The Vitali Convergence Theorem

Lemma: Let E be a set of finite measure and § > 0. Then E is the disjoint
union of a finite collection of sets, each of which has measure less than §.

Proof: By the continuity of measure,

lim m(E~[—n,n]) =m(¢) =0

n—>0o

sinceif E~[—n,n] = ENn[-n,n]¢ = E,
then E,, 1 € E,, and m(E) < oo,

Choose ny € Z™ for which, m(E~[—ny, ny]) < 6.

Now choose a partition of [—1, 1] fine enough so E N [—ng, ng]

is the disjoint union of a finite collection of sets, each of which

has measure less than 0.

_n0=a0<a1<'“<am=n0.

Let E] =FEnN (aj_l,aj]; with m(E]) < 4.

Then Ey, ..., E,,;, E~[—ng,ng] works.



Prop. Let f be a measurable function on E. If f is integrable over E,
then for € > 0, thereisa & > 0 for which

If A € E is measurable and m(A) < 6 then fA |f] < e.

Conversely, in the case m(E) < oo, if for each € > 0, thereisad > 0

for which if A € E is measurable and m(4) < 6, then fA |f] < € then
f isintegrable over E .

Proof: Let f = f* — f~; and establish for f* and f ~, so assume f is
non-negative.

Assume f is integrable over E. Let€ > 0.

By additivity over subdomains, for a > 0 we have:

Ju f

Jearrco<a t Jxearreza f

<a-m(A)+ f{xeAlf(x)za}f'
Since c0 > fE f= fA f, we can choose a large enough that:
€
Jxearesaf <3

so, [, f<a-m(A)+§.

€
2a’

thean f<a(2—€a)+§=e.

Choose § = thenif A € E andm(4) < 6§ = i,



Conversely, suppose m(E) < oo and that for each € > 0, thereis a
& > 0 for which, if A € E is measurable and m(4) < &, then

J, Ifl<e.

Let & correspond to € = 1.

Since m(E) < oo according to the previous lemma we can write

E = U¥_, Ey, disjoint sets of measure less than &.

Therefore, Y81 fEkf < N since fEkf < 1 foreach k.

Thus fE f=Yr_1 fEkf < N and f is integrable.

Note: if m(E) = oo, then f(x) = 1 has fA |f| <eifd =¢€,butf

is not integrable over E.

Def. A family F of measurable functions on E is said to be uniformly integrable
over E if for each € > 0, thereisa d > 0 such that foreach f € F, if

A C FE is measurable and m(4) < 6, then fA If]| <e.

Ex. Let g be a non-negative integrable function over E. Define:
F = {f|f is measurableand |f| < g on E}.

Then F is uniformly integrable. This follows from the previous proposition

and that for any measurable subset A € FE':

L IfI<], g



Ex. Letf,(x) =n if 0 <x

A
~

=0 if

~
IA
IA

x <1.

1
{fn} are not uniformly integrable over [0, 1] since if € = 5 then given any

1
8 > 0 there existsann € Z™ such that — < é and f[ol] fn=1.
n

Prop. Let {fx }}=1 be a finite collection of functions, each of which is integrable
over E. Then {f} }r=1 is uniformly integrable.

Proof: Lete > 0.

For 1 < k < n by the previous proposition there is a }, such that if
A C E is measurable and m(A4) < 6y, thean |fi] < €.

Let 6 = min {&;, ... ,6,} thenif A € E is measurable and m(A4) < 6,
then fA |fix]| < e€foralll <k <n.



Prop. Assume E has finite measure. Let {f,,} be uniformly integrable over E. If
{fn} = f pointwise a.e. on E, then f is integrable over E.

Proof: Let € = 1 and &y > 0 such thatif m(4) < &, then

fA Ifnl <e=1

Since m(E) < oo we can express E as the disjoint union of a finite

collection of measurable sets {E} }¥_, such that m(Ey) < 8, for
1<k<N.

Thus, f, ful = 58 fy 1ful < N.

But by Fatou’s lemma, [ |f| < liminf fE |fn] < N.

So, f isintegrable over E.



Vitali Convergence Theorem: Let E be of finite measure. Suppose {f,, } is

uniformly integrable over E. If f,, = f pointwise a.e., then f is integrable

overEandrlli_r)I(}OfE In =fE f.

Proof: The previous proposition tells us f is integrable and hence is finite a.e.

We can assume f;; = [ pointwise by excising the set of measure 0
where it doesn’t.

Notice for any measurable subset A € E,
s £o= s £l =|ls o= 1)

< J; =

= [l = F1+ f, 1f = £
A A = W T A T A T A P A T4

{f} uniformly integrable = thereisa § > 0 such thatif m(4) < 4,
€
then fA | o <3.

, _ .y €
ByFatousLemma.fA |f] SllmlnffA | fl <3

Since f is real valued and m(E) < o, by Egoroff’s Theorem there is
a measurable subset Ey € E for whichm(Ey) < §and f,, = f
uniformly on E~E,.

Thus there exists N such thatif n = N then,

€



Now take A = E and we get:

A A = [ Ay E o A R M T

< (3mE(E)) (m(E~E0)) + % +§ <eE.

solim [, fu=1, f.

n—oo

Theorem: Let E be of finite measure. Suppose {h,, } is a sequence of

non-negative integrable functions that converge pointwise
a.e.toh = 0. Then,

Al_r)rolo fE h,, = 0if, and only if, {h, } is uniformly integrable.

Proof: If {h,} is uniformly integrable then by the Vitali convergence

theorem, Tlll_r)glo fE h, = 0.
Now suppose 711_{20 fE h, = 0.
Let € > 0. We can find N such thatif n = N then fE h, <e.

Sinceeach h,, = 0 on E, if A € E is measurableandn = N, then
J, ha <e.

According to an earlier proposition, a finite collection {hn}ﬁfll of

integrable functions is uniformly integrable.

Thus given € > 0 there exists a & > 0 such thatif m(4) < & then
fA h,<en=1,..,N—1.

Thus {h,, }n=1 are uniformly integrable.



