Vector Fields on Manifolds

Def. The tangent bundle, T M, of a manifold, M, is defined as:

™ = U .M ={{p X)|peM ,X € T,M}
pPEM

Def. Letm:TM — M by w(p,X) = p. Aglobal section, s, of TM is a map
S: M — TM such that s is continuous and 7T © S is the identity function on M.

Def. Let M be a differentiable manifold. A global section sS:M — TM of TM is
called a vector field. Thus, a vector field maps each point p € M into a vector
X(p) € T,M (also written X},).




Let ®(x1, ..., x™) be a parameterization of a manifold M. Then for each point
afl)
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p € M, the tangent space T, M has a basis {ﬁ }, which we can

p p

0 0 .
. Thus we can express any vector field on

write as {04, ..., 0, } or {—,...,—
{01 n} dx1 axm

M as:
X, =a'(p)o; +--+a"(p)d, ; pEM

=i a (p) ol

which we can represent in Einstein notation as X = aiai.

Thus we can think of a vector field on M as a map, X, from the set of
continuously differentiable functions on M, C*(M, R), into C1(M, R) by:

X(N®) = Tiy ' (p) = (N (@),

Ex. Letxl, x? be local coordinates on the manifold, M, parameterized by
D(xt,x2) = (x1, 22, (x1)? + (x2)?).
Suppose f € C1(M, R) is given by
flehx?, (x1)? + (x*)?) = ((x1)? + (x*)?)? + () (x?).
Let X be a vector field on M given by X = (x! + x2)9; — x20,.

Find X ().

X(N) = (" + 223, = x20,)(f) = (¢ +22) 55 () — %2 =55 ()

= (' +x)[2((H? + () (2x) +x ]
—x?[2((x1)? + (x*)H)(2x*) + x7]

= 4(() + @D +22) — (1)) + (D)2,



Ex. If X = a'd;,Y = b/0;,and f € C*(M,R), find X (Yf).

X(Yf) =Xx(b'9;f) = a'0;(b’9;f)
= a'(9;b7)0;f + a'b’/0;(9;f).

Ingeneral X(Yf) #= Y(X(f).
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Ex. let X =x“—7—e" ——; Y =x-7+x"—— and

flxt,x?) = (x1)2(x2). Find X(Yf) and Y (Xf).
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- (x % — X %) (2(x1)2(x?) + (x1)%(x?))
= (xZ%_exl %) (3(x1)2(x2))

= x?(6(xH (%) — e* 3(xH?)

= 6(x1)(x2)% — 3e*" (x1)2.

181 = () (22— e 2

dx? ox1 dx?
= (x1 % + x? %) (x2(2xH)(x?) — exl(xl)z)
= x1[2(x%)? — (xD%e* — 2(xDe* | + x2[4(x1) (x?)]
= x![2(x?)? = (x1)2e*" — 2(xD)e" | + 4(x 1) (x?)?

= 6x1(x2)2 — (x1)2(2 + xV)e*".



In general, if X and Y are vector fields, XY is not a vector field because it has
second order derivatives in the expression of it.

Proposition: If we let M be a differentiable manifold, and let X and Y’

be two vector fields of class C! on M, then XY — YX is a
vector field.

Proof: Let X = aiai and Y = bfaj; ,j=1,..,n.

(XY —YX) = a'0;(b’9;) — b/ 0;(a'9;)
= a'b’9;0; + a*(9;b7)d; — b’a'0;0; — b’ (9;a")0;

= (@ Gar))am— (¥ () o

9%f _ 0%f

because 0;0,f = Siod = o = d;0;f.
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Def: The Lie bracket of two vector fields is defined as
[X,Y] = XY —YX.
fX =a'd;, Y =DbI0;, then [X,Y] = (a'd;b’ — b'0;a’)0;.
If X and Y are class C™, then [X, Y] is of class C™ 1.
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Ex. Calculate [X,Y] for X = x S € 5 and Y =x ST X o
vector fields on R?.
Let’s calculate this in 2 ways - first by directly calculating XY — Y X,
and second by using the formula:
XY —YX = (a'9;b’ — b'9;a’)0;.
Direct calculation:
0 1 0 d d
— 2 9 _ _x+_ 9 1_9 2_7
XY (X dx1 € 0 2) (x dx1 X 6x2)
0% d 1 0%
_ (2.1 2 22 xtr.1
=|lX"X — e X
( dx1lox1 + 6x1) +( ) 0x10x? ( )axzaxl
Xt (20 pxt O
€ ( )axzaxz 0x2
d ) d 1 0
YX = (x1 x? )(xz e —)
ox1 T d0x2 ox1 0x2
2 2
102 1 ,xt o 1,xt 0 272 0
x (x )a 19x1 0x10x?2 x-e d0x? t (x ) 0x20x1
2 2, x1_ 07
X" )—— X
+( )6 1 0x10x2
0 1 4 1 0 d
_ _ 2 9 _ xt 0 _  1,x' 0 2 9
XY —YX =x"—7—e" —— x'et —+xto—
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Using the formula: [X, Y]

7).

(1,1)
(2,1
(1,2)
(2,2)

= (ai(a;p7) - bi(0:0%)) 9y




Whether we are calculating [X, Y] for vector fields on R™ or on a
k-dimensional manifold, M, the calculation is quite similar. We just have to
realize for a manifold with local coordinates:

. d(atex™1)
. k _
x:U->R", dia'= ]
where
ox~1
-1, _
x tx(U)->UCcCM, d; = FYwaE
Ex. Let x 1 (xl x?) = (xt, 22, (x1)? + (x?)?).
let X =%, + (x1)(x?)d, and Y =20, + x10,.
Find [X, Y].
-1 -1

pywale (1,0, 2x1) and 0, means o 0,1, sz)-

so{04,0,} = {(1,0,2x1), (0,1, 2x2)} spans the tangent space of M at
x 1(xt, x?).

In this case, d; means

[x,v] = (ai(3;p7) - b/ (0:07) ) g

a'= (2, @ =@HE?)

bt =2, b? = x!
(i.)) (a (0 - b (Zal)) 5
(1,1) — 4(x")0,
(2,1) 0
(1,2) ((x")? — 2x?)0,
(21 2) - (x1)262

[X,Y] = —4(xY)o, — 2(x%)0, .



Proposition: Let X, Y, and Z be differentiable vector fields on a
differentiable manifold, M. Leta,b € Randlet f and g
be differentiable functions M — R. Then:

1) [Y,X] = —[X,Y] (anticommutativity)

2) [aX +bY,Z] =alX,Z] + b[Y,Z] (bilinearity, also holds for second
input to bracket)

3) [[x,Y)Z]+][[Y,Z], x| +[[z,X],Y] =0 (Jacobian identity)

4) [fX,9Y] = fglX, Y]+ fX(9)Y — gY (F)X.



