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                            Linear Independence- HW Problems 

 

In problems 1 and 2 determine if the vectors are linearly independent 

in ℝ3. 

1.    < 2, 1, 5 >, < −2, 3, 1 >, < −4, 4, −1 > 

2.    < 1, 0, 2 >,   < 3, 1, 1 >,   < −2, 2, 1 > 

 

In problems 3 and 4 determine if the polynomials are linearly 

independent in 𝑃3(ℝ). 

3.    1 + 𝑥,     1 + 𝑥 + 𝑥2,     1 + 𝑥 + 𝑥2 + 𝑥3 

4.    𝑥3 − 3𝑥2 + 2𝑥 + 1,    − 2𝑥3 + 9𝑥2 − 3,      𝑥3 + 6𝑥 

 

In problems 5 and 6 determine if the matrices in 𝑀2×2(ℝ) are linearly 

independent. 

5.    [
1 2

−4 2
],    [

−3 −1
2 1

]   

 

6.    [
1 0
0 1

],   [
0 2
0 2

],   [
2 0
1 0

],   [
6 −4
1 0

]   

 

 

7.    Let 𝑣1 =< 𝑥1, 𝑥2, … , 𝑥𝑛 > and 𝑣2 =< 𝑦1, 𝑦2, … , 𝑦𝑛 > be vectors in 

ℝ𝑛 with 𝑣1 ≠ 0 and 𝑣2 ≠ 0.  Prove that 𝑣1 and𝑣2  are linearly 

dependent if and only if 𝑣1 is a non-zero multiple of 𝑣2.  
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8.    Suppose 𝑣1, 𝑣2, … , 𝑣𝑛 are linearly independent in a vector space 𝑉.  

Show that  𝑎1𝑣1, 𝑎2𝑣2, … . , 𝑎𝑛𝑣𝑛 where 𝑎𝑖 ≠ 0 for 𝑖 = 1,2, … , 𝑛 are 

linearly independent. 

Hint:  Assume that 𝑎1𝑣1, 𝑎2𝑣2, … . , 𝑎𝑛𝑣𝑛 are linearly dependent and 

show that this implies that 𝑣1, 𝑣2, … . , 𝑣𝑛 then must also be dependent, 

which is a contradiction. 

 

9.    Suppose 𝑣1, 𝑣2, and 𝑣3 are linearly independent vectors in a vector 

space 𝑉.  Show that 𝑤1, 𝑤2, 𝑤3 are linearly independent where  

      𝑤1 = 𝑣1 + 𝑣2 + 𝑣3       𝑤2 = 𝑣1 − 𝑣2 − 𝑣3        𝑤3 = 2𝑣1 + 𝑣2 − 𝑣3. 

Hint:  Assume that 𝑐1𝑤1 + 𝑐2𝑤2 + 𝑐3𝑤3 = 0 and show that                

𝑐1 = 𝑐2 = 𝑐3 = 0   by replacing 𝑤1, 𝑤2, and 𝑤3  in the above equation 

with their expression in terms of 𝑣1, 𝑣2, and 𝑣3, and use the fact that 

𝑣1, 𝑣2, and 𝑣3 are linearly independent. 

 

10.    Suppose 𝑆 = {𝑣1, 𝑣2, … , 𝑣𝑛}.  Show that if one of the vectors    

𝑣𝑖 = 0 then 𝑆 is a dependent set. 

 

11.    Suppose 𝑆 = {𝑣1, 𝑣2, … , 𝑣𝑛}   is linearly independent.  Prove that 

any non-empty subset of 𝑆 is also linearly independent. 

Hint:  Assume a subset 𝑤1, 𝑤2, … , 𝑤𝑘 of 𝑆 is linearly dependent.  Show 

that this implies 𝑆 is linearly dependent which is a contradiction. 

 

 


