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                              Inner Product Spaces- HW Problems 

 

1.    Define an inner product on 𝐶[−𝜋, 𝜋] by 

                     < 𝑓, 𝑔 > =
1

𝜋
∫ 𝑓(𝑥)𝑔(𝑥)𝑑𝑥

𝜋

−𝜋
. 

         Let 𝑓(𝑥) = cos(𝑥) and 𝑔(𝑥) = sin(𝑥). 

a.    Show that 𝑓(𝑥) = cos(𝑥) and 𝑔(𝑥) = sin(𝑥) are orthogonal          

(ie , < 𝑓, 𝑔 > = 0). 

b.    Show that ‖𝑓‖ = ‖𝑔‖ = 1. 

 

 

2.    Define an inner product on 𝐶[0,1] by  

                       < 𝑓, 𝑔 > = ∫ 𝑓(𝑥)𝑔(𝑥)𝑑𝑥
1

0
. 

       Let 𝑓(𝑥) = 𝑥 and 𝑔(𝑥) = sin(𝜋𝑥). 

a.    Show that ‖𝑓 + 𝑔‖ ≤ ‖𝑓‖ + ‖𝑔‖. 

b.    Show that | < 𝑓, 𝑔 > | ≤ ‖𝑓‖‖𝑔‖. 

 

 

3.    Show that {
1

√2
< 1, 1, 0 > ,   

1

√3
< 1, −1, 1 > ,   

1

√6
< −1, 1, 2 >} is 

an orthonormal set in 𝑅3 with the standard inner product. 
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4.    In a. and b., determine if each defines a norm on 𝐶[0,1].  If not, 

which properties of  

i.     ‖𝑓‖ ≥ 0 and ‖𝑓‖ = 0 if and only if 𝑓 = 0. 

ii.     ‖𝑎𝑓‖ = |𝑎|‖𝑓‖;  𝑎 ∈ ℝ 

iii.     ‖𝑓 + 𝑔‖ ≤ ‖𝑓‖ + ‖𝑔‖ 

does it violate. 

 

a.    ‖𝑓‖ = |𝑓(0)| + |𝑓(1)| 

b.    ‖𝑓‖ = max
0≤𝑥≤1

|𝑓(𝑥)|. 

 

Hint for problems 5, 6, 7, and 9:   ‖𝑣‖ = √< 𝑣, 𝑣 > 

 

5.    Let 𝑉 be an inner product space with 𝑣1, 𝑣2 ∈ 𝑉 and 𝑣1, 𝑣2 

orthogonal.  Prove that ‖𝑣1 + 𝑣2‖2 = ‖𝑣1‖2 + ‖𝑣2‖2. 

 

 

6.    Prove that if 𝑉 is an inner product space with 𝑣1, 𝑣2 ∈ 𝑉 then             

                  ‖𝑣1 + 𝑣2‖2 + ‖𝑣1 − 𝑣2‖2 = 2‖𝑣1‖2 + 2‖𝑣2‖2. 

 

7.    Let {𝑣1, 𝑣2, 𝑣3, 𝑣4} be an orthogonal set in an inner product space 𝑉 

and 𝑎1, 𝑎2, 𝑎3, 𝑎4 ∈ ℝ.   Prove that 

                      ‖∑ 𝑎𝑖𝑣𝑖
4
𝑖=1 ‖

2
= ∑ |𝑎𝑖|

2‖𝑣𝑖‖
24

𝑖=1 . 
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8.    (Consequences of the triangle inequality)  𝑢, 𝑣 ∈ 𝑉, an inner 

product space.  The triangle inequality says ‖𝑢 + 𝑣‖ ≤ ‖𝑢‖ + ‖𝑣‖.  

Show 

a.    ‖𝑢 − 𝑣‖ ≤ ‖𝑢‖ + ‖𝑣‖.    Note:  ‖−𝑣‖ = | − 1|‖𝑣‖=‖𝑣‖ 

b.     ‖𝑢‖ ≤ ‖𝑢 − 𝑣‖ + ‖𝑣‖  and       ‖𝑣‖ ≤ ‖𝑢 − 𝑣‖ + ‖𝑢‖. 

Hint: write 𝑢 = (𝑢 − 𝑣) + 𝑣  and  𝑣 = (𝑣 − 𝑢) + 𝑢. 

c.    using part b show   |‖𝑢‖ − ‖𝑣‖| ≤ ‖𝑢 − 𝑣‖. 

 

9.    Let 𝑉 be an inner product space.  Prove that 

              < 𝑢, 𝑣 > =
1

4
‖𝑢 + 𝑣‖2 −

1

4
‖𝑢 − 𝑣‖2 

 


