Determinants: An Overview

For each n X n matrix, 4, we can calculate a number called the determinant of 4,
det(A). This is often written as |A|.

Case 1. 1 X 1 matrices. If A = [a] then det(A) = |A| = a.

a;1 Aqp

Case 2. 2 X 2 matrices. Let A = [
az1 Ay

], the we have:

det(4) = |A| = ay1a,; — az1a4; .

3 -2

Ex. |4 5

| =3(5) - (4)(-2) = 15+ 8 = 23.

Def. Let A = [aij] be an n X n matrix and let M;; be the

(n—1) X (n — 1) matrix obtained from deleting the row and column containing
a;j. The determinant of (M;;) is called the Minor of a;;. We define the Cofactor,

Aijl of aij by
A;; = (D)™ det (M;)).

i1 ot Aun
| ¢ |, is given
An1  *° Qnpn

Def. The Determinant of an n X n matrix 4, where A =

by:  Det(A) = a;1411 + a4 + -+ a4y
where Alj = (—1)1+jdet (M1j)} j=1,2,n.



Case 3. 3x3 matrices. Let A be:

a1 Q1 Qg3
A=1Az1 Gy Qa3

azq1 Aazy dsz3z

Then det(A) = a11A11 + a12A12 + a13A13;

here. A, = (_1)1+1 det [azz (123] —d [azz a23]

Az, A3z Az, dszz
az1 QA3 az1 QA3
31 33 31 33

Az1 Ay az1 Ay
A = (—1)1*3 det[ ] = det[ ]
13 = (=1) azp QA3 az; Az

Ex. Find det(A) where A =

2 1 3
4 1 2
1 2 3

=2l -1l dleel

= 2[(1)(3) = 2(2)] - 1[4(3) — 1(2)] + 3[4(2) — 1(1)]
=2(3-4)—-1(12-2)+3(8-1)

=2(=1) =10 + 3(7)

=9,



1 0 O 3
. . 1 2 0 1 =2
Ex. Find the determinant of 4 = 11 0 ol
0 3 1 3
0 1 -2 2 1 -2 2 0 -2 2 0 1
Al =11 0 ol—0|]-1 0 o[+0]—-1 1 o[—3|1-1 1 0
3 1 3 0 1 3 0 3 3 0 3 1

=1fo[} 3|-1f3 3|-2[3 Il
o] i IS KR Y|
=10-13-0)—-2(1-0)]-3[2(1-0)—0+1(=3-0)]

=1[-3-2]-3[2-3]=-5+3=-2.

Theorem: If Aisan n X n matrix withn > 2 then det(A) can be expressed as a
cofactor expansion using any column or row.

Det(A) = a;1A;; + ajpAjp + -+ ajpAin (using the ith row);  or

Det(A) = a,jA,; + azjAzj + - + a,jAy; (using the jth column).



Ex Find det(A) where A =

Q

. Using the 3™ row
. Using the 2" column

(on

Q

dec(a) = (-0 [l =2 43y ]
=1(2-3)—-2(4-12) + 32—-4)
= 1(-1) —2(-8) +3(-2)=—-1+16 —6=9

4 2
1 3

=—1(12-2) +1(6 —3) — 2(4 — 12)
= —1(10)+3-2(-8)= —10+3+16 =9.

b. det(A) =(—1)}2

w1y -zl

1 0 2 3
Ex. Find det(A) where A = 0 0 1 = using the 2" column.
2 0 0 1
-2 3 0 1
0 1 —4 1 2 3
detA=(-D"?0)[2 0 1[|+CD*0)|2 0 1
-2 0 1 -2 0
1 2 3 1 2 3
+(—1)3*2(0)[o0 1 -4 +(—1)4+2(3)‘0 1 -4
-2 0 1 2 0 1

=3[1(1-0) —2(—0(-8)) + 3(0 — 2)]

= 3[1-2(8)+3(-2)] =2(1-16—-6) = 3(-21) = —63.



Theorem If Ais an n X n matrix then det(AY) = det(A)

1 2 3 1 4 7
Ex. det[4 5 6]=det[2 5 8].

7 8 9

Theorem: If A is an n X n matrix which is either upper triangular or lower
triangular then det(A) = product of the diagonal elements.

Proof
a;1 Aagp A1n
0 ay Aon
det| O 0 as; A3n taking cofactors along the first column
0 0 0 :
0 0 0 Ann
22 QAan as3 Q3n
0 as; A3n 0 -
=1 0o - ;| T A2
0 0 Ann 0 O Ann

= aA110433... Ayn-

15 7
Ex. det[o 2 6]=1(2)(3)=6
0 0 3

2 0 O
Ex. det l6 -1 0] =2(-1)(4) = —8.
2 5 4



Theorem Let A be an n X n matrix

i. If A hasan entire row or column of zeros then det(4A) = 0
ii. If Ahas 2 identical rows or columns then det(4A) = O.

1 4 2 0
9 3 1 1] _
Ex. det 0 0 0 0 =0
2 1 -3 2
1 0 1 -1
1 4 1 2
det 3 2 3 _3 0.
2 9 2 4

Theorem: If A and B are n X n matrices then det(AB) = (det(A))(det(B)).

Theorem Ann X n matrix 4 is invertible (nonsingular) if and only if det(A) # 0. If

Ais invertible then det(4™1) = detl(A) .

Ex. Determine if A is invertible where

1 2 1
—211].

3 2 1

A=

det(A) = 1[; 1—2[_32 ﬂ+1[_32 ;]
= 1(1-2)—2(=2-3) +1(—4—3)

= —-1-2(-5)+(-7)= -14+10-7 = 2=0.
So A is invertible.



Notice that an n X n matrix A is invertible precisely when the Rank(A) = n.
Thus the n column vectors of A are linearly independent if and only if A is
invertible. Hence the n column vectors of A are linearly independent if and only if
det(A) # 0. So given any n vectors, vy, ..., v, in R™ we can test to see if they are
linearly independent by calculating the determinant of the matrix formed by
making vy, ..., 1, the columns of matrix. If the determinant is nonzero the
vectors are linearly independent. If the determinant is zero the vectors are
dependent.

Ex. Determine if the vectors v; =< 1,0,—-2 >, v, =< 0,3,1 >, and
v3 =< 2 — 1,3 > are linearly independent.

1 0 2
letA=| 0 3 —1] where the columns of A are vy, v, V5.
-2 1 3

det(A)z(l)ﬁ _31|_(0)|—02 _31|+2|—02 i
=(1)O9+1)+0+2(0+6)
=22 #0.

Thus v4, v, and v3 are linearly independent.



Theorem: If B is a matrix obtained by interchanging any two rows or columns of
an n X n matrix A then det(B) = — det(A). In particular if two rows or columns
of A are identical then det(4) = 0.

1 2 3 7 8 9
Ex. detlé} 5 6]=—det I4 5 6]

7 8 9

Theorem: If B is a matrix obtained by multiplying each entry of a row or column
of ann X n matrix A by k € R, then det(B) = k det(4). In particular, if B = kA
then det(B) = k™ det(A).

1 2 3 1 2 3 2 -
Ex. det|4 5 6|=3det|s 5 6l; det[9 12]=32det[3 il
21 24 27 7 8 9

Theorem: If B is a matrix obtained from an n X n matrix A by adding a multiple of

row i to row j or adding a multiple of column i to column j, i # j, Then
det(B) = det(A).

Thus one can use elementary row operations to put a matrix in upper (or lower)
triangular form to calculate the determinant of an n X n matrix.



‘ using elementary row operations.
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Ex. Evaluate detl
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Notice that every elementary row operation we used was of type 3, thus the
value of the determinant didn’t change through this process. Hence:

1 -1 2 1 1 -1 2 1
2 -1 -1 4|_ 0 1 -5 2
detl 4 5 —10 —6| %0 0 3 -1
3 -2 10 -1 o 0 0 6

= (D) (3)(6) = 18.

10



