Inner Product Spaces- HW Problems

1. Define aninner product on C[—m, ] by

<f.g>==]" fx)g@x)dx.
Let f(x) = cos(x) and g(x) = sin(x).

a. Show that f(x) = cos(x) and g(x) = sin(x) are orthogonal
(ie, <f,g>=0).

b. Showthat ||f]| = llgll = 1.

2. Define an inner product on C[0,1] by

<f,g>= folf(x)g(x)dx.
Let f(x) = x and g(x) = sin(mx).
a. Showthat [|f + gll < [IfIl + llgll.
b. Showthat | < f,g > | <IIfllgll

3. Showthat{\/—lz<1,1,0>, 71§< 1,-1,1>, =<-1,1,2>}is

an orthonormal set in R3 with the standard inner product.



4. Ina.and b., determine if each defines a norm on C[0,1]. If not,
which properties of

i. [Ifll=0and]||f]| =0ifandonlyif f =0.
i. |lafll = lalllfll; a € R
i. I +gll < lIfIl + llgll

does it violate.

a. lIfll =1+ [f(D]
b. IIfII=Or£1;SX1|f(x)I-

Hint for problems 5,6, 7,and 9: ||[v]| = V< v,v >

5. LetV be aninner product space with vy, v, € V and v¢, v,
orthogonal. Prove that ||v; + v,|2 = [[v4|I? + ||v,|I2.

6. Prove thatif VV is an inner product space with v4,v, € V then
lvs + 212 + vy — w217 = 2[|v4 |17 + 2w, |I%.

7. Let{vy,v,,v3,v,4} be an orthogonal set in an inner product space VV
and aq, a,,as,a, € R. Prove that

It awill” = Bk ylagl 21wl



8. (Consequences of the triangle inequality) u,v € V, an inner
product space. The triangle inequality says ||u + v|| < ||u]| + [|v]|.
Show

a. |lu—=vl|l <lull +|[vll. Note: [[-v|| = |- 1lllv|[=[vl|
b.  lull < [fu=vll + vl and  [[v]| < |lu—v| + [lu]l.
Hint: writeu = (u—v) 4+ v and v = (v —u) + u.

c. usingpart b show ||lul|l —||v||| < |lu—v]l.

9. LetV be aninner product space. Prove that

1 1
<u,v>=Z||u+v||2—1||u—v||2



