Inner Product Spaces

Def. Let V be a vector space (over R). An inner product on V is a function that
assigns to every pair of vectors v,w € V a real number < v,w > such that for all
u,v,w € V and c € R the following hold:

a. <vt+u w>=<v,w>+<u w>
b. <cv,w>=c<v, w>

c. <v, w>=<w,v>

d <v,v>>0ifv+#0.

A vector space V with an inner product, < , >, is called an inner product space.

Ex. Letv,w € R" begivenby v =< a,4,...,a, >, w=<by,..,b, > inthe
standard ordered basis for R"™. Then define

<v, w>=Y ab,=aby +-+a,b,.
This is the standard inner product on R™.
Notice that this inner product satisfies conditions a-d above. For example:
Letu =<d,,...,d, > then
<v+4+u w>=K(a;+dy),..,(a, +d,) > <by.. b, >>

= Yi=1(a; +dpb;
= Xi=1(a;b; + d;by)
= Di=1a;b; + X, dib;

=<v,w>4+<u w >



Ex. Let V = C[0,1] = {Continuous real valued functions on [0,1]}. We can define
an inner product on C[0,1] by

<f, g>= [ f)g(x)dx.

Standard properties of Riemann integrals allow us to verify conditions a-d.

Theorem: Let V be an inner product space. Foru,v,w € V and ¢ € R we have
. <u,v+w>S=<uy v>+<u w>
i. <u, cv>=c<u, v>
i. <u, 0>=<0, u>=0
iv. <u, u>=0 ifandonlyifu =0.

v. If <u, v>=<u, w>forallu €Vthenv =w.

Proof of i. and v.:

. <u, vt+tw>S=<v+w, u>

by property c.
=<v, u> +<w, u> by property a.
=<u, v>+<u w> by property c.

v. Suppose <u, v>=<u, w>forallu €V then
<u, v> —<u w>=0

<u,v>+<u,—w>=0 by property ii.

<u, v—-w>=0 by property i.
The last line is true forallu € V, so in particularu = v — w.
<v—w,v—w>=0= v—w=0 byiv.

Sov =w.



Def. A vector space V is called a normed linear space if given any v € I/ there is a
real number, ||v||, called the norm of v, with the following properties:

a. |lv]| =0,and||v]|| = 0ifand onlyif v = 0.
b. |lcv|| = |c]||v|| forall c € R.

c. lv+wl <Ilvll+|wll, forallv,w € V.

Def. Let I/ be an inner product space. For v € V, define the norm or length of v
by [|[v]| =V<v, v>.

We will see shortly that this definition of ||v|| for an inner product space has the
three properties of a norm defined above.

Ex. LetV = R"™. If v =< a4, ..., a, > in the standard ordered basis for R™ then

vl =<, U>:\/U'v:\/a%+...+a%

1

= [Xis4 aiZ]E_

This is the standard norm on R™ which is just the Euclidean distance
between (a4, ..., a,) and (0, ...,0).



Ex. Let C[0,1] be an inner product space with

<f, g>= folf(x)g(x)dx; f,g € C[0,1].
Let f(x) = x and g(x) = 3x — 2. Find ||f]|| and show that < f, g > = 0.

Ifll = V<F, f >= (J, @) (x)dx)*

= (fol xzdx)g

_ (x3
3

1

-

<f,g>= folf(x)g(x)dx = folx(Sx — 2)dx

= fol(3x2 — 2x)dx

= (= x?)|g
=(1-1)=0.

Theorem: Let V be an inner product space over R. Then forallu,v € V and
¢ € R we have:

a. llevll = [clllvll

b. ||v|| =0 ifandonlyifv = 0and ||v|| = 0.

c. |<v, w>|<|vlllwll. Thiscalled the Cauchy-Schwarz inequality.
d. |[v+w| <|lv|l+ ||wll. Thisis called the triangle inequality.



Proof:

a. |lev|| =+<cv, cv>

=\/cz<v, v >

= |c|lV< v, v>=|c|lv|

b. [|[v|]| =0 & (ifandonlyif) V< v, v>=0
= <v,v>=0
S v=20.

In addition, ||v]|| =+V<v, v>=0, because< v, v > = 0.

c. Forallv,w € V and c € R we have
OL|lv—cw|?!=<v—cw, v—cw >

=<V, v>-2c<v, w>+c*<w, w>

, _ <v,w> ]
In particular this is true for ¢ = , assumingw # 0.
<w,w>
<v,w> <v,w>)\?2
0<<wv, v>-2 <v, w>+ <w, w >,
<w,w> <w,w>
(<v,w>)?
=<V, Vv>——"
<w,w>
(<v,w>)?
= — <<V, vV >.
<w,w>

(<v, w>)2<<v, v><w, w>=|v|?*|w]?

| <v, w>| < |lvllliwll.

fw=0then0 =|<v,w>|<|v|lwl=Iv|(0)=D0.



d. lv+w|?=<v+w, v+w>
=<<v, v>+2<v, w>+<w, w>
=|vl*P+2<v, w>+|w|?
<|vl*>+2|<v, w>|+|w|?
< |lvll* + 2[lvlllwll + llw]|? by part c.
= ([lvll + lwl)?

= v +wll < vl + llwll.

Properties a,b, and d show that ||v|| = +/< v, v > definesanormonV.

Ex. What do the Cauchy-Schwarz inequality and the triangle inequality say for

a. R™ with the standard inner product?

b. C[0,1] with the inner product < f, g >= folf(x)g(x)dx.

a. Letv=<a,,..,a,>, w=<by,.., b, >inR"
The Cauchy Schwarz inequality says:

| <v, w>| < |lvlliwll.

1

| Xisq aibi| < ([ aiz]i)([Z?zl LZ]E)

The triangle inequality says:

lv+wll < llvll + llwll.

1

1 1
[Xisi(a; + bi)z]E < [Xie1 aiZ]E + [Xiz1 12]5



b. For f,g € C[0,1] we have:

the Cauchy-Schwarz inequality: |<f, g>1=<IlIfIllgll-

1

[} F0)g(dx| < (f) FQf)dx)? (f) g(x)g(x)dx)’

= (J, F@)2dx)* (f, g(x)?dx)*.
The triangle inequality: If+ gl < IFI+ gl

Uy (F) + g(0)) dx)* < ([ F(0)2dx)” + (J; 9(x)?dx)’.

Ex. Show that ||v|| = X1-, |x;| , where v =< x4, ..., x, >isa norm on R", but
lvll = X ,]x;|? is not a norm.

vl = 2i=1 [ xi] -

a. |lvll = Xixqlx;| = Osince |x;| = 0foralli = 1,...,n. ||v|| = 0ifand only if
v =0,since ||v|]| =21 xi| =0 & |x;)| =0fori=1,..,n.

b. |[ev]l = X, | ex;| = Xizqlcllx;| = |c]llv]| forall c € R.

c. llv+wll =X 1%+l <Xzl + ly:D=llvll + [wll.

vl = X%, 1x;]% failsbandc:
b. llevll = X lex;|* = Zisqilel?lx;]? = lcl® lvll;
if |c| # 1 then [|cv]| # |c|llv]|.

c. Letv=w=<1,1>, then||v+w]| =22+ 22 =8,
vl + llwll =2+ 2 =4, and [[v+w|[ £ |[v]| + [lw]l.



Theorem: Let v and w be non-zero vectors in R™ and 0 the angle between them.
Then:

<v, w>= v-w=| 7| ||w| cosé.

By the law of cosines:

v —wll? = lvlI* + lwll* = 2 [v]| lwll cos 6

Rearranging the terms we get:

2 lvll lIwll cos 6 = |[v||I* + [lwll* — || v — wl|?.

vl lwll cos 8 = 3(lIvII* + lIwll> = [ v — wll?)
=%(v-v+w-w—(v—w)-(v—w))
=%(v-v+w-w—(v-v—w-v—v-w+w-w)
=22v - w).

| v|| llwl|| cos@ = v - w.

Notice this means that given 2 nonzero vectors v,w € R" that v and w are
perpendicularifandonlyif < v, w >= v-w = 0.



We can use this formula to find the angle between 2 vectors.

Ex. Findthe angle betweenv =< 2,0 >andw =< 3,3 >.

< 33>
w
7
V' <20>
9 vV-w <2,0><3,3>
cos O = =
vl fwll (/22 + 02) (/32 + 32
6 6 2
cos O = = =
218 6V2 2
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Def. Let V be an inner product space . Vectors v, w are orthogonal (or
perpendicular) if < v, w > = 0. A subset S of V is said to be orthogonal if any
two distinct vectors of S are orthogonal.

Def. Avector v € V is a unit vector if ||v|| = 1.

Def. A subset S of I/ is called orthonormal if S is orthogonal and contains only
unit vectors.

Notice that given any nonzero vector v € V we can create a unit vector in the

o 4
same directionasv by U = —.

llvll

Ex. Letv; =< 1,2,2>, v,=<0,—-1,1>, and v3; =< —4,1,1 > be vectorsin
R3 with the standard inner product. Show that S = {v,, v,, v3} is orthogonal.
Find vectors S" = {u,, u,, u3} that are orthonormal.

<V, 1V, >=<122><0,-1,1>=0-2+2=0

<V, v13>=<0,-11><-411>=0-1+1=0
<vz 1 >=<-411><122>=—-4+2+2=0.
Thus S is orthogonal.

However S is not orthonormal since:

lvall = V12 +22 +22 =49 =3 # 1

lv,ll =02+ (-2 +12=v2# 1

lvsll = /(=82 + 12 + 12 =18 # 1.

However, if u; = g <1,22> u,= % <0,-1,1>, u;= v% <—-411>

then S" = {uy, u,, us} is orthonormal.



