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                         Continuity and Monotonic Functions 

 

If 𝑓:ℝ → ℝ, 𝑓  can have several types of discontinuities. 

 

Ex.  𝑓(𝑥) = 𝑥       if 𝑥 ≠ 0 

                 = 2       if 𝑥 = 0. 

In this case 𝑥 = 0 is a removable discontinuity;             

lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0−

𝑓(𝑥) ≠ 𝑓(0). 

 

 

Ex.   𝑓(𝑥) = 𝑥               if 𝑥 < 0 

                  = 𝑥 + 2       if 𝑥 ≥ 0 

𝑥 = 0 is a jump discontinuity.  

lim
𝑥→0+

𝑓(𝑥) and lim
𝑥→0−

𝑓(𝑥) exist but aren’t equal. 

 

 

Ex.  𝑓(𝑥) = sin⁡(
1

𝑥
)      if 𝑥 ≠ 0 

                 = 0               if 𝑥 = 0  

𝑥 = 0 is a discontinuity, but lim
𝑥→0+

𝑓(𝑥) and lim
𝑥→0−

𝑓(𝑥) don’t exist. 
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Ex.  𝑓(𝑥) = 0     if 𝑥 ∈ ℚ 

                 = 1     if 𝑥 ∉ ℚ 

𝑓(𝑥) is discontinuous at every point and lim
𝑥→𝑎+

𝑓(𝑥) and lim
𝑥→𝑎−

𝑓(𝑥) don’t exist 

anywhere. 

 

Theorem:  Let 𝑓 be a monotonic function on the open interval (𝑎, 𝑏).  Then 𝑓 is 

continuous except possibly at a countable number of points in (𝑎, 𝑏). 

 

Proof:  Assume 𝑓 is increasing. 

Let’s assume (𝑎, 𝑏) is bounded and 𝑓 is increasing on [𝑎, 𝑏].   

Otherwise, express (𝑎, 𝑏) = ⋃ 𝐼𝑘 =
∞
𝑘=1 𝐴;    where 𝐼𝑘+1 ⊇ 𝐼𝑘;   𝐼𝑘 open and 

bounded interval for all 𝑘  and 𝐼𝑘̅ ⊆ (𝑎, 𝑏), and take the union of the 

discontinuities in each 𝐼𝑘. 

For 𝑥0 ∈ (𝑎, 𝑏) let 

𝑓(𝑥0
−) = lim

𝑥→𝑥0
−
𝑓(𝑥) = sup{𝑓(𝑥)| 𝑎 < 𝑥 < 𝑥0}  

𝑓(𝑥0
+) = lim

𝑥→𝑥0
+
𝑓(𝑥) = inf{𝑓(𝑥)|⁡𝑥0 < 𝑥 < 𝑏}.  

Since 𝑓 is increasing  𝑓(𝑥0
−) ≤ 𝑓(𝑥0

+).  

 

If 𝑓 is discontinuous at 𝑥0 then 𝑓(𝑥0
−) < 𝑓(𝑥0

+), i.e. we have a jump 

discontinuity.  

 

Define the jump interval by:     𝐽(𝑥0) = {𝑦|⁡𝑓(𝑥0
−) < 𝑦 < 𝑓(𝑥0

+)}.  
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Each jump interval is contained in the bounded interval [𝑓(𝑎), 𝑓(𝑏)] since 𝑓 is 

increasing. 

Since 𝑓(𝑏) − 𝑓(𝑎) is finite, there can only be a finite number of jump intervals 

of length greater than 
1

𝑛
 for each 𝑛 ∈ ℤ+.  

Thus the set of discontinuities is a countable union of finite sets and hence countable. 

 

 

Prop.  Let 𝐶 be a countable subset of (𝑎, 𝑏).  Then there is an increasing function 

on (𝑎, 𝑏) that is continuous at (𝑎, 𝑏)~𝐶. 

 

Proof: If 𝐶 = {𝑥0, 𝑥1, 𝑥2, … , 𝑥𝑛}⁡is finite then let 𝑓(𝑥) be constant between 

the points and jump by 1 at the points. 

If 𝐶 = {𝑥𝑘}𝑘=1
∞  is countably infinite define 𝑓 by: 

        𝑓(𝑥) = ∑
1

2𝑛{𝑛|⁡𝑥𝑛≤𝑥}
   for all 𝑎 < 𝑥 < 𝑏.        

 

If 𝑎 < 𝑢 < 𝑣 < 𝑏 then: 

         𝑓(𝑣) − 𝑓(𝑢) = ∑
1

2𝑛{𝑛|⁡𝑢<𝑥𝑛≤𝑣}
≥ 0.    

 

Thus 𝑓 is increasing and 𝑓 has a jump of 
1

2𝑘
⁡ at 𝑥𝑘.  
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Now let’s show that 𝑓 is continuous at any point 𝑦 ∈ (𝑎, 𝑏)~𝐶.  

 

For any fixed 𝑛 we can choose an interval 𝐼 such that 𝑥0, … , 𝑥𝑛 ∉ 𝐼.  

 

Thus we have for 𝑥 ∈ 𝐼:    |𝑓(𝑥) − 𝑓(𝑦)| < ∑
1

2𝑖
=

1

2𝑛
∞
𝑖=𝑛+1  .   

     

So for any 𝜖 > 0, simply choose 𝑛 such that 
1

2𝑛
 < 𝜖.  

 

Thus 𝑓 is continuous at 𝑦 ∈ (𝑎, 𝑏)~𝐶. 


