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                                         Determinants: An Overview 

 

For each 𝑛 × 𝑛 matrix, 𝐴, we can calculate a number called the determinant of 𝐴, 

𝑑𝑒𝑡(𝐴).  This is often written as |𝐴|. 

Case 1.  1 × 1 matrices.  If 𝐴 = [𝑎] then  𝑑𝑒𝑡(𝐴) = |𝐴| = 𝑎. 

 

Case 2.  2 × 2 matrices.  Let 𝐴 = [
𝑎11 𝑎12
𝑎21 𝑎22

], the we have: 

                det(𝐴) = |𝐴| = 𝑎11𝑎22 − 𝑎21𝑎12 . 

 

Ex.   |
3 −2
4 5

| = 3(5) − (4)(−2) = 15 + 8 = 23. 

 

Def.  Let 𝐴 = [𝑎𝑖𝑗] be an 𝑛 × 𝑛 matrix and let 𝑀𝑖𝑗 be the                                        

(𝑛 − 1) × (𝑛 − 1) matrix obtained from deleting the row and column containing 

𝑎𝑖𝑗.  The determinant of (𝑀𝑖𝑗) is called the Minor of 𝑎𝑖𝑗.  We define the Cofactor, 

𝐴𝑖𝑗, of 𝑎𝑖𝑗 by: 

                                   𝐴𝑖𝑗 = (−1)
𝑖+𝑗det (𝑀𝑖𝑗). 

 

Def.  The Determinant of an 𝒏 × 𝒏 matrix 𝑨, where 𝐴 = [

𝑎11 ⋯ 𝑎1𝑛
⋮ ⋱ ⋮
𝑎𝑛1 ⋯ 𝑎𝑛𝑛

], is given    

          by:       𝐷𝑒𝑡(𝐴) = 𝑎11𝐴11 + 𝑎12𝐴12 +⋯+ 𝑎1𝑛𝐴1𝑛  

                      where  𝐴1𝑗 = (−1)
1+𝑗det (𝑀1𝑗) ;     𝑗 = 1,2,⋯ , 𝑛. 
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Case 3.  3x3 matrices.  Let 𝐴 be: 

                              𝐴 = [

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

]  

 

Then  𝑑𝑒𝑡(𝐴) = 𝑎11𝐴11 + 𝑎12𝐴12 + 𝑎13𝐴13;  

 

where:        𝐴11 = (−1)
1+1 det [

𝑎22 𝑎23
𝑎32 𝑎33

] = det [
𝑎22 𝑎23
𝑎32 𝑎33

] 

                    𝐴12 = (−1)
1+2 det [

𝑎21 𝑎23
𝑎31 𝑎33

] = −det [
𝑎21 𝑎23
𝑎31 𝑎33

] 

                    𝐴13 = (−1)
1+3 det [

𝑎21 𝑎22
𝑎31 𝑎32

] = det [
𝑎21 𝑎22
𝑎31 𝑎32

]. 

 

 

Ex.   Find 𝑑𝑒𝑡(𝐴) where 𝐴 = [
2 1 3
4 1 2
1 2 3

]. 

 

|
2 1 3
4 1 2
1 2 3

| = 2 |
1 2
2 3

| − 1 |
4 2
1 3

| + 3 |
4 1
1 2

|  

                    = 2[(1)(3) − 2(2)] − 1[4(3) − 1(2)] + 3[4(2) − 1(1)] 

                    = 2(3 − 4) − 1(12 − 2) + 3(8 − 1) 

                     = 2(−1) − 10 + 3(7) 

                     = 9. 
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Ex.  Find the determinant of 𝐴 = [

   1 0 0    3
   2 0 1 −2
−1
   0

1
3

0
1
   0
   3

]. 

 

|𝐴| = 1 |
0 1 −2
1 0    0
3 1    3

| − 0 |
   2 1 −2
−1 0    0
   0 1    3

| + 0 |
   2 0 −2
−1 1    0
   0 3    3

| − 3 |
   2 0 1
−1 1 0
  0 3 1

|    

 

       = 1 [0 |
0 0
1 3

| − 1 |
1 0
3 3

| − 2 |
1 0
3 1

|] 

                   −3 [2 |
1 0
3 1

| − 0 |
−1 0
0 1

| + 1 |
−1 1
0 3

|]    

 

        = 1[0 − 1(3 − 0) − 2(1 − 0)] − 3[2(1 − 0) − 0 + 1(−3 − 0)]  

 

        = 1[−3 − 2] − 3[2 − 3] = −5 + 3 = −2. 

 

 

Theorem:  If 𝐴 is an 𝑛 × 𝑛 matrix with 𝑛 ≥ 2 then 𝑑𝑒𝑡(𝐴) can be expressed as a 

cofactor expansion using any column or row. 

𝐷𝑒𝑡(𝐴) = 𝑎𝑖1𝐴𝑖1 + 𝑎𝑖2𝐴𝑖2 +⋯+ 𝑎𝑖𝑛𝐴𝑖𝑛   (using the ith row);       or 

𝐷𝑒𝑡(𝐴) = 𝑎1𝑗𝐴1𝑗 + 𝑎2𝑗𝐴2𝑗 +⋯+ 𝑎𝑛𝑗𝐴𝑛𝑗  (using the jth column). 
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Ex  Find 𝑑𝑒𝑡(𝐴) where  𝐴 = [
2 1 3
4 1 2
1 2 3

]     

a. Using the 3rd row 

b. Using the 2nd column 

 

a.      𝑑𝑒𝑡(𝐴 ) = (−1)3+1 |
1 3
1 2

| − 2 |
2 3
4 2

| + 3 |
2 1
4 1

| 

                                =  1 (2 − 3)  −  2(4 − 12) +  3(2 − 4) 

           =  1 (−1) − 2(−8)  + 3(−2) = −1 + 16 − 6 = 9   

 

 

b.      𝑑𝑒𝑡(𝐴)  = (−1)1+2 |4 2
1 3

| + 1 |
2 3
1 3

| − 2 |
2 3
4 2

| 

           = −1 (12 − 2)  + 1(6 − 3) − 2(4 − 12) 

           = −1 (10) + 3 − 2(−8) =  −10 + 3 + 16 = 9.   

        

Ex. Find 𝑑𝑒𝑡(𝐴) where  𝐴 = [

   1 0 2    3
   0 0 1 −4
   2 0 0    1
−2 3 0    1

]  using the 2nd column. 

 

𝑑𝑒𝑡𝐴 = (−1)1+2(0) |
0 1 −4
2 0 1
−2 0 1

| + (−1)2+2(0) |
1 2 3
2 0 1
−2 0 1

| 

                        +(−1)3+2(0) |
1 2 3
0 1 −4
−2 0 1

| + (−1)4+2(3) |
1 2 3
0 1 −4
2 0 1

|   

 

      = 3 [1(1 − 0) − 2(−0(−8)) + 3(0 − 2)]    

 

       =  3 [1 − 2(8) + 3(−2)] = 2(1 − 16 − 6) =  3(−21) =  −63. 
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Theorem  If 𝐴 is an 𝑛 × 𝑛 matrix then 𝑑𝑒𝑡(𝐴𝑡)  =  𝑑𝑒𝑡(𝐴) 

 

Ex.      𝑑𝑒𝑡 [
1 2 3
4 5 6
7 8 9

] =  𝑑𝑒𝑡 [
1 4 7
2 5 8
3 6 9

]. 

 

Theorem:  If 𝐴 is an 𝑛 × 𝑛 matrix which is either upper triangular or lower 

triangular then 𝑑𝑒𝑡(𝐴) = product of the diagonal elements. 

 

Proof: 

𝑑𝑒𝑡 

[
 
 
 
 
𝑎11 𝑎12 ⋯ ⋯ 𝑎1𝑛
0 𝑎22 ⋯ ⋯ 𝑎2𝑛
0 0 𝑎33 ⋯ 𝑎3𝑛
0 0 0 ⋱ ⋮
0 0 0 ⋯ 𝑎𝑛𝑛]

 
 
 
 

             taking cofactors along the first column 

 

= 𝑎11 |

𝑎22 ⋯ ⋯ 𝑎2𝑛
0 𝑎33 ⋯ 𝑎3𝑛
⋮ 0 ⋱ ⋮
0 0 ⋯ 𝑎𝑛𝑛

| =  𝑎11𝑎22 |

𝑎33 ⋯ ⋯ 𝑎3𝑛
0 ⋱ ⋮
⋮ 0 ⋱
0 0 ⋯ 𝑎𝑛𝑛

| 

 

=  𝑎11𝑎22⋯ 𝑎𝑛𝑛. 

 

Ex.     𝑑𝑒𝑡 [
1 5 7
0 2 6
0 0 3

] = 1(2)(3) = 6    

 

Ex.     𝑑𝑒𝑡 [
2    0 0
6 −1 0
2    5 4

] = 2(−1)(4) =  −8. 
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Theorem Let 𝐴 be an 𝑛 × 𝑛 matrix 

i. If 𝐴 has an entire row or column of zeros then 𝑑𝑒𝑡(𝐴)  =  0 

ii. If 𝐴 has 2 identical rows or columns then 𝑑𝑒𝑡(𝐴)  =  0. 

 

Ex.    𝑑𝑒𝑡 [

1 4    2 0
9 3    1 1
0 0    0 0
2 1 −3 2

] = 0 

 

          𝑑𝑒𝑡 [

1 0 1 −1
1 4 1    2
3 2 3 −3
2 9 2    4

] = 0.   

 

 

Theorem:  If 𝐴 and 𝐵 are 𝑛 × 𝑛 matrices then det(𝐴𝐵) = (det(𝐴))(det(𝐵)). 

 

Theorem  An 𝑛 × 𝑛 matrix 𝐴 is invertible (nonsingular) if and only if 𝑑𝑒𝑡(𝐴) ≠ 0.  If 

𝐴 is invertible then det(𝐴−1) =
1

det(𝐴)
 . 

 

Ex. Determine if 𝐴 is invertible where 

                                        𝐴 =  [
   1 2 1
−2 1 1
   3 2 1

]. 

 

𝑑𝑒𝑡(𝐴)  =  1 [
1 1
2 1

] − 2 [
−2 1
3 1

] + 1 [
−2 1
3 2

] 

               =  1(1 − 2) − 2(−2 − 3) + 1(−4 − 3) 

               =  −1 − 2(−5) + (−7) =  −1 + 10 − 7 = 2≠0.                          

So 𝐴 is invertible.   
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     Notice that an 𝑛 × 𝑛 matrix 𝐴 is invertible precisely when the 𝑅𝑎𝑛𝑘(𝐴) = 𝑛.  

Thus the 𝑛 column vectors of 𝐴 are linearly independent if and only if 𝐴 is 

invertible.  Hence the 𝑛 column vectors of 𝐴 are linearly independent if and only if 

𝑑𝑒𝑡(𝐴) ≠ 0.  So given any 𝑛 vectors, 𝑣1, … , 𝑣𝑛  in ℝ𝑛 we can test to see if they are 

linearly independent by calculating the determinant of the matrix formed by 

making 𝑣1, … , 𝑣𝑛  the columns of matrix.  If the determinant is nonzero the 

vectors are linearly independent.  If the determinant is zero the vectors are 

dependent. 

 

 

Ex.  Determine if the vectors 𝑣1 =< 1,0, −2 >, 𝑣2 =< 0,3,1 >,   and                  

       𝑣3 =< 2 − 1,3 > are linearly independent. 

 

 

       Let 𝐴 = [
   1 0    2
   0 3 −1
−2 1    3

] where the columns of 𝐴 are 𝑣1, 𝑣2, 𝑣3. 

 

             𝑑𝑒𝑡(𝐴) = (1) |
3 −1
1 3

| − (0) |
0 −1
−2 3

| + 2 |
0 3
−2 1

| 

                            = (1)(9 + 1) + 0 + 2(0 + 6) 

                            = 22 ≠ 0. 

 

       Thus 𝑣1, 𝑣2 and 𝑣3 are linearly independent. 
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Theorem:  If 𝐵 is a matrix obtained by interchanging any two rows or columns of 

an 𝑛 × 𝑛 matrix 𝐴 then det(𝐵) = −det(𝐴).  In particular if two rows or columns 

of 𝐴 are identical then det(𝐴) = 0. 

 

Ex.     𝑑𝑒𝑡 [
1 2 3
4 5 6
7 8 9

] = −𝑑𝑒𝑡 [
7 8 9
4 5 6
1 2 3

]  

 

Theorem:  If 𝐵 is a matrix obtained by multiplying each entry of a row or column 

of an 𝑛 × 𝑛 matrix 𝐴 by 𝑘 ∈ ℝ, then det(𝐵) = 𝑘 det(𝐴).  In particular, if 𝐵 = 𝑘𝐴 

then det(𝐵) = 𝑘𝑛 det(𝐴). 

 

Ex.     𝑑𝑒𝑡 [
1 2 3
4 5 6
21 24 27

] = 3𝑑𝑒𝑡 [
1 2 3
4 5 6
7 8 9

] ;     𝑑𝑒𝑡 [
3 6
9 12

] = 32𝑑𝑒𝑡 [
1 2
3 4

].   

 

Theorem:  If 𝐵 is a matrix obtained from an 𝑛 × 𝑛 matrix 𝐴 by adding a multiple of 

row 𝑖 to row 𝑗 or adding a multiple of column 𝑖 to column 𝑗, 𝑖 ≠ 𝑗, Then    

det(𝐵) = det(𝐴). 

 

 

 

Thus one can use elementary row operations to put a matrix in upper (or lower) 

triangular form to calculate the determinant of an 𝑛 × 𝑛 matrix. 

 

 

 



9 
 

 

Ex.  Evaluate  𝑑𝑒𝑡 [

   1 −1      2      1
   2 −1   −1      4
−4
   3

   5
−2

−10
    10

−6
−1

] using elementary row operations. 

 

 [

  1 −1      2      1
  2 −1   −1      4
−4
   3

   5
−2

−10
    10

−6
−1

]
𝑅2−2𝑅1→𝑅2
→         [

  1 −1      2      1
  0    1   −5      2
−4
   3

   5
−2

−10
    10

−6
−1

]   

 

                                              
𝑅3+4𝑅1→𝑅3
→        [

  1 −1      2      1

  0    1   −5      2
  0

   3

   1

−2

 −2

   10
 
−2

−1

] 

               [

  1 −1      2      1
  0    1   −5      2
  0
   3

   1
−2

 −2
    10

−2
−1

]   
𝑅4−3𝑅1→𝑅4
→        [

  1 −1      2     1

  0    1   −5    2
  0

   0

   1

   1

 −2

    4

  −2

  −4

]    

 

 

                                                                               
𝑅4−𝑅3→𝑅4
→       [

  1 −1      2      1

  0    1   −5      2
  0

   0

   1

   0

 −2

    6

  −2

  −2

]   

                                                               

                                                                
𝑅3−𝑅2→𝑅3
→       [

  1 −1      2      1

  0    1   −5      2
  0

   0

   0

   0

     3

      6

  −4

  −2

]       

 

 

                                                              
𝑅4−2𝑅3→𝑅4
→        [

  1 −1      2      1

  0    1   −5      2
  0

   0

   0

   0

     3

      0

  −4

     6

]. 
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Notice that every elementary row operation we used was of type 3, thus the 

value of the determinant didn’t change through this process.  Hence: 

 

          𝑑𝑒𝑡 [

  1 −1      2      1
  2 −1   −1      4
−4
   3

   5
−2

−10
    10

−6
−1

] = 𝑑𝑒𝑡 [

  1 −1      2     1
  0    1   −5      2
  0
   0

   0
   0

     3
      0

  −4
     6

] 

 

                                                                = (1)(1)(3)(6) = 18. 

             

 

 


