The General Lebesgue Integral

If f is an extended real valued function on E define:
f(x) = max {f(x),0} = 0
f~(x) = max {~f(x),0} = 0
fe) =fT0)—f~(x)

Notice that f is measurable if and only if f ¥ and f ~ are measurable.

Prop. Let f be a measurable function on E. Then f* and f~ are integrable

over E if and only if |f] is integrable over E.

Proof: Assume f ¥ and f~ are integrable over E.
Notice that |f| = f* + f~.
Thus [ IfI = [, fr+ [, f~ <o,

and |f| is integrable over E .

Now assume |f| is integrable over E.

0<f*<|f|] and 0<f~ <|f].

So by monotonicity: fE fr SfE |f] < oo, fE f- SfE |f] < co.

Thus f* and f~ are integrable over E.



Def. A measurable function f on FE is said to be integrable over E if |f | is
integrable over E. When this is so we define:

o f=lp £t =0, 1"

Notice if f is nonnegative,i.e. f = |f| = f*, f~ = 0 and we get the usual
definition of the Lebesgue integral of a nonnegative function. If f is a bounded
measurable function of finite support by linearity of integration this definition
coincides with the original definition.

Notice also that, unlike Riemann integration, in order for a function f to be
Lebesgue integrable we require |f | to also be integrable.

sinx
Ex. f(x) = . is integrable as a Riemann integral over [0, ©), but not as a
sinx
Lebesgue integral because =
gue integ O ol

Prop. Let f be integrable over E. Then f is finite a.e. on E and

fE f=fE~Af if A € Eandm(4) = 0.

Proof: We know if g is nonnegative and g is integrable over E then g is finite
a.e.on E. Thus |f] is finite a.e. on E and hence f is.

Since f is integrable: fE f= fE fr- fE f-
and fE f+=fE~E0f+ fE f_:fE~E0f_'

S0 fE~E0f:fE~Eof+_fE~E0f_ :fE f+_fE f- :fE f-



Prop. (The integral comparison test). Let f be measurable on E. Suppose there
is a nonnegative function g that is integrable over E and |f| < gon E. Then f
is integrable over E and

|z 1= I If1.

Proof: By monotonicity of integrals for nonnegative measurable functions:
Iz IfI< [, g <oo,

so f isintegrable.

Since |f | is integrable, soare f T and f~.

By the triangle inequality we have:

g FI=le Fr=fp sl £+l =0 11

Theorem: Let f and g be integrable over E. Then

1. fora,fER [ (af +Bg)=af. f+B[, g
2. if f < gonkE then

. f<l g



Corollary: Let f be integrable over E. Assume A and B are disjoint subsets of E.

Then: fAuszfAf-I_fB f.

Proof: |(f)(xa)l < If] and [(F)(xp)l < [f] onE, thus (f)(xa) and

(f)(xp) areintegrable over E by the integrable comparison test.

Notice that:  (f)(xaup) = (f)(xa) + (f)(xg) onE.

But for any measurable subset D of E:
Iy £ =1, o).
Thus [, o5 = Jaus D Gauvs) = J,u5((D 0 + (D))
= [z + [, O = [, f+ 1, f.

The Lebesgue Dominated Convergence Theorem: Let {f,,} be a sequence of
measurable functions on E. Suppose there is a function g that is integrable over
E and |f,| < g on E foralln. If f,, = f pointwise a.e. on E, then f is

integrable over E and

lime fnsz f

n—->0o

Proof: Since |f,| < g on E forallnthen |f| < gae. onE.

Since g is integrable over E, then f is integrable over E by the integral
comparison test.

Since {f,,} and f are integrable over E these functions are finite a.e. on E.



By removing sets where any of those functions are not finite (sets of measure 0),
we can assume all of those functions are finite on E'.

g — f and g — f,, are measurable nonnegative functions and {g — f,,}
convergesto g — f a.e.onE.

By Fatou’s lemma:
Iz (g =) < liminf [, (g — fo)-
Thus we can say:
I 9—J; f=J;(@—F) <liminf [ (g—fo)

= fE g — llmlnf fE fn-

So we have:

— [, f < =liminf [ f,

Or:

Jg f=zlimsup [, fu. (%)

Notice that g + f,, = 0, so by Fatou’s lemma:
Jp (g + ) < liminf [ (g + f)
Je 9+, f <[, g+liminf [ f,
J; f<liminf [ f,.

So together with (*) we get%l_)n.}o fE o= fE f.



General Lebesgue Dominated Convergence Theorem: Let {f;,} be a sequence of
measurable functions on E that converges pointwise a.e. on E to f. Suppose
there is a sequence of nonnegative measurable functions {g,, } on E where

Jn = g pointwise a.e.on E and |f,;| < g, on E foralln.

if lim [ gn = [, g < oo then 711_{?0[5 fo=1J; f.

n—->00

Proof: Just replace {g — f,,} and {g + f} with {g,, — f} and {g,, + [} in
the proof of the Lebesgue Dominated Convergene Theorem.

Ex. Let f be a real valued integrable function on [0,1]. Show x™f(x) is

integrable on [0,1] and calculate lim fol x"f(x).
n—oo

Since0 <x <1, |x"fQ)| < |x™|f)] < |f(x)].

So by the integral comparison test since f is integrable over [0,1] sois x™ f (x)
(x™f (x) is measurable because f(x) and x™ are).

Since f (x) is integrable over [0,1], f is finite a.e. on [0,1].

Thus we have: lim x"f(x) = 0 a.e.on[0,1].

n—-oo

By the Lebesgue dominated convergence theorem:

lim [ x™f(x) = [, lim x"f(x) = 0,

n—-0o
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Ex. Evaluate lim f >
n—oo E 1+x

for E = [0, o).

Let f,,(x) = le+x2 for 0 < x < oo,

. en 1 1
1111—>n;10 T2 = Taa2 © frn(x) = f(x) T2 Pointwise on 0 <x< oo,
X 1
: e
Notice that |f,,(x)| = 2|l ST

Let's let g(x) = and show that g(x) is integrable over E = [0, 00).

14+x2

1
Let g, (x) = T2 if0<x<n

=0 ifn < x.

{gn(x)} is increasing, measurable, and g, (x) = g(x) pointwise on E..

Notice that each g,, is Riemann integrable over [0, 1], so the Lebesgue integral

equals the Riemann integral over [0, n].

n 1 -
Thus [ gn = [, Tz dx =tan ).

Now by the Lebesgue monotone convergence theorem:

. 1
lim g 9n=Jp T2
1
. -1 —
Jim tan™ () = [ 15
T 1

2 JE 1+4x2




So g(x) is integrable over E.

Since {f,,} are all measurable, we can apply the Lebesgue dominated
convergence theorem to get:
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