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                                             Linear Transformations 

 

Def.  Let 𝑉 and 𝑊 be vector spaces.  We call a function 𝑇: 𝑉 → 𝑊 a linear 

transformation from 𝑉 to 𝑊 if for all 𝑢, 𝑣 ∈ 𝑉 and 𝑐 ∈ ℝ 

        a.   𝑇(𝑢 + 𝑣) = 𝑇(𝑢) + 𝑇(𝑣) 

        b.         𝑇(𝑐𝑣) = 𝑐𝑇(𝑣). 

 

Theorem:  Let 𝑇: 𝑉 → 𝑊 be a linear transformation from a vector space 𝑉 to a 

vector space 𝑊.  Then for 𝑢, 𝑣, 𝑢1, … 𝑢𝑛 ∈ 𝑉,  𝑎, 𝑏, 𝑎1, … , 𝑎𝑛 ∈ ℝ 

     1.    𝑇(0) = 0 

     2.   𝑇(𝑣 − 𝑢) = 𝑇(𝑣) − 𝑇(𝑢) 

     3.   𝑇(𝑎𝑢 + 𝑏𝑣) = 𝑎𝑇(𝑢) + 𝑏𝑇(𝑣) 

     4.   𝑇(∑ 𝑎𝑖𝑢𝑖) = ∑ 𝑎𝑖𝑇(𝑢𝑖)
𝑛
𝑖=1

𝑛
𝑖=1   

 

Proof: 

1.  𝑇(0) = 𝑇(2(0)) = 2𝑇(0)   ⟹    𝑇(0) = 0. 

2.  𝑇(𝑣 − 𝑢) = 𝑇(𝑣 + (−𝑢)) = 𝑇(𝑣) + 𝑇(−𝑢) 

                       = 𝑇(𝑣) − 𝑇(𝑢). 

3.  𝑇(𝑎𝑢 + 𝑏𝑣) = 𝑇(𝑎𝑢) + 𝑇(𝑏𝑣) = 𝑎𝑇(𝑢) + 𝑏𝑇(𝑣). 

4.  𝑇(∑ 𝑎𝑖𝑢𝑖) = 𝑇(𝑎1𝑢1 + 𝑎2𝑢2 + ⋯ 𝑎𝑛𝑣𝑛)𝑛
𝑖=1  

                              = 𝑇(𝑎1𝑢1) + 𝑇(𝑎2𝑢2 + ⋯ + 𝑎𝑛𝑢𝑛) 

                              = 𝑎1𝑇(𝑢1) + 𝑇(𝑎2𝑢2) + 𝑇(𝑎3𝑢3 + ⋯ 𝑎𝑛𝑢𝑛) 

                               ⋮ 

                              = 𝑎1𝑇(𝑢1) + 𝑎2𝑇(𝑢2) + ⋯ + 𝑎𝑛𝑇(𝑢𝑛) 

                                = ∑ 𝑎𝑖𝑇(𝑢𝑖)
𝑛
𝑖=1 . 
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Ex.  Show that 𝑇: 𝑉 → 𝑊 is a linear transformation if and only if                       

       𝑇(𝑐𝑣 + 𝑢) = 𝑐𝑇(𝑣) + 𝑇(𝑢) for all 𝑢, 𝑣 ∈ 𝑉,   𝑐 ∈ ℝ. 

 

       Proof:  Case #3 of the previous theorem shows if 𝑇 is linear then  

                     𝑇(𝑐𝑣 + 𝑢) = 𝑐𝑇(𝑣) + 𝑇(𝑢) for all 𝑢, 𝑣 ∈ 𝑉,   𝑐 ∈ ℝ. 

 

             Now let’s show that if 𝑇(𝑐𝑣 + 𝑢) = 𝑐𝑇(𝑣) + 𝑇(𝑢) for all 𝑢, 𝑣 ∈ 𝑉,   𝑐 ∈ ℝ 

             then  𝑇 is linear. 

             We must show: 

                 1.  𝑇(𝑢 + 𝑣) = 𝑇(𝑢) + 𝑇(𝑣) for all 𝑢, 𝑣 ∈ 𝑉 

                 2.  𝑇(𝑐𝑣) = 𝑐𝑇(𝑣)  for all  𝑐 ∈ ℝ. 

 

                 1.  Since 𝑇(𝑐𝑣 + 𝑢) = 𝑐𝑇(𝑣) + 𝑇(𝑢) for all 𝑢, 𝑣 ∈ 𝑉,   𝑐 ∈ ℝ, it’s true 

                       for 𝑐 = 1.   

                       Thus 𝑇(𝑣 + 𝑢) = 𝑇(𝑣) + 𝑇(𝑢)  for all 𝑢, 𝑣 ∈ 𝑉. 

 

                  2.  If we take 𝑢 = 0 then 𝑇(𝑐𝑣 + 0) = 𝑐𝑇(𝑣) + 𝑇(0) 

                                             ⟹                      𝑇(𝑐𝑣) = 𝑐𝑇(𝑣) + 0 = 𝑐𝑇(𝑣). 
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Ex.  Show that 𝑇: ℝ2 → ℝ2 by 𝑇(< 𝑎1, 𝑎2 >) =< 𝑎1 + 2𝑎2, 𝑎1 > is a linear 

transformation. 

 

By the previous example we just need to show that 𝑇(𝑐𝑣 + 𝑢) = 𝑐𝑇(𝑣) + 𝑇(𝑢) 

for all 𝑢, 𝑣 ∈ ℝ2,   𝑐 ∈ ℝ. 

For any 𝑢, 𝑣 ∈ ℝ2,   we have   𝑢 =< 𝑥1, 𝑦1 > ,    𝑣 =< 𝑥2, 𝑦2 > and 

    𝑇(𝑐 < 𝑥1, 𝑦1 > +< 𝑥2, 𝑦2 >) = 𝑇(< 𝑐𝑥1 + 𝑥2, 𝑐𝑦1 + 𝑦2 >) 

                                                          =< 𝑐𝑥1 + 𝑥2 + 2(𝑐𝑦1  + 𝑦2), 𝑐𝑥1 + 𝑥2 >.  

 

𝑐𝑇(< 𝑥1, 𝑦1 >) + 𝑇(< 𝑥2, 𝑦2 >) = 𝑐(< 𝑥1 + 2𝑦1, 𝑥1 >) + (< 𝑥2 + 2𝑦2, 𝑥2 >)  

                                                            =< 𝑐𝑥1 + 2𝑐𝑦1 + 𝑥2 + 2𝑦2, 𝑐𝑥1 + 𝑥2 > 

                                                            =< 𝑐𝑥1 + 𝑥2 + 2(𝑐𝑦1 + 𝑦2), 𝑐𝑥1 + 𝑥2 > 

                                                            = 𝑇(𝑐 < 𝑥1, 𝑦1 > +< 𝑥2, 𝑦2 >).  

 

So 𝑇(𝑐𝑢 + 𝑣) = 𝑐𝑇(𝑢) + 𝑇(𝑣) for all 𝑢, 𝑣 ∈ ℝ2,   𝑐 ∈ ℝ and 𝑇 is linear. 
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Ex.  Define 𝑇: ℝ2 → ℝ2 by 𝑇(< 𝑎1, 𝑎2 >) =< −𝑎1, 𝑎2 >.  𝑇 is a reflection about 

       the 𝑦-axis.  Show that 𝑇 is a linear transformation.   

 

For any 𝑢, 𝑣 ∈ ℝ2,   we have   𝑢 =< 𝑥1, 𝑦1 > ,    𝑣 =< 𝑥2, 𝑦2 > and 

            𝑇(𝑐 < 𝑥1, 𝑦1 > +< 𝑥2, 𝑦2 >) = 𝑇(< 𝑐𝑥1 + 𝑥2, 𝑐𝑦1 + 𝑦2 >) 

                                                                  =< −(𝑐𝑥1 + 𝑥2), 𝑐𝑦1 + 𝑦2 >. 

 

 

            𝑐𝑇(< 𝑥1, 𝑦1 >) + 𝑇(< 𝑥2, 𝑦2 >) = 𝑐(< −𝑥1, 𝑦1>)+< −𝑥2, 𝑦2 > 

                                                                        =< −𝑐𝑥1 − 𝑥2,  𝑦1 + 𝑦2 > 

                                                                        =< −(𝑐𝑥1 + 𝑥2),  𝑐𝑦1 + 𝑦2 > 

                                                                         = 𝑇(𝑐 < 𝑥1. , 𝑦1 > +< 𝑥2, 𝑦2 >) 

        So 𝑇 is linear. 

 

Ex.  Show that 𝑇: ℝ2 → ℝ2 by 𝑇(< 𝑎, 𝑏 >) =< 𝑎 + 3, 𝑏 > is not a linear 

transformation. 

 

Notice that if 𝑐 ≠ 1 then 𝑇(𝑐𝑣) ≠ 𝑐𝑇(𝑣): 

         𝑇(𝑐 < 𝑎, 𝑏 >) = 𝑇(< 𝑐𝑎, 𝑐𝑏 >) =< 𝑐𝑎 + 3, 𝑐𝑏 >  

 

           𝑐𝑇(< 𝑎, 𝑏 >) = 𝑐(𝑎 + 3, 𝑏) = (𝑐(𝑎 + 3), 𝑐𝑏) ≠ (𝑐𝑎 + 3, 𝑐𝑏).  

 

It’s also true that 𝑇(< 0,0 >) ≠< 0,0 > and 𝑇(𝑢 + 𝑣) ≠ 𝑇(𝑢) + 𝑇(𝑣) in 

general. 
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Ex.  Show that 𝑇: ℝ2 → ℝ2 by 𝑇(< 𝑎, 𝑏 >) =< 𝑎, 0 > (called a projection) is a 

        linear transformation. 

 

        If we let 𝑢 =< 𝑎1, 𝑏1 > ,   𝑣 =< 𝑎2, 𝑏2 > and 𝑐 ∈ ℝ then we have: 

               𝑇(𝑐𝑢 + 𝑣) = 𝑇(𝑐 < 𝑎1, 𝑏1 > +< 𝑎2, 𝑏2 >) 

                                   = 𝑇(< 𝑐𝑎1 + 𝑎2, 𝑏1 + 𝑏2 >) 

                                   =< 𝑐𝑎1 + 𝑎2, 0 > 

 

             𝑐𝑇(𝑢) + 𝑇(𝑣) = 𝑐𝑇(< 𝑎1, 𝑏1 >) + 𝑇(< 𝑎2, 𝑏2 >) 

                                        = 𝑐 < 𝑎1, 0 > +< 𝑎2, 0 > 

                                        =< 𝑐𝑎1 + 𝑎2, 0 > 

            

              Thus 𝑇(𝑐𝑢 + 𝑣) =  𝑐𝑇(𝑢) + 𝑇(𝑣) for all 𝑢, 𝑣 ∈ ℝ2,   𝑐 ∈ ℝ, so 𝑇 is linear. 

 

 

Ex.  Show that 𝑇: 𝑃𝑛(ℝ) → 𝑃𝑛(ℝ)  by 𝑇(𝑓(𝑥)) = 𝑓′(𝑥) is a linear transformation. 

 

            Let 𝑓(𝑥), 𝑔(𝑥) ∈ 𝑃𝑛(ℝ)  and 𝑐 ∈ ℝ. 

                     𝑇(𝑐𝑓(𝑥) + 𝑔(𝑥)) = (𝑐𝑓(𝑥) + 𝑔(𝑥))′ 

                                                     = 𝑐𝑓′(𝑥) + 𝑔′(𝑥) 

                                                     = 𝑐𝑇(𝑓(𝑥)) + 𝑇(𝑔(𝑥)). 

              So 𝑇 is a linear transformation. 
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Ex.  Let 𝑉 = 𝐶[𝑎, 𝑏],  the vector space of continuous real valued function on 

       [𝑎, 𝑏].  Define 𝑇: 𝑉 → ℝ by 𝑇(𝑓(𝑥)) = ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
.  Show that 𝑇 is a linear 

       transformation. 

 

            Let 𝑓(𝑥), 𝑔(𝑥) ∈ 𝐶[𝑎, 𝑏] and 𝑐 ∈ ℝ then 

                  𝑇(𝑐𝑓(𝑥) + 𝑔(𝑥)) = ∫ (𝑐𝑓(𝑥) + 𝑔(𝑥))𝑑𝑥
𝑏

𝑎
 

                                                   = 𝑐 ∫ 𝑓(𝑥)𝑑𝑥 + ∫ 𝑔(𝑥)𝑑𝑥
𝑏

𝑎

𝑏

𝑎
 

                                                   = 𝑐𝑇(𝑓(𝑥)) + 𝑇(𝑔(𝑥)). 

              So 𝑇 is a linear transformation. 

 

Ex.  Show that 𝑇: ℝ2 → ℝ2 by 𝑇(< 𝑎1, 𝑎2 >) =< 𝑎1𝑎2, 𝑎2 > is not a linear 

        transformation. 

 

         Let 𝑣 =< 𝑎1, 𝑎2 > and 𝑐 ∈ ℝ,   𝑐 ≠ 1 then 

              𝑇(𝑐𝑣) = 𝑇(𝑐 < 𝑎1, 𝑎2 >) 

                          = 𝑇(< 𝑐𝑎1, 𝑐𝑎2 >) 

                          =< 𝑐2𝑎1𝑎2, 𝑐𝑎2 > 

 

           𝑐𝑇(< 𝑎1, 𝑎2 >) = 𝑐 < 𝑎1𝑎2, 𝑎2 > 

                                        =< 𝑐𝑎1𝑎2, 𝑐𝑎2 >≠ 𝑇(𝑐𝑣). 

 

     Thus 𝑇 is not a linear transformation. 

     In this case it also happens to be true that 𝑇(𝑢 + 𝑣) ≠ 𝑇(𝑢) + 𝑇(𝑣) in general. 
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Ex:  Suppose 𝑇: ℝ2 → ℝ3 is a linear transformation such that                                 

      𝑇(< 2,3 >) =< 0,3,4 > and 𝑇(< 3,2 >) =< −1,2,3 >.  Find 𝑇(< 2,8 >). 

 

Notice that we can write < 2,8 > as a linear combination of < 2,3 > and < 3,2 >. 

                                𝑎 < 2, 3 > +𝑏 < 3, 2 >=< 2,8 > 

                                   < 2𝑎 + 3𝑏, 3𝑎 + 2𝑏 >=< 2,8 > 

                            ⟹                 2𝑎 + 3𝑏 = 2 

                                                  3𝑎 + 2𝑏 = 8. 

          Solving these simultaneous equations we get 𝑎 = 4, 𝑏 = −2. 

           Thus we have:      4 < 2, 3 > −2 < 3, 2 >=< 2,8 >. 

 

           Hence we have: 

                            𝑇(< 2,8 >) = 𝑇(4 < 2, 3 > −2 < 3, 2 >) 

                                                   = 4𝑇(< 2,3 >) − 2𝑇(< 3,2 >) 

                                                    = 4 < 0,3,4 > −2 < −1,2,3 > 

                                                    =< 0,12,16 > −< −2,4,6 >        

                                                    =< 2,8,10 >. 

 

      In fact, given any < 𝑥, 𝑦 >∈ ℝ2 we can find 𝑇(< 𝑥, 𝑦 >) by writing < 𝑥, 𝑦 > as a 

linear combination of < 2,3 > and < 3,2 >.  In this case we would need to solve: 

                                  𝑎 < 2, 3 > +𝑏 < 3, 2 >=< 𝑥, 𝑦 > 

                           ⟹                 2𝑎 + 3𝑏 = 𝑥 

                                                  3𝑎 + 2𝑏 = 𝑦 

for 𝑎 and 𝑏 in terms of 𝑥 and 𝑦. 
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Two important linear transformations are: 

1.   The identity linear trasformation 𝐼: 𝑉 → 𝑉,  where 𝐼(𝑣) = 𝑣 for all 𝑣 ∈ 𝑉. 

2.   The zero linear transformation  𝑇0: 𝑉 → 𝑉,  where 𝑇0(𝑣) = 0 for all 𝑣 ∈ 𝑉. 

     

 

Def.  Let 𝑉 and 𝑊 be vector spaces, and let 𝑇: 𝑉 → 𝑊 be linear.  The null space or 

kernel of 𝑇, 𝑁(𝑇),  is the set of 𝑣 ∈ 𝑉 such that 𝑇(𝑣) = 0.  The range or image of 𝑇 

is the subset of 𝑊 given by 𝑅(𝑇) = {𝑇(𝑣)| 𝑣 ∈ 𝑉}. 

 

Ex.  Let 𝐼: 𝑉 → 𝑉 and 𝑇0: 𝑉 → 𝑊 be the identity and zero transformations.  Then 

                  𝑁(𝐼) = {0}              𝑁(𝑇0) = 𝑉 

                  𝑅(𝐼) = 𝑉                 𝑅(𝑇0) = {0}. 

 

Ex.  Let 𝑇: ℝ3 → ℝ2 be the linear transformation given by 

       𝑇(< 𝑎1, 𝑎2, 𝑎3 >) =< 𝑎1 + 𝑎2, 3𝑎3 >.  Find 𝑁(𝑇) and 𝑅(𝑇). 

 

         To find 𝑁(𝑇) we need to find all vectors  < 𝑎1, 𝑎2, 𝑎3 > such that 

                      𝑇(< 𝑎1, 𝑎2, 𝑎3 >) =< 𝑎1 + 𝑎2, 3𝑎3 >=< 0,0 >. 

                                 𝑎1 + 𝑎2 = 0     ⟹     𝑎1 = −𝑎2 

                                         3𝑎3 = 0    ⟹      𝑎3 = 0 

          So  𝑁(𝑇) = {< 𝑎, −𝑎, 0 >∈ ℝ3| 𝑎 ∈ ℝ}. 
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    𝑅(𝑇) = {𝑇(< 𝑎1, 𝑎2, 𝑎3 >) =< 𝑎1 + 𝑎2, 3𝑎3 >∈ ℝ2| 𝑎1, 𝑎2, 𝑎3 ∈ ℝ}. 

 

             Let < 𝑥, 𝑦 > be any vector in ℝ2.  Let’s show that  < 𝑥, 𝑦 >∈ 𝑅(𝑇). 

                                         < 𝑎1 + 𝑎2, 3𝑎3 >=< 𝑥, 𝑦 >. 

                                   So                   𝑎1 + 𝑎2 = 𝑥 

                                                              3𝑎3 = 𝑦. 

             In particular if 𝑎1 = 𝑥,    𝑎2 = 0,    𝑎3 =
𝑦

3
  then 

                           𝑇 (< 𝑥, 0,
𝑦

3
>) =< 𝑥, 𝑦 >  ⟹   𝑅(𝑇) = ℝ2. 

 

 

Theorem:  Let 𝑉 and 𝑊 be vector spaces and  𝑇: 𝑉 → 𝑊 be linear.  Then 𝑁(𝑇) is a 

subspace of 𝑉 and 𝑅(𝑇) is a subspace of 𝑊. 

 

Proof:   First we show that 𝑁(𝑇) is a subspace of 𝑉. 

                

               Suppose that 𝑣, 𝑤 ∈ 𝑁(𝑇) and 𝑐 ∈ ℝ then 

                𝑇(𝑣 + 𝑤) = 𝑇(𝑣) + 𝑇(𝑤) = 0 + 0 = 0    ⟹    𝑣 + 𝑤 ∈ 𝑁(𝑇).  

 

                      𝑇(𝑐𝑣) = 𝑐𝑇(𝑣) = 𝑐(0) = 0                   ⟹           𝑐𝑣 ∈ 𝑁(𝑇).  

 

                So 𝑁(𝑇) is a subspace of 𝑉. 
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                 Now we show that 𝑅(𝑇) is a subspace of 𝑊.  

         

          Suppose that 𝑤1, 𝑤2 ∈ 𝑅(𝑇) and 𝑐 ∈ ℝ then there exist 𝑣1, 𝑣2 ∈ 𝑉 such that 

                             𝑇(𝑣1) = 𝑤1  and   𝑇(𝑣2) = 𝑤2. 

                    Thus we have: 

                         𝑇(𝑣1 + 𝑣2) = 𝑇(𝑣1) + 𝑇(𝑣2) = 𝑤1 + 𝑤2  ⟹    𝑤1 + 𝑤2 ∈ 𝑅(𝑇). 

                                  𝑇(𝑐𝑣1) = 𝑐𝑇(𝑣1) = 𝑐𝑤1                        ⟹             𝑐𝑤1 ∈ 𝑅(𝑇). 

                       So 𝑅(𝑇) is a subspace of 𝑊. 

 

 

Theorem:  Let 𝑉 and 𝑊 be vector spaces and  𝑇: 𝑉 → 𝑊 be linear.  If                       

                    𝐵 = {𝑣1, … , 𝑣𝑛} is a basis for 𝑉 then  

                    𝑅(𝑇) = 𝑠𝑝𝑎𝑛(𝑇(𝐵)) = 𝑠𝑝𝑎𝑛{𝑇(𝑣1), … , 𝑇(𝑣𝑛)}. 

 

Proof:  𝑇(𝑣𝑖) ∈ 𝑅(𝑇) for each 𝑖. 

             𝑅(𝑇) is a subspace of 𝑊   ⟹    𝑅(𝑇) contains 𝑠𝑝𝑎𝑛{𝑇(𝑣1), … , 𝑇(𝑣𝑛)}.  

 

             Now suppose 𝑤 ∈ 𝑅(𝑇) then 𝑤 = 𝑇(𝑣) for some 𝑣 ∈ 𝑉. 

             Since  {𝑣1, … , 𝑣𝑛} is a basis for 𝑉,  𝑣 = ∑ 𝑎𝑖𝑣𝑖
𝑛
𝑖=1     for some 𝑎1, … 𝑎𝑛 ∈ ℝ. 

             Since 𝑇 is linear we have: 

                        𝑤 = 𝑇(𝑣) = 𝑇(∑ 𝑎𝑖𝑣𝑖
𝑛
𝑖=1 ) = ∑ 𝑎𝑖𝑇(𝑣𝑖) ∈ 𝑠𝑝𝑎𝑛(𝑇(𝐵))𝑛

𝑖=1 .        

              So 𝑅(𝑇) is contained in the  𝑠𝑝𝑎𝑛{𝑇(𝑣1), … , 𝑇(𝑣𝑛)}.      

 

   Since  𝑅(𝑇) ⊇ 𝑠𝑝𝑎𝑛{𝑇(𝑣1), … , 𝑇(𝑣𝑛)} and 𝑅(𝑇) ⊆ 𝑠𝑝𝑎𝑛{𝑇(𝑣1), … , 𝑇(𝑣𝑛)}, 

                      ⟹    𝑅(𝑇) = 𝑠𝑝𝑎𝑛(𝑇(𝐵)) = 𝑠𝑝𝑎𝑛{𝑇(𝑣1), … , 𝑇(𝑣𝑛)}.   
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Ex.  Define the linear transformation 𝑇: 𝑃2(ℝ) → 𝑀2×2(ℝ) by 

                               𝑇(𝑓(𝑥)) = [
𝑓(3) − 𝑓(1) 0

0 𝑓(0)
].  

       Find a basis for 𝑅(𝑇) and 𝑑𝑖𝑚𝑅(𝑇). 

 

     Since 𝐵 = {1, 𝑥, 𝑥2} is a basis for 𝑃2(ℝ)     

 

                  𝑅(𝑇) = 𝑠𝑝𝑎𝑛{𝑇(1), 𝑇(𝑥), 𝑇(𝑥2)} 

                             = 𝑠𝑝𝑎𝑛{[
0 0
0 1

] , [
2 0
0 0

] , [
8 0
0 0

]} 

                             =  𝑠𝑝𝑎𝑛{[
0 0
0 1

] , [
2 0
0 0

]}. 

 

Since [
0 0
0 1

] , [
2 0
0 0

] are linearly independent (one is not a nonzero multiple of 

the other) they form a basis for 𝑅(𝑇).  Hence 𝑑𝑖𝑚𝑅(𝑇) = 2. 

 

 

Def.  Let 𝑉 and 𝑊 be vector spaces and  𝑇: 𝑉 → 𝑊 be linear.  If 𝑁(𝑇) and 𝑅(𝑇) are 

finite dimensional, then we define the nullity of , 𝑵𝒖𝒍𝒍𝒊𝒕𝒚(𝑻) = 𝒅𝒊𝒎𝑵(𝑻), and the 

rank of 𝑇, 𝑹𝒂𝒏𝒌(𝑻) = 𝒅𝒊𝒎𝑹(𝑻). 
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Theorem (dimension theorem): Let 𝑉 and 𝑊 be vector spaces and  𝑇: 𝑉 → 𝑊 be 

linear.  If 𝑉 is a finite dimensional vector space then 

                            𝑁𝑢𝑙𝑙𝑖𝑡𝑦(𝑇) + 𝑅𝑎𝑛𝑘(𝑇) = dim(𝑉).  

 

Proof:  Suppose that  dim(𝑉) = 𝑛,   

            𝑑𝑖𝑚𝑁(𝑇) = 𝑘 and {𝑣1, … 𝑣𝑘} is a basis for 𝑁(𝑇).   

             Extend {𝑣1, … 𝑣𝑘} to a basis {𝑣1, … 𝑣𝑛} of 𝑉.  

 

             Claim:  𝑆 = {𝑇(𝑣𝑘+1), … , 𝑇(𝑣𝑛)} is a basis for 𝑅(𝑇).  

 

                   Since 𝑇(𝑣1) = 𝑇(𝑣2) = ⋯ = 𝑇(𝑣𝑘) = 0,  we know from the previous  

                   theorem that 𝑆 generates 𝑅(𝑇) since 

                            𝑅(𝑇) = 𝑠𝑝𝑎𝑛{𝑇(𝑣1), … , 𝑇(𝑣𝑛)} = 𝑠𝑝𝑎𝑛{𝑇(𝑣𝑘+1), … , 𝑇(𝑣𝑛)}.                    

 

                    Now let’s show that 𝑆 is linearly independent.  Suppose 

                                                            𝑏𝑘+1𝑇(𝑣𝑘+1) + ⋯ + 𝑏𝑛𝑇(𝑣𝑛) = 0.       

                   Since 𝑇 is linear:            𝑇(𝑏𝑘+1(𝑣𝑘+1) + ⋯ + 𝑏𝑛(𝑣𝑛)) = 0.  

                       So   𝑏𝑘+1(𝑣𝑘+1) + ⋯ + 𝑏𝑛(𝑣𝑛) ∈ 𝑁(𝑇).  

 

           Since {𝑣1, … 𝑣𝑘} is a basis for 𝑁(𝑇) there exist 𝑐1, … , 𝑐𝑘 ∈ ℝ such that 

                           𝑐1𝑣1 + ⋯ + 𝑐𝑘𝑣𝑘 = 𝑏𝑘+1(𝑣𝑘+1) + ⋯ + 𝑏𝑛(𝑣𝑛) 

                          𝑐1𝑣1 + ⋯ + 𝑐𝑘𝑣𝑘 − 𝑏𝑘+1(𝑣𝑘+1) − ⋯ − 𝑏𝑛(𝑣𝑛) = 0.  

 

       But {𝑣1, … 𝑣𝑛} are linearly independent so 𝑏𝑘+1, … , 𝑏𝑛 = 0.  

       Hence 𝑆 is linearly independent and a basis for 𝑅(𝑇). 

       Thus 𝑅𝑎𝑛𝑘(𝑇) = 𝑛 − 𝑘 and 𝑁𝑢𝑙𝑙𝑖𝑡𝑦(𝑇) + 𝑅𝑎𝑛𝑘(𝑇) = dim(𝑉). 
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Ex.  Let 𝑇: ℝ3 → ℝ2 by 𝑇(< 𝑎1, 𝑎2, 𝑎3 >) =< 𝑎1 + 𝑎2, 3𝑎3 >.  Find the 

       dim(𝑅(𝑇)).  

 

       We found earlier that 

                    𝑁(𝑇) = {< 𝑎, −𝑎, 0 >| 𝑎 ∈ ℝ} = {𝑎 < 1, −1, 0 > |  𝑎 ∈ ℝ}.   

       So 𝑁(𝑇) has a basis of < 1, −1, 0 > and dim(𝑁(𝑇)) = 1.   

 

       By the previous theorem we know that dim(𝑅(𝑇)) = 2 since dim(ℝ3) = 3. 

                             dim(𝑁(𝑇)) + dim(𝑅(𝑇)) = dim(ℝ3)   

                                       1        +  dim(𝑅(𝑇)) = 3 

                           ⟹                       dim(𝑅(𝑇)) = 2.                 

 

Def.  Let 𝑉 and 𝑊 be vector spaces and  𝑇: 𝑉 → 𝑊 be linear.  𝑇 is called  

          one-to-one if 𝑇(𝑣1) = 𝑇(𝑣2) implies 𝑣1 = 𝑣2.  𝑇 is called onto if given 

          any 𝑤 ∈ 𝑊 there exists at least one 𝑣 ∈ 𝑉 such that 𝑇(𝑣) = 𝑤.      

  

Theorem:  Let 𝑉 and 𝑊 be vector spaces and  𝑇: 𝑉 → 𝑊 be linear.  Then 𝑇 is one-to-

one if and only if 𝑁(𝑇) = {0}.    

 

Proof:  Suppose 𝑇 is one-to-one and 𝑣 ∈ 𝑁(𝑇). 

             Then 𝑇(𝑣) = 0 = 𝑇(0). 

             But 𝑇 is one-to-one so 𝑣 = 0.  

 

             Now suppose that 𝑁(𝑇) = {0} and 𝑇(𝑥) = 𝑇(𝑦). 

             Then  0 = 𝑇(𝑥) − 𝑇(𝑦) = 𝑇(𝑥 − 𝑦),   so  𝑥 − 𝑦 ∈ 𝑁(𝑇). 

             Thus 𝑥 − 𝑦 = 0 and 𝑥 = 𝑦.  Thus 𝑇 is one-to-one. 
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Theorem:  Let 𝑉 and 𝑊 be vector spaces of equal (finite) dimension, and let     

𝑇: 𝑉 → 𝑊 be linear.  Then the following are equivalent: 

a.  𝑇 is one-to-one 

b.  𝑇 is onto 

c.  𝑅𝑎𝑛𝑘(𝑇) = dim (𝑉). 

 

Proof:  Recall that 𝑁𝑢𝑙𝑙𝑖𝑡𝑦(𝑇) + 𝑅𝑎𝑛𝑘(𝑇) = dim(𝑉). 

             𝑇 is one-to-one ⟺ 𝑁(𝑇) = {0}. 

             𝑁(𝑇) = {0}  ⟺  𝑁𝑢𝑙𝑙𝑖𝑡𝑦(𝑇) = 0.  

             𝑁𝑢𝑙𝑙𝑖𝑡𝑦(𝑇) = 0  ⟺    𝑅𝑎𝑛𝑘(𝑇) = dim(𝑉).   

             𝑅𝑎𝑛𝑘(𝑇) = dim(𝑉)   ⟺  𝑅𝑎𝑛𝑘(𝑇) = dim(𝑊). 

             𝑅𝑎𝑛𝑘(𝑇) = dim(𝑊)  ⟺    𝑅(𝑇) = 𝑊,  i.e.  𝑇 is onto. 

 

 

Note:  The previous theorem does not hold if 𝑉 and 𝑊 are infinite dimensional.     

             For example, let 𝑉 = 𝑊 = 𝑃(ℝ)  and 𝑇: 𝑃(ℝ)  → 𝑃(ℝ)  by 

 

            1.    𝑇(𝑓(𝑥)) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

0
.   

              𝑇 is one-to-one because  𝑇(𝑓(𝑥)) = 𝑇(𝑔(𝑥)) means 

                                   ∫ 𝑓(𝑡)𝑑𝑡
𝑥

0
= ∫ 𝑔(𝑡)𝑑𝑡

𝑥

0
  for all 𝑥. 

                     ⟹         ∫ (𝑓(𝑡) − 𝑔(𝑡))𝑑𝑡 = 0
𝑥

0
  for all 𝑥. 

                     ⟹                   𝑓(𝑥) = 𝑔(𝑥).  

 

                 However, 𝑇 is not onto as 𝑇(𝑓(𝑥)) ≠constant function. 
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               2.   𝑇(𝑓(𝑥)) = 𝑓′(𝑥). 

                  𝑇 is not one-to-one because 𝑇(𝑓(𝑥)) = 𝑇(𝑔(𝑥)) means 

                                     𝑓′(𝑥) = 𝑔′(𝑥)   ⟹    𝑓(𝑥) = 𝑔(𝑥) + 𝐶 for any constant 𝐶.  

 

      However, 𝑇 is onto because given any 𝑔(𝑥) = 𝑎0 + 𝑎1𝑥 + ⋯ + 𝑎𝑛𝑥𝑛 ∈ 𝑃(ℝ)   

       then  𝑓(𝑥) = ∫ 𝑔(𝑥)𝑑𝑥 = 𝑎0𝑥 +
1

2
𝑎1𝑥2 + ⋯ +

𝑎𝑛

𝑛
𝑥𝑛+1 + 𝐶  has the 

        property that 𝑇(𝑓(𝑥)) = 𝑔(𝑥).    

 

 

Ex.  Let 𝑇: 𝑃2(ℝ) → 𝑃2(ℝ) by 𝑇(𝑓(𝑥)) = 𝑥𝑓′(𝑥).  Show that 𝑇 is a linear 

        transformation.  Determine if 𝑇 is one-to-one and/or onto. 

 

        To show that 𝑇 is a linear transformation, let 𝑓(𝑥), 𝑔(𝑥) ∈ 𝑃2(ℝ) and 𝑐 ∈ ℝ. 

         Then we have: 

                 𝑇(𝑐𝑓(𝑥) + 𝑔(𝑥)) = 𝑥[𝑐𝑓(𝑥) + 𝑔(𝑥)]′ 

                                                  = 𝑥[𝑐𝑓′(𝑥) + 𝑔′(𝑥)] 

                                                   = 𝑐𝑥𝑓′(𝑥) + 𝑥𝑔′(𝑥) 

                                                   = 𝑐𝑇(𝑓(𝑥)) + 𝑇(𝑔(𝑥)). 

            Thus 𝑇 is linear. 

 

             𝑇 is one-to-one ⟺   𝑁(𝑇) = {0}. 

                                𝑇(𝑓(𝑥)) = 0 

                                 𝑥𝑓′(𝑥) = 0 

                ⟹     𝑥 = 0  or  𝑓′(𝑥) = 0. 
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               But  𝑓′(𝑥) = 0  ⟹    𝑓(𝑥) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. 

 

              Thus all constant functions 𝑓(𝑥) ∈ 𝑁(𝑇).   

              Hence 𝑁(𝑇) ≠ {0} and 𝑇 is not one-to-one.   

 

               In fact 𝑁(𝑇) is spanned by 𝑓(𝑥) = 1 hence 

               dim(𝑁(𝑇)) = 1. 

 

        Since 𝑁𝑢𝑙𝑙𝑖𝑡𝑦(𝑇) + 𝑅𝑎𝑛𝑘(𝑇) = dim(𝑃2(ℝ)) = 3 

        𝑅𝑎𝑛𝑘(𝑇) = 2 so 𝑅(𝑇) ≠ 𝑃2(ℝ) and 𝑇 is not onto.  

 

        𝑅(𝑇) is spanned by 𝑇(1), 𝑇(𝑥), 𝑇(𝑥2) because {1, 𝑥, 𝑥2} is a basis for 𝑃2(ℝ). 

                         𝑅(𝑇) = 𝑠𝑝𝑎𝑛{𝑇(1), 𝑇(𝑥), 𝑇(𝑥2)}. 

        𝑇(1) = 𝑥(0) = 0                  since if 𝑓(𝑥) = 1,   𝑓′(𝑥) = 0. 

        𝑇(𝑥) = 𝑥(1) = 𝑥                  since if 𝑓(𝑥) = 𝑥,   𝑓′(𝑥) = 1.  

        𝑇(𝑥2) = 𝑥(2𝑥) = 2𝑥2         since if 𝑓(𝑥) = 𝑥2, 𝑓′(𝑥) = 2𝑥.  

 

        Thus   𝑅(𝑇) = 𝑠𝑝𝑎𝑛{0, 𝑥, 2𝑥2} = 𝑠𝑝𝑎𝑛{ 𝑥, 2𝑥2} 

                             = {𝑝(𝑥) ∈ 𝑃2(ℝ)| 𝑝(𝑥) = 𝑎𝑥 + 2𝑏𝑥2,   𝑎, 𝑏 ∈ ℝ} 

 

         Since 𝑥 and 2𝑥2 are linearly independent, 𝑑𝑖𝑚𝑅(𝑇) = 2. 
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Ex.  Suppose that 𝑇: ℝ2 → ℝ2 is linear and 𝑇(< 0,1 >) =< 2,3 > and      

        𝑇(< 2, −1 >) =< 1,2 >.  Is 𝑇 one-to-one? 

 

        By the previous theorem with 𝑉 = 𝑊 = ℝ2, we have 𝑑𝑖𝑚𝑉 = 𝑑𝑖𝑚𝑊 = 2. 

        𝑇 is one-to-one if 𝑇 is onto  (i.e. 𝑅(𝑇) = ℝ2).  

 

         But since < 0,1 > and < 2, −1 > are linearly independent (one is not a 

          multiple of the other), they form a basis for 𝑉 = ℝ2.  Thus we have: 

            𝑅(𝑇) = 𝑠𝑝𝑎𝑛{𝑇(< 0,1 >), 𝑇(< 2, −1 >)} = 𝑠𝑝𝑎𝑛{< 2,3 >, < 1,2 >}.  

 

         But < 2,3 > and <1,2 > are also linearly independent and thus a basis for 

          𝑊 = ℝ2. 

          Hence 𝑅(𝑇) = ℝ2 and 𝑇 is onto ⟹   𝑇 is one-to-one 

 

 

 

Ex.  Let 𝑉 and 𝑊 be vector spaces of equal (finite) dimension, and let 𝑇: 𝑉 → 𝑊 

        be linear.  Show that if dim(𝑉) > dim(𝑊), then 𝑇 can’t be one-to-one. 

 

                  𝑁𝑢𝑙𝑙𝑖𝑡𝑦(𝑇) + 𝑅𝑎𝑛𝑘(𝑇) = dim(𝑉) > dim (𝑊). 

        𝑅(𝑇) is a subspace of 𝑊 so dim(𝑅(𝑇)) ≤ dim(𝑊). 

        Thus    dim(𝑁(𝑇)) + 𝑅𝑎𝑛𝑘(𝑇) > dim(𝑊)  ⟹   dim (𝑁(𝑇)) ≥ 1 . 

         Hence 𝑁(𝑇) ≠ {0} and 𝑇 is not one-to-one. 
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Theorem:  Let  𝑉 and 𝑊 be vector spaces and suppose that {𝑣1, … , 𝑣𝑛} is a basis for 

𝑉.  For 𝑤1, … , 𝑤𝑛 ∈ 𝑊, there exists exactly one linear transformation  𝑇: 𝑉 → 𝑊  

such that 𝑇(𝑣𝑖) = 𝑤𝑖.  

 

Proof:  Given any 𝑣 ∈ 𝑉,    𝑣 = 𝑎1𝑣1 + ⋯ 𝑎𝑛𝑣𝑛,  where 𝑎1, … , 𝑎𝑛 are unique.  

 

              Define 𝑇: 𝑉 → 𝑊  by  𝑇(𝑣) = 𝑎1𝑤1 + ⋯ + 𝑎𝑛𝑤𝑛.   

 

              Notice that 𝑇 is linear since if 𝑢, 𝑠 ∈ 𝑉,  𝑑 ∈ ℝ we have: 

                     𝑢 = 𝑏1𝑣1 + ⋯ 𝑏𝑛𝑣𝑛  and  𝑠 = 𝑐1𝑣1 + ⋯ 𝑐𝑛𝑣𝑛      so we get: 

                     𝑑𝑢 + 𝑠 = (𝑑𝑏1 + 𝑐1)𝑣1 + ⋯ + (𝑑𝑏𝑛 + 𝑐𝑛)𝑣𝑛   and 

               𝑇(𝑑𝑢 + 𝑠) =  (𝑑𝑏1 + 𝑐1)𝑇(𝑣1) + ⋯ + (𝑑𝑏𝑛 + 𝑐𝑛)𝑇(𝑣𝑛) 

                                    = (𝑑𝑏1 + 𝑐1)𝑤1 + ⋯ + (𝑑𝑏𝑛 + 𝑐𝑛)𝑤𝑛        

                                    = 𝑑(𝑏1𝑤1 + ⋯ + 𝑏𝑛𝑤𝑛) + (𝑐1𝑤1 + ⋯ . +𝑐𝑛𝑤𝑛) 

                                    = 𝑑𝑇(𝑢) + 𝑇(𝑠).  

 

        𝑇 is unique because if 𝑈: 𝑉 → 𝑊 is a linear transformation with 𝑈(𝑣𝑖) = 𝑤𝑖  then 

                   𝑈(𝑣) = 𝑎1𝑈(𝑣1) + ⋯ + 𝑎𝑛𝑈(𝑣𝑛) 

                            = 𝑎1𝑤1 + ⋯      + 𝑎𝑛𝑤𝑛 

                              = 𝑇(𝑣).                          (Since 𝑇(𝑣𝑖) = 𝑤𝑖) 

          Hence 𝑈 = 𝑇. 

 

Corollary:  Let  𝑉 and 𝑊 be vector spaces and suppose that {𝑣1, … , 𝑣𝑛} is a basis for 

𝑉.  If 𝑈, 𝑇: 𝑉 → 𝑊 are linear transformations with 𝑈(𝑣𝑖) = 𝑇(𝑣𝑖) for  𝑖 = 1, … , 𝑛, 

then 𝑈 = 𝑇. 

 In other words, a linear transformation is defined by what it does to a set of basis 

vectors.           


