Linear Systems and Linear Combinations

Def. Let V be a vector space and S a nonempty subset of I/. A vector v € V is called a
linear combination of vectors in S if there exists a finite number of vectors
V4, Vs, ..., Uy, € S such that:

vV=a.vy +ayvy + o+ ayv,.

In this case we say v is a linear combination of v, v,, ..., v, and a4, a,, ..., a, are
called the coefficients of the linear combination.

When working with vector spaces it’s very common to ask given a vector v is it a
linear combination of a given set of vectors v4, U5, ..., V. Thus it’s useful to be able
to find an answer to this question. We’ll demonstrate this method through an
example.

Ex. Letv; =<1,3,2>, v,=<—-4,-12,-8>, v; =<-1,0,4 >, and
v, =< 1,—3,—10 > be vectors in R3. Is the vector in R3 given by
< 3,12,12 > alinear combination of v, v,, V3, and v,? If so, find a set of
coefficients a4, a,, a;, and a, such that :

< 3, 12, 12 >= alvl + azvz + a3v3 + a4_v4_.

Let’s start by assuming we can find a4, a,, as, a, € R such that

< 3, 12, 12 >= a,vq + a,v, + asVUs + A4V,

=a,<132>+a, < —4,-12,-8 > 4+a; < -1,04 > +a, < 1,-3,—-10 >

=< a, — 4-612 — dj + Ay, (3611 - 12a2 - 3a4_), 2a1 - 8a2 + 4a3 - 10a4_ >,



Since the corresponding components on each side of the equation must be
equal, we have the following simultaneous equations:
a,— 4a,— a; + a, =3
3a, — 12a, — 3a, =12

2611 - 8a2 + 4‘a3 - 10a4 12

Our goal is to see if we can find a4, a,, as, a, € R that will satisfy all three equations.

We start by adding or subtracting multiples of these equations so that the coefficient
of a, in the first equation is one and the subsequent equations do NOT contain an a,
term. (Note: if the first equation doesn’t have an a; term you can switch the order of
the equations so that the first equation does have an a; term. At least one of the
three equations must have an a, term.).

Notice that our first equation already has an a,; term with a coefficient of one (if the
non-zero coeffiecient is not one, divide the equation by the coefficient or switch the
order of the equations with one that does have a coefficient of one.). However, we
must eliminate the a; term from equations two and three. We can eliminate the a,
term from equation two by multiplying equation one by —3 and adding it to equation
two.

—3a1 + 12612 + 3a3 - 3a4 = _9
3a, —12a, + —3a, =12

3a; —6a, =3 (new equation two).



To eliminate the a; term from equation three, multiply equation one by —2 and add
it to equation three.

—2611 + 8a2 + 2a3 - 2a4 == _6
2a1 i 8a') + 4aq —_ 10a4 - 12

6a; —12a, = 6 (new equation three).

So now we have the following three equations:

a,—4a,— a3 + a,=3
3a3 - 6(14 == 3
6a; — 12a, = 6.

Notice that a, disappeared from equations two and three (this does not happen in
general). Now we want to get the next highest index of a, in this case a5, to have a
coefficient of 1 in the second equation and not appear in the third equation. Once
again, we can switch the order of equations two and three if the next highest index of
a only apears in equation three.

So we start by dividing equation two by 3 to make the coefficient of a; be 1.
a1_4‘a2_ a3+ a4:3
a3 - 2a4 == 1

6a3 - 12a4 - 6

Now multiply equation two by —6 and add it to equation three.
—6(13 + 12a4 - _6
6aq - 12a4 = 6

0=0. (equation 3 now drops out).



So now our equations are:
a1_4‘a2_ a3+ a4:3

a3_ 2a4=1

Now that the coefficient of each of the leading terms in each equation is one, we
now want to eliminate that leading term in all of the equations above it (there is no
equation above the first equation).

So now let’s eliminate a; in equation one by adding equation one to equation two.
a1_4‘a2_ a3+a4=3

aq—2a4:1

a1_4a2_ a4=4.

So our equations are now:
a, —4a, + —a, =4

a; —2a,=1 (%)

Now solve each of the equations for the first unknown in the equation:
a1 == 4‘ + 4‘a2 + a4
a3 - 1 + 2a4



Thus for any choice of a, and a,:

a1:4‘+4‘a2+a4

a2=a2
a3:1+2a4
a4=a4

and we have:

<3,12,12 >= a v, + a,v, + azv; + a,v,.

For example, if we choose a, = a, = 0 we havea; = 4,anda; =1
< 3,12,12 > :4‘v1+v3
=4<1,32>+<-1,0,4>

If we choose a, = —2 and a, = 1thena; = —3, and a3 = 3 and we get:

—3v; — 2v, + 3v3 + v,
=-3<132>-2<-4-12,-8>+3<-1,0,4> +<1,-3,-10>
=< 3,12,12 >.



Remember, the step before we solve for each a;, exhibited by (*) in this example has:

1. The first nonzero coefficient in each equation is one.

2. If an unknown is the first unknown with a nonzero coefficient in the some

equation, then that unknown doesn’t appear in other equations.

3. The first unknown to appear in any equation has a larger subscript than the
first unknown in any preceding equation.

For example, notice that we can’t have:

A.

a, +2a, — 3a, =6
2a3 +4a, =11

because the first unknown in equation two doesn’t have a coefficient of 1

a, —2a,+3a;— a, =3
a, +3asz —2a, =2
az;+ a, =1

because a, appears in equation one and a; appears in equations one and
two.

a, +2a, + A, —as =6
a;— a,+as =11
a, + a, —as =3
because a, appears in equation three and has a lower subscript than a;,

the first unknown that appears in equation two and a, appears in equation
one.



If a vector v is not a linear combination of vectors v,, v,, ..., 1, then when we apply
the previous method we will eventually find a “nonsensical” equation of the form

0 = ¢, where c is a nonzero number.

Ex. Show that —2x + 4 is not a linear combination of x% — 4x + 4 and

—2x% + 6x + 4.

We start by assuming that —2x + 4 is a linear combination of x? — 4x + 4
and —2x?2 + 6x + 4.

—2x+4=a,;(x*>—4x +4) + a,(—2x% + 6x + 4)
= (a; — 2a,)x% + (—4a, + 6a,)x + (4a, + 4a,).

Equating the coefficients on the RHS and LHS we get:
a, —2a, =0
—4a, + 6a, = =2
4a, + 4a, = 4.

a, already appears in the first equation with a coefficient of 1, so we now must
eliminate a, from equation two and three. We can do this by multiplying equation
one by 4 and adding it to equation two and multiplying equation one by —4 and
additing it to equation three. This gives us:

a1 - 2a2 = O
_Zaz - _2

12a2 = 4



Now divide equation two by —2 to get:
a1 - Zaz = 0
az - 1

12a2 == 4

Now multiply equation two by —12 and add it to equation three to get:
a, —2a, =0
a, =1
0=-8.

Equation three is now a “nonsensical” equation and therefore there is no solution

to the system of equations and therefore —2x 4+ 4 is not a linear combination of
x?—4x + 4 and —2x2% + 6x + 4.

Def. Let S be a nonempty subset of a vector space V. The span of §, written

span(S), is the set of all linear combinations of the vectors in S. We define

span(¢) = {0}.

Ex. ThespanofS ={<1,0,0>,<0,0,1 >}inR3is the set of vectors of the
form

span(§) ={a <1,0,0>+b < 0,0,1>| a,b € R}
=1{<a,0,b>|abeR}

This is the x-z plane in R3. Notice that the span(S) is a subspace of R3.



Theorem: The span of any subset S of a vector space V is a subspace of /. In
addition, any subspace of V that contains S must also contain the span of §S.

Proof: If S = ¢ then span(S) = {0} (by definition), which is a subspace of any

vector space I/.

Suppose that w, u € span(S). Let’s show that w + u € span(S).
Since w € span(S) there exist wy, ..., w,, € S and a4, ..., a,, € R such that

w=aq,wq + -+ a,w,.
Since u € span(S) there exist Uy, ..., U,;, € S and by, ..., b, € R such that
U = bjuy + -+ + b uy,.
But then:
w+u=aw; +-+a,w, +bu + -+ buy,.

Note: Some of the w;’s and u;s might be the same vector, but then we

can just add their coefficients.

Sow + u € span(S).

Now let’s show that cw € span(S) foranyc € Rand w € span(S).
w=aw + +a,w, = cw = caqwq + -+ ca,w,.

Thus cw € span(S) and span(S) is a subspace of V.
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Now let’s show that if W is a subspace of V.and W 2 § then
W 2 span(S).
If w € span(S) then

w=aw,+-+a,w,, WwWy..,w,ESCSW.

But if wy,...,w,, € W and W is a vector space then
w=aqw+ -+aw, EW
Since the scalar multiple of any vector in W is in W and the sum of

any two vectors in Wisin W.

Thus W 2 span(S).

Def. A subset S of a vector space V generates or spans V if span(S) = V. In this

case we say that S generates or spans V.

Ex. Show that the vectors < 1,1 >and < 1, —1 > generate R?.

We must show that every vector < x,y >€ R? is a linear combination of

<1,1>and<1,-1>

a<l,1>+4+b<1,-1>=<x,y>
<a+ba—b>=<x,y>.



a+b=x
a—b=y (add)
2a =x+y = a="

2

For example, if we take < 5,3 >€ R? then:

x=5 y=3 and

__x+y __ 543

= 22— 4
2 2

xX— 5-3
p=H="=1,
2 2

Thus we have:
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a+b=x
a—b =1y (subtract)

2b=x—-y = b==2.

4<1,1>+1<1,-1>=<5,3>.

Ex. Showthatx? 4+ 1, x + 1, and x? + x generate P, (R), the vector space of

polynomials of degree less than or equal to two.

We must show given any polynomial in P, (R) we can write it as a linear

combinationof x> + 1, x + 1, and x? + x.

Any polynomial in P,(R) can be written as by + b;x + b,x?%, b; € R.

So we must find a4, a,, and a; such that:

a,(x*+ 1) +a,(x+ 1)+ az(x? + x) = by + by x + byx?

(a; + az)x* + (a, + az)x + (a; + a,) = by + byx + byx?.
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Equating the coefficients of x2, x, and the constant term we get:
a1 + a3 = b2
az + a3 == bl

al +a2 == bo.

Since the coefficient of a; is already 1 and there is no a, term in equation two,
subtract equation one from equation three to eliminate a, from equation
three. This gives us:

a1+ a3=b2
a2+a3:b1

az_a3=b0_b2.

Now subtract equation two from equation three to eliminate a, in equation
three:

a1+ a3:b2
a2+a3=b1

_2a3 == bO - b2 - bl'

Divide equation three by —2 to make the coefficient of a; equal to 1.
Cl1 + Cl3 == b2
az + a3 - bl

_ (=by+by+bq)
= > )

as



To eliminate a; from equation one and equation two, just subtract equation three
from each of them to get:

__ bo—b;+b,
- 2
__ bo+by—b,
- 2

—b0+b1+b2
as = T .

aq

Thus we have shown that any polynomial in P,(R) can be written as:

bo + byx + byx? = (@) (x2+1)+ (W) (x+1)
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(bt o 4y

2

Thusx? + 1, x + 1, and x? + x generate P,(R).

For example, we can write —2 + 4x + 2x?; where by =-2, by =4, b, =2as

244+ 202 = () 2+ D) 4+ () o+ D+ YR + 1)
2 2 2

= —2(x*>+1) + 4(x? + x).



Ex. Show that [(1) (1) ) [(1) 1 , [(1) (1), and H (1)] generate M,,,(R),

2 X 2 matrices with real entries.

Any element B € M,,.,(R) can be written as :

_ [P11 blzl
B = [b21 b, b;j € R,

So we must show that we can find a4, a,, a;, and a, such that

ald Nrall Yrall Nrall =] 2]

[al + a, + a, a» + as + a4] _ b11 blzl
as + a, a;+a, 1 |by; byl

Setting the corresponding entries equal to eachother we get:
a1 + az + a4 == bll

a2+a3+a4=b12

Start by subtracting equation one from equation four:
a, +a, + a, = byq
a, +as +a, = by,
az + a, = by,

—a, = by, — by;.
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Multiply equation four by —1.
a, +a, + a, = by
a, +as +a, = by,
az +ay = byy

a, = byy — byy,

To eliminate a, from the first equation, subtract equation two from equation
one.

a; — as = b11 — by
a, +as +a, = by,
as +a, = byy
ay = by — byy

To eliminate a; from equations one and two, add equation three to equation
one and subtract equation three from equation two.

a; + a4 = byy — by + by
a, = by, — by
Cl3 + Cl4, = b21

a, = by — by,

Finally, subtract equation four from equation one and equation three.

aq = —by + by; + by,
a, = by, — by
as = by; — byy + by,

a, = by — by,
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b11 b12

Thus we have shown that given B € M,,,(R), B = l
b1 by

l,then

by b12] _ 1 0 _ 1 1
by, by, = (=byy + byy + byy) [O 1]+(b12 b1) [O 1

+(byy — by1 + byy) [(1) é] + (b11 — ba2) H (1)]

Hence(l) (1)], [(1) 1, [(1) (1), and [1 (1)] generate M,,,(R).

For example we can write [é i], where by, =1, by, =2, b,y =3, by, =4as

5 dl=slo A-[o il+eli o3l o



