The Lebesgue Integral fE f: =0

Def. A measurable function with domain E has finite support if

m({{x € E| f(x) # 0}) < oo,

Let Eg = {x € E| f(x) # 0} with m(E,) < oo. If f is bounded and

measurable on E we can define:

o =1, f

So what do we do if m(E,) = o0 or m(Ey) < oo but f is not bounded?

Def. Let f be a nonnegative measurable function on E. Let

Hg(f) = {bounded measurable functions of finite support|0 < h < f on E}.

we define fE f by

[y f=sup{f; h| heH ().

Notice that fE f can be finite or oo,



Chebychev’s inequality: Let f be a nonnegative measurable function on E. Then

foranya > 0,

)|

(@) (m(}

m({x €E| f(x) = a) <= ], f.

Proof: Let E, = {x € E| f(x) = a}.

) y=f)

First let’s assume m(E,) = oo. S L

let Egn = Eg N [-n,n] and ¢, = a(Xg,,,)-

1, is a bounded, measurable function of finite support with

a(m(Ea,n)) = fE Y, and 0 <1, < f onE foralln.

Notice that: E; = Up-1Eqn and Egpniq 2 Egp.

Thus m(E,) = Tlll_l;glo m(U%;l Ean ) — Tlll_r)glo m(Eqn)-

Thus o0 = a(m(Eq)) = a(lim m(Eqn)) = lim [, a <, f.

Ssom({x € E| f(x) =a}) < %fE f because both sides are .

Now suppose m(E,) < oo.

Define h = a(xg,).

h is a bounded measurable function with finite supportand 0 < h < f on E.




By definition offE f: fE f= fE h = a(m(E,)).

Thus m({x € E| f(x) 2 a}) < [, f.

Prop: Let f be a nonnegative measurable function on E. Then

fE f =0 ifandonlyif f =0a.e. onE.

Proof: Assume fE f=0.

Let Ex = {x € E| f(x) 2 ).
n
Then by ChebycheVv’s inequality:

m(El)SnfE f =0 foralln.

{x€eE|f(x)>0}=U;-1E1 andE1 S E 1 . Thus

n n+1

lim m(Up=;E1) = lim m(El) = 0.
n—>0o n n—-0o

n

Hence m({x €E| f(x) >0}) =0
and f = 0 a.e.onk.



Now suppose f = 0 a.e.on E.

Let ¢ be a simple function and h be a bounded measurable function of finite
support forwhich0 <@ < h < fonkE.

Since @ is simple, fE @ = 0, forany ¢ < h, thus fE h =0.

Since this holds forallh < f, fE f=0.

Theorem: Let f and g be nonnegative measurable functions on E. Then

1. foranya,f >0 fE (af+ﬂg)=afEf+ﬂng
2. iff < gonkE then

. f<[l, g

Proof: First let’s show fE af = afE f.
Let h be any bounded, measurable function of finite supportand 0 < h < f.

0<h< fifanonlyif0 < ah < af.

Notice that fE ah = afE h.



ah bounded, measuable,of finite support and

j af=sup{L ah
E

0<ah<af onE}

= a sup {fE h| h bounded, measuable,of finite support and
0<h<fonkE}

=0(fEf.

To prove linearity we only need to show: fE (f+g9) = fE f+fE g.

Let ', G be bounded, measurable functions of finite support with
O0<F<fand 0<G<g.

Then0 < F + G < f + g and F + G is bounded, measurable, and finite support.

fE F+fE G:fE (F+G)SfE (f+g)foral S F<fand 0<G<g
that are bounded, measurable, and of finite support.

thes [, f+ [, g<f, (f+9).

By definition:

L(f+g)=supUEl

[ bounded, measurable, of finite support

and0 <!l <f+gonkE}



Let’s show that fE leE f+fE g-
Leth =min {f,l} andk =1l—honE.
Notice if x € E and [(x) < f(x) thenk(x) =0 < g(x).

IFL(x) > f(x)thenk(x) =1l(x) — f(x) < g(x) since0<I< f +g.
Thus h(x) < g(x) on E.

Both h and k are bounded, measurable function of finite support.

Thuswehave: 0 < h<f, 0<k<gandl=h+konE.
Sof, l=[, h+[ k<[ f+[, g

and hence fE (f+9) = fE f+fE g-

To prove monotonicity: let A be any bounded, measurable function of finite
support where0 < h < fonE.

Butsince f < gthenh < gonE.

By definition offE g, fE thE g.

But [, f=sup{f, h}so [, f< . g



Theorem: Let f be a nonnegative measurable functionon E. If A and B are

disjoint measurable subsets of E, then

s =1, F+1; f.

In particular, if E is a subset of E' of measure 0, then

fE f = fE~E0f'

Proof: The first relationship follows from: f = (f)(x4) + (f)(xg) and the
fact that fE (Hxa) = fA f.

fE f= fE~E0f follows from the first relationship and the fact that on f=0
since m(E,) = 0.

Recall that if {a,, } is a sequence of real numbers then the limit superior of {a,},
denoted by limsup{a,}, is given by:

limsup{a, } = lim sup{a,| k = n}.
n—>oo

The limit inferior of {a, }, denoted by liminf{a,,}, is given by:

liminf{a,,} = lim inf{a,| k > n}.
n—->oo

Another way to think of these notions is to take all subsequential limits of {a,, }
and call that set E'.

limsup{a,} = sup(E)
liminf{a,} = inf(E)

If {a,,} has a limit [, then limsup{a, } = liminf{a,} = L.



Ex. Let @ : a 1 : a =
X. Le —-9 — = -1 — - = e
3n—-2 n’ 3n—-1 n’ 3n n+1
1 1 1 2 1 2 3
{1707_5 ;E;E ;_g )g )E ’_Z)}I E={—1,0,1}

Thus limsup{a, } = sup(E) =1 and liminf{a,} = inf(E) = —1.

Fatou’s lemma: Let {f,,} be a sequence of nonnegative measurable functions on
E. If f, = f pointwise a.e. on E, then

I f < liminf [ f.

Proof: Since fA f =0,ifm(A) = 0, we can assume that f;; = [ pointwise
onall of E.

f is nonnegative and measurable because it’s the pointwise limit of nonnegative,
measurable functions.

To prove the theorem it is enough to prove that

J; h < liminf [ f,

for any bounded, measurable function of finite support for which0 < h < f on

E.

Let h be a bounded, measurable function of finite support for which 0 < h < f
and |h| < M forsome M =0 onE.

Let E, = {x € E| h(x) # 0}.

m(E,) < oo since h has finite support.

Let h,, = min {h, f,} on E.



Notice that h,, is measurableand 0 < h, < M, and h, = 0 on E~E|.

If x € E, since h(x) < f(x) and f,(x) = f(x), h,(x) = h(x).

Thus h,, (x) is uniformly bounded (by M), and if we restrict {h, } to E,,
m(EO) < 0, then we can apply the bounded convergence theorem.

lim [ h, = lim fEOhn=fEOh=fE h

n—>00 n—00

Since h,, = 0 on E~E,.

However, foreachn, h,, < f,, onE.

Thus we have:

fE hnSfE fn-

Hence:

J; h=1lim [ h, <liminf [ f,.

n—>00

Since this is true for all h, nonnegative, measurable, boundedand 0 < h < f on

E we have:

. f < liminf [ f,.
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Ex. Here’s an example where you have a strict inequality in Fatou’s lemma.
Let E = [0,1] and let f;, = (n))((o 1.
n
{fn} convergesto f = 0 on [0,1].
1 1
However fo fn = 1foralln, but fo f=0.

Thus 0 = [) f < liminf [ f, = 1.

If we add the condition that {f,,} is monotonically increasing then the inequality
in Fatou’s lemma becomes an equality.

The Monotone Convergence Theorem: Let {f;,} be an increasing sequence of
nonnegative measurable functionson E. If f;, = f pointwise a.e. on E then

lime fnsz f-

n—oo

Proof: According to Fatou’s lemma: fE f < liminf fE fn-

However, foreachn, f,, < f a.e.onE.

Thus fE In SfE f foreachn.

Therefore, limsup fE n < fE f.
Since limsup{a, } = liminf{a,} we have:

liminf [ fo < limsup [ f < [, f < liminf [ f,.

Thus lim fE fn = fE f.

n—-0o



Corollary: Let {un} be a sequence of nonnegative measurable functions on E.

f = Y=1 Uy pointwise a.e. on E, then fE f=Xn=1 fE Up.-

Proof: Let f, = Xi—q Uk-
Then {f,,} is increasing, nonnegative and measurable.

Thus by the Monotone Convergence Theorem:

hm fE fnsz f

n—-oo
TP_)H;IO fE Zz=1uk - fE f
Tlli_)rglozz=1 fE U = 2106021 fE U = fE f
1 1
Ex. Let f(x) = a1t x*+ x84+ - = Y50 x*. Evaluate fozf

1 1 1
fozf = foz Z}?:o x4k = 21?:0 foz x4k (by the previous corollary)

1
_ 200 x4k+1 |x=5
k=0 4j+1 'x=0

1

(4k+1) (@D

= 2;:):0

11

If
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Another application of the monotone convergence theorem is that it allows us to
evaluate some Lebesgue integrals.

1
Ex. Evaluate the Lebesgue integral fE ") where E = [1, ).

We know that if f is bounded and measurable on a closed bounded interval D,
then if the Riemann integral exists over D, then it’s equal to the Lebesgue integral
over D.

1
let E, = [1,n], n€Z* , and f, == ifx€E,
=0 ifx € (n, ).
Then {f,,} is bounded, increasing, nonnegative and measurable.

In addition, f,; = f pointwise on E.

Thus by the monotone convergence theorem: 7lll_r)£10 fE fn = fE f.

1
But fE fn = fEn fn = fnp (where this is a Riemann integral).

1
1 1,,= 1
[ Z=—ZhEr=1-2
1 1
S0 7111_1;210]-5 fn_rlll_l;lt;lo(l__)zlzfﬁ' f_fE X2 "

Def. A nonnegative measurable function f on a measurable set E is said to be

integrable over E if fE f < oo.
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Prop. Let the nonnegative function f be integrable over E. Then f is finite a.e.

onE.

Proof: By Chebychev’s inequality we know:

m(x €E| f(x) 2n}) <= [, f.

By monotonicity we know:

1
m((x € B () = o) < m(x € B f@) >np < [ f
E
But fE f < oo, som({x € E| f(x) = o0}) = 0,thus f is finite a.e. on E..

Beppo Levi’s Lemma: Let {fn} be an increasing sequence of nonnegative

measurable functions on E. If the sequence of integrals {fE fn} is bounded,

then {f,,} converges pointwise on E to a measurable function f that is finite a.e.

on E and lim fE fn=fE f < co.

n—>0o

Proof: Let f(x) = lim f,(x) forx €E.
n—>oo

By monotone convergence: 7ll_r)r.}o fE fn = fE f<oo;

since {fE fn} is bounded.

f is finite a.e. on E since fE f < oo.



