Functions of Bounded Variation

By Lebesgue’s theorem we know that a monotonic function on an open interval is
differentiable a.e.. Hence a function that is the difference of two increasing (or
decreasing) functions is also differentiable a.e.. We now want to characterize the
class of functions on a closed, bounded interval which are the difference of two
increasing (or decreasing) functions.

Def. Let f be a real valued function defined on a closed, bounded interval [a, b]
and P a partition {xg, X1, X3, ..., X } of [a, b]. The variation of f with respect
to P is defined as:

V(f,P) = 2l f () — fxi)l.

Leﬁgth=|f(xi) — f(xi-1)|
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The total variation of f on [a, b] is defined as:

TV(f) = sup{V(f,P)| P a partition of [a,b]}.



Def. Areal valued function f on the closed, bounded interval [a, D] is said to be
of bounded variation if TV (f) < oo.

Ex. If f is an increasing function on [a, b], then f is of bounded variation and

TV (f) = f(b) = f(a).

Given any partition P of [a, b]:

V(f,P) = ?:1 1f () — Fxi-1)]
=YL (f () — F(xi-1)) = f(b) — f(a).

Thus TV (f) = sup V({f,P) =f(b) - f(a).

Ex. Let f be a Lipschitz function on [a, b]. Then f is of bounded variation on
[a,b] and TV (f) < c(b — a) where C is the Lipschitz constant,
If (w) — f(v)| < clu—v| forallu,v € [a, b].

Let P = {x¢, X1, X3, ..., X} } be any partition of [a, b]. Then:

V(f,P) = i‘('=1 |f () — fxim)] < Z?=1 clx; — x;—1| = c|b —al.

Thus c|b — a| is an upper bound for V.(f, P) and TV (f) < c(b — a).



Ex. Define f on [0,1] by
flx) = xcos(%) if0<x<1
=0 if x =20.
f is continuous on [0,1], and therefore bounded, but does not have

bounded variation.
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If we take the partition: P, = {0,

flxg) =0

flxy) = 5 COS <Z(E)> = %cos(mr) = i%

T 1 2n—-1
f(x,) = —cos( - ) = cos( n) =0
2(mm)) 2l
1 T 1 2n—2 1
fxa) = 7= cos (2 2n1_2)> =5z os () =255




So £ () = f(xo)] = o=
£ ) = fGe)l =5

1

1f Cxz) — fx2)| = n—o

1

[f(xa) = fx3)| = 5= ete.

Thus V(f,B) =1+ % + § + -+ %; which diverges as n goes to oo.

So f is not of bounded variation.

Ex. Notice thatif f is C1(a, b) (i.e. f'(x) is continuous on (a, b)) and continous
on [a, b], then for any partition P = {xg, X1, X3, ..., X }:

f) = foaD) = [ f

by the fundamental theorem of Calculus.

Thus we have:
G = fla-Dl =100 FI< [0 If']L

So P IfG) — fFaDl < [D1F)

b b
Thus TV (f) < fa |f'|, and f is of bounded variation as long as fa If'| < oo.



Notice if ¢ € [a, b] and c is not one of the endpoints of a partition P, we can
create a refinement P’ of P by adding c.
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Then by the triangle inequality: V(f, P) < V(f,P"). Here’s why.

The triangle inequality says |a + b| < |a| + |b| foralla,b € R.

f () = fOa—D)] < 1f () = FOI + 1f () = F(xi-a)]

wherea = f(x;) = f(c), b= f(c) = f(xi-1)
a+b=f(x)—fxi-1).

Thus TV (f) can be calculated as the supremum of V' (f, P) over all partitions

containing €. So if a partition P includes ¢, we can break P up into a partition of
[a, c] and [c, b] so that :

V(fiaw) P) =V (fiacr P) +V(ficn) P).

By taking the supremum we get:

TV (fiap) = TV (fiaer) + TV (fien)):



So if f is of bounded variation on [a, b] then:

TV (fiaw) = TV (fiaw) + TV (flup)) fora<u<v <b.

Thus we have:

TV(f[a,v]) — TV(f[a,u]) = TV(f[u,v]) >0 fora<u<v<b.

So g(x) = TV (fqx]) is an increasing function on [a, b].

g is called the total variation function for f.

Notice that if P = {u, v} then:
fW—f@) <|fw)—-fwl= V(f[u,v]lp) = TV(f[u,v])
=TV (fian1) = TV (flam)

Thus we have:
f(v) + TV(f[a,v]) > f(w) + TV(figu)) fora<u<v <b.
So h(x) = f(x) + TV (fiqx]) is an increasing function on [a, b].

Thus we have shown:

Lemma: Let f be of bounded variation on a closed, bounded interval [a, b].
Then f can be written as the difference of two increasing functions on [a, b]:

fG) = [f) + TV(fiax)] = TV (flax)-



Jordan’s Theorem: A function f is of bounded variation on a closed, bounded
interval [a, b] if and only if it is the difference of two increasing function on

[a, b].

Proof: The previous lemma says if f is of bounded variation on [a, b] then it can
be written as the difference of two increasing functions on [a, b].

Now suppose f = g — h on [a, b], where g, h are increasing on [a. b].

Let’s show that f is of bounded variation.

Let P be a partition {xg, X1, X3, ..., Xx } of [a, b].
V(f,P) = Xl f () — fxi=y)
= Z?=1|(9(xi) — g(xi—1)) + (h(xi—1) — h(xi))|
< Z?=1|(9(xi) - g(xi—1))| + Z{-‘=1|(h(xi_1) — h(xi))l

=|g() — g(a)| + |h(b) — h(a)| < oo.
So TV (f) < oo.

We call f(x) = [f (%) + TV (fiax1)| = TV (flax]) the Jordan
Decomposition of f.



Corollary: If f is a function of bounded variation on a closed, bounded interval
[a, b], then it is differentiable a.e. on (@, b) and f is integrable over [a, b].

Proof: Since f is the difference of two increasing function on [a, b], itis
differentiable a.e. by Lebesgue’s theorem.

A corollary to Lebesgue’s theorem is that if f is increasing on [a, b] then f" is
integrable over [a, b].

Thusif f = g — h, g, hincreasingthen g’, h' are integrable over [a. b] and
hence sois f".



