F/E is a linear space: af + fg € Fif f,g € F and

a, f € R, and the zero element is the class of functions that are 0 a.e. on E.
Def. LP(E) = {f € /= | [, IfIP <o} 1<p<oo.

Notice that LP(E) is a linear subspace of F/E sinceforanya, b € R:
la + b| < |a| + |b| < 2max {|al, |b|}

So la + b|P < 2P(max{|al, |b|})P < 2P(|a|P + |b|P).

Thusif f,g € LP(E) then af € LP(E) because

[, lafP = lal? [, IfIP <.

And f + g € LP(E) because |f + g|P < 2P(|f|P + |g|P)

so fp If +glP < [; 2PUfIP +1g1P) = 2P(J, IfIP + [; 19IP) < o».



Soaf + g € LP(E).
Clearly f = 0 a.e.onE isalsoin LP(E).

Notice that L1 (E) is just the integrable functions over E.

Def. f € F is called essentially bounded if there is come M = 0 such that
|f(x)| < M foralmostall x € E. M is called an essential upper bound for f.

Ex. f(x) =
=2 ifx€Q, x+0

SHT

ifxeQ x#0

Is essentially bounded on (—o0, 00) because |f(x)| < 2 a.e..
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Ex. f(x) =

=2 ifxeQ, x#0

ifx&€Q, x+#0

s not essentially bounded on (—o0, ).
Def. L (E) is the set of essentially bounded function on E.
L (E) is also a linear subspace of F/E.

Def. Real valued functions whose domain is a linear space such as LP (E) are
called functionals.



Ex. We can define a functional T on L1[0,1] by

T:1[0,1]1 > R by T(f) = [ If].

Def. Let X be a linear space. A real valued function ||-|| on X is called a norm if
foreach f,g € X and @ € R:

1. |IfIl = 0and ||f]| = O ifandonlyif f = 0.
2. [laf]l = |a]lIfIl (positive homogeneity)
3.0+ gll < NI+ llgll (Triangle inequality).

If X is a normed linear space, f € X is called a unit function if || f|| = 1. Any

. . . . . f
f % 0, can be normalized, i.e. turned into a normal function, by taking —

I

Ex. R™ is a normed linear space with v =< a, ...,y >, and

vl = Vai + a5+ +a3.

Ex. L1(E) is a normed linear space with ||f]|; = fE 1f].

Notice that:
£ 11 =fE |If] = 0and||fll1 =fE |f|] = Oifandonlyif f = 0 a.e.onE.

IAflls = [z 1AF1 =11 [ 1fI = 121 1If 1l

If +g|l < |f| +|g| aeonE so

If +glls=Jp If +gl < [; IfI+ ) 1gl = lIfll + llglls



Ex. L*(E) is a normed linear space with

lf llco = inf{essential upper bounds of f}. Thisis called the essential

supremum of f.
Nonnegativity and homogeneity follow as in the previous example .

To prove the triangle inequality we first show |f| < ||f|l a.e.on E.

1
For each n, there is a subset E,; € E with |f| < ||f]le + —on E~E, and
m(E,) = 0.

Let Eqo = Upeq Ep, then |f| < ||f]le on E~E and m(E,) = 0.
Thus |f| < |If||c a.€.on E.

So we have:

If +gl <Ifl+1gl < lfllo + llgllec a-e.onE.

So [|flle + |lg |l is an essential upper bound for f + g thus
If + glleo < [[flleo + gl co-



Ex. For 1 < p < oo define IP to be the collection of real sequences

a = (aq,a,,as,...) forwhich Y51 |ag|? < 0. [P is a linear space.

Suppose thatif a = (a4, a,, as,...) and b = (b4, by, b3, ...) such that
Y=t |ag|P < ooand g |by|P < oo.

thena + b = (al + bl, a, + bz, )
Toseethata + b € [P notice that:

la; + b;|? < 2P(Ja;|P + |b;|P).
Which means

Yie=1 |ak + bi|P < 2P ¥y 1 (Jag [P + |b|P) < co.

Aa = (Aaq, Aa,, Aasg, ...) ;
Zlo<o=1 |Aak|p = |/1|p Z]O(o=1 |ak|p < ©

so da € [P,

The zero sequence, a = (0,0, 0, ...) isalso in [P, so [P is a linear space.



We define a norm on [ by

lall; = Zi?=1|ak|-

We define a norm on [P by

p
lall, = V2r=1lal?

We define [®° to be bounded sequences and the norm by:

lallo = sup |ag]
1<k<oo

Ex. Let C[a, b] = {continuous function on [a, b]}, where [a, b] is a closed
bounded interval. This is a normed linear space with

IfIl = nax |f ()]

Note: There can be more than 1 norm defined on a linear space.

For example, we could define a different norm on C[0,1] by:

Il = £ 1f1



