Subspaces

Def. A subset W of a vector space V is called a subspace of V if W is a vector space
with the operations of addition and scalar multiplication defined in V.

For any vector space V, V and {0} are subspaces of V. {0} is called the zero
subspace of I/.

Notice that vector space axioms 1,2,5,6,7, and 8 hold for all vectors in V so they
hold for any subset W of . Thus to show that W, a subset of V, is a subspace of V
we only need to show:

1. v+ w € W wheneverv,w € W (i.e. W is closed under addition).
2. cw € W wheneverc € Randw € W (i.e. W is closed under scalar mult.)
3. The zerovectorof Visin W.

4. Everyvector w € W has an additive inverse in W.

In fact, we actually only need to show conditions 1 and 2 hold since if w € W then
—w € W (by condition 2) and w + (—w) = 0 € W (by condition 1).

Ex. Show that W = {< x,y,z >€ R3| z = 3x + y} is a subspace of the vector
space R3 with the usual vector addition and scalar multiplication.

1. Givenwy,w, €W, where w; =< xq, y1, 3x1 +y1 >, wy =<X,,¥,,3%x; +y, >
then Wi+ wy =<xq, V1, 3x1 + Y1 > +<X5,¥Y5,3%x, + Yy, >
=< X1 +X3, Y1tV 3x1 +3x,+y, +y, >
=< (x; + x2), (1 +¥2), 3(x1 +x3) + (yy +y2) SEW.



2. fw€eW and c € R then
cw=c<x,y 3x+y>
=<cx, cy, cBx+y) >
=< cx, cy, 3(cx) + (cy) >e W.

Thus W is a subspace of R3.

Ex. Showthat W = {< x,y,z >€ R3| z = x + 2y + 4} is not a subspace of the
vector space R3 with the usual vector addition and scalar multiplication.

Notice that W actually violates both conditions we would need for it to be a
subspace of R3 (although it only needs to violate one condition to fail to be a
subspace).

1. fv=<1,29>andw =< 2,1,8 >thenv,w € W. However,
v+w=<129>+<218>=<3,3,17 >.
But < 3,3,17 > doesn’tsatisfy z=x+2y+4 sov+w&W.

2. Noticethat2w =2<2,1,8>=<4,2,16 >.
But<4,2,16 > doesn’tsatisfy z=x+2y+4 so2w ¢ W.



Ex. ShowthatW = {< x,y >€ R?| x = 0, y = 0} is not a subspace of the vector
space R? with the usual addition and scalar multiplication.

1. W is closed under addition since if v,w € W then if
v =< ag, a >, w=< blin >

where a4, b1, a,, b, = 0. Then we have:
v+w=<aqaq,a; >+< by, b, >
=< ay+by,a, +b, >
anda; +a, =20, by+b,=>0. Thusv+weW.

2. W is not closed under scalar multiplication since if w =< 1,2 > then

—2w)=-2<1,2>=<-2,-4>¢ W.

Def. The transpose of an m X n matrix A with entries (4;;) is an n X m matrix At
with entries (A4;;).

1 4
Ex. |fA=[1 —2 3] then At=|-2 —5]|.

Def. A symmetric matrix 4 is a matrix A where A® = A.

Notice that a symmetric matrix must be a square matrix.

2
—4

—4

Ex.A=[ 6

—47 . . . t [ 2 _
6] is @ symmetric matrix because A* = [_4 ] = A.



Ex. Show that S5, (R), the set of symmetric 2 X 2 matrices with real entries is a
subspace of the vector space M, (IR) of all 2 X 2 matrices with real entries

with the usual matrix addition and scalar multiplication.

M3 (R) = {[? Z] | a,b,c,d € R}

Spa®) = {[ Z] | a.b,deR)

1. S,«2(R) is closed under addition. Let A, B € S,4,(R), then

Az[g Z], lee fl, a,b,d,e f,g €R.
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2. S35 (R) is closed under scalar multiplication. If ¢ € R then

ca=cl Z = [ ZE] €S, (R).

Thus S,5, (R) is a subspace of M5y, (IR). A similar argument shows that
Snxn(R) is a subspace of M, (R).



Ex. Show that the set M of 2 X 2 matrices with real entries with determinant

Ex.

equal to 0, M={[? ZHdet[CCl Z =0, a,b,c,d € R}, isnota

subspace of M, (R) with the usual matrix addition and multiplication.

As we saw earlier when we showed that M was not a vector space, M is not

closed under addition (although it is closed under scalar multiplication)

since if A = [8 (1)] and B = [(1) 8], A,B € M but

pen=l) Sl =5 e

because det(4A+ B) =1 # 0.

Show that the set of polynomials of degree at most 3 with real coefficients,
P;(R), is a subspace of the vector space

P(R) = {all polynomials with real coef ficients} with the usual
addition and scalar multiplication of functions.

1. P;(R) is closed under addition. If f, g € P;(R) then
f=ay+ax+ax?+azx3

g = by + byx + b,x? + b;x® and

f+g9=ay+ax+a,x?+asx3+ by + byx + byx? + byx3
= (ao + bo) + (al + bl)x + (az + bz)xz + (a3 + bg)xg € P3(R).



2. P;(R) is closed under scalar muniltiplication. If f € P;(R), ¢ € R then
f=ay+ax+ax? + azx®

cf = agc + a;cx + a,cx? + azex3 € P;(R).

Thus P3(R) is a subspace of P(R).

Notice that if we took the set of polynomial
P;(R) = {all polynomials of degree 3 with real coef ficients}, this would
not be a subspace of P(R) because it violates both conditions we would need to

satisfy to be a subspace :

1. If f(x) =x3, glx) = —x3 + x, then f(x), g(x) € P;(R), but
fx) + g(x) = x & P;(R).

2. If f(x) € P3(R) andc = 0, thencf(x) = 0 & P;(R).



Ex. Show that the set of continuous functions from R to R, C(R), is a subspace of
the vector space 3 = {functions from R to R} with the usual addition and

scalar multiplication of functions.

1. If f,g € C(R) then f + g € C(R) since the sum of continuous functions
is continuous.

2. if f € C(R) and c € Rthencf € C(R), as a constant multiple of a

continuous function is continuous.

Notice that one can also show that W is a subspace of V by verifying that
v+cweWforallv,we W andall c € R.



