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 Vector Fields on Manifolds 
 

Def.  The tangent bundle, 𝑇𝑀, of a manifold, 𝑀, is defined as: 

𝑇𝑀 = ⋃ 𝑇𝑝𝑀

𝑝∈𝑀

= {(𝑝, 𝑋)|𝑝 ∈ 𝑀  , 𝑋 ∈ 𝑇𝑝𝑀} 

 
 
 
 
 
 
 
 
 
 
Def.   Let 𝜋: 𝑇𝑀 → 𝑀 by 𝜋(𝑝, 𝑋) = 𝑝. A global section, 𝑠, of 𝑇𝑀 is a map 
𝑠:𝑀 → 𝑇𝑀 such that 𝑠 is continuous and 𝜋 ∘ 𝑠 is the identity function on 𝑀. 
 
 
 

Def.  Let 𝑀 be a differentiable manifold. A global section 𝑠:𝑀 → 𝑇𝑀 of 𝑇𝑀 is 
called a vector field. Thus, a vector field maps each point 𝑝 ∈ 𝑀 into a vector 

𝑋(𝑝) ∈ 𝑇𝑝𝑀  (also written 𝑋𝑝). 

 
 
 
 
 
 
 
 
 

 

𝑝 

𝑇𝑝𝑀 

𝑀 

𝑝 𝑋(𝑝) 

𝑀 
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Let Φ⃗⃗⃗ (𝑥1, … , 𝑥𝑛) be a parameterization of a manifold 𝑀.  Then for each point 

𝑝 ∈ 𝑀,  the tangent space 𝑇𝑝𝑀 has a basis {
𝜕Φ⃗⃗⃗ 

𝜕𝑥1|
𝑝
, … ,

𝜕Φ⃗⃗⃗ 

𝜕𝑥𝑛|
𝑝
},  which we can 

write as {𝜕1, … , 𝜕𝑛} or {
𝜕

𝜕𝑥1 , … ,
𝜕

𝜕𝑥𝑛}.  Thus we can express any vector field on 

𝑀 as: 
 
                    𝑋𝑝 = 𝑎1(𝑝)𝜕1 + ⋯+ 𝑎𝑛(𝑝)𝜕𝑛  ;   𝑝 ∈ 𝑀  
 

                          = ∑ 𝑎𝑖(𝑝)𝑛
𝑖=1

𝜕

𝜕𝑥𝑖     

 

which we can represent in Einstein notation as 𝑋 = 𝑎𝑖𝜕𝑖 . 
 
Thus we can think of a vector field on 𝑀 as a map, 𝑋,  from the set of 
continuously differentiable functions on 𝑀, 𝐶1(𝑀,ℝ), into  𝐶1(𝑀,ℝ) by: 
                        

                           𝑋(𝑓)(𝑝) = ∑ 𝑎𝑖(𝑝)𝑛
𝑖=1

𝜕

𝜕𝑥𝑖
(𝑓)(𝑝).  

 
 
Ex.    Let 𝑥1, 𝑥2 be local coordinates on the manifold, 𝑀, parameterized by    

                               Φ⃗⃗⃗ (𝑥1, 𝑥2) = (𝑥1, 𝑥2, (𝑥1)2 + (𝑥2)2).                                                          
         Suppose 𝑓 ∈ 𝐶1(𝑀,ℝ) is given by  

 

               𝑓(𝑥1, 𝑥2, (𝑥1)2 + (𝑥2)2) = ((𝑥1)2 + (𝑥2)2)2 + (𝑥1)(𝑥2).  

 

         Let 𝑋 be a vector field on 𝑀 given by 𝑋 = (𝑥1 + 𝑥2)𝜕1 − 𝑥2𝜕2.   
         Find 𝑋(𝑓).  

 

 
 

  𝑋(𝑓) = ((𝑥1 + 𝑥2)𝜕1 − 𝑥2𝜕2)(𝑓) = (𝑥1 + 𝑥2)
𝜕

𝜕𝑥1
(𝑓) − 𝑥2 𝜕

𝜕𝑥2
(𝑓)  

 

                  = (𝑥1 + 𝑥2)[2((𝑥1)2 + (𝑥2)2)(2𝑥1) + 𝑥2]                                       

                                                       −𝑥2[2((𝑥1)2 + (𝑥2)2)(2𝑥2) + 𝑥1] 
 

                = 4((𝑥1)2 + (𝑥2)2)(𝑥1(𝑥1 + 𝑥2) − (𝑥2)2) + (𝑥2)2.         
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Ex.  If 𝑋 = 𝑎𝑖𝜕𝑖  , 𝑌 = 𝑏𝑗𝜕𝑗, and 𝑓 ∈ 𝐶2(𝑀,ℝ), find 𝑋(𝑌𝑓).  

 
 
 

                        𝑋(𝑌𝑓) = 𝑋(𝑏𝑗𝜕𝑗𝑓) = 𝑎𝑖𝜕𝑖(𝑏
𝑗𝜕𝑗𝑓) 

 

= 𝑎𝑖(𝜕𝑖𝑏
𝑗)𝜕𝑗𝑓 + 𝑎𝑖𝑏𝑗𝜕𝑖(𝜕𝑗𝑓). 

 
 

In general 𝑋(𝑌𝑓) ≠ 𝑌(𝑋(𝑓).  

 

Ex.  Let 𝑋 = 𝑥2 𝜕

𝜕𝑥1 − 𝑒𝑥1 𝜕

𝜕𝑥2 ;    𝑌 = 𝑥1 𝜕

𝜕𝑥1 + 𝑥2 𝜕

𝜕𝑥2   and  

 

        𝑓(𝑥1, 𝑥2) = (𝑥1)2(𝑥2).  Find 𝑋(𝑌𝑓) and  𝑌(𝑋𝑓). 
 

 

       𝑋(𝑌𝑓) = (𝑥2 𝜕

𝜕𝑥1 − 𝑒𝑥1 𝜕

𝜕𝑥2) (𝑥1 𝜕𝑓

𝜕𝑥1 + 𝑥2 𝜕𝑓

𝜕𝑥2)  

 

= (𝑥2 𝜕

𝜕𝑥1 − 𝑒𝑥1 𝜕

𝜕𝑥2) (2(𝑥1)2(𝑥2) + (𝑥1)2(𝑥2))   
 

                     = (𝑥2 𝜕

𝜕𝑥1 − 𝑒𝑥1 𝜕

𝜕𝑥2) (3(𝑥1)2(𝑥2))   
 

                     = 𝑥2(6(𝑥1)(𝑥2)) − 𝑒𝑥1
(3(𝑥1)2) 

 

                     = 6(𝑥1)(𝑥2)2 − 3𝑒𝑥1
(𝑥1)2.   

 
 

        𝑌(𝑋𝑓) = (𝑥1 𝜕

𝜕𝑥1 + 𝑥2 𝜕

𝜕𝑥2) (𝑥2 𝜕𝑓

𝜕𝑥1 − 𝑒𝑥1 𝜕𝑓

𝜕𝑥2)  

 

= (𝑥1 𝜕

𝜕𝑥1 + 𝑥2 𝜕

𝜕𝑥2) (𝑥2(2𝑥1)(𝑥2) − 𝑒𝑥1
(𝑥1)2)  

 

              = 𝑥1[2(𝑥2)2 − (𝑥1)2𝑒𝑥1
− 2(𝑥1)𝑒𝑥1

] + 𝑥2[4(𝑥1)(𝑥2)] 
 

        = 𝑥1[2(𝑥2)2 − (𝑥1)2𝑒𝑥1
− 2(𝑥1)𝑒𝑥1

] + 4(𝑥1)(𝑥2)2  

 

                     = 6𝑥1(𝑥2)2 − (𝑥1)
2(2 + 𝑥1)𝑒𝑥1

. 
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In general, if 𝑋 and 𝑌 are vector fields, 𝑋𝑌 is not a vector field because it has 

second order derivatives in the expression of it. 
 
 
Proposition:  If we let 𝑀 be a differentiable manifold, and let 𝑋 and 𝑌   
            be two vector fields of class 𝐶1 on 𝑀, then 𝑋𝑌 − 𝑌𝑋 is a          
                     vector field. 

 

Proof:  Let 𝑋 = 𝑎𝑖𝜕𝑖      and     𝑌 = 𝑏𝑗𝜕𝑗;      𝑖, 𝑗 = 1,… , 𝑛. 

 

    (𝑋𝑌 − 𝑌𝑋) = 𝑎𝑖𝜕𝑖(𝑏
𝑗𝜕𝑗) − 𝑏𝑗𝜕𝑗(𝑎

𝑖𝜕𝑖) 
 

                          = 𝑎𝑖𝑏𝑗𝜕𝑖𝜕𝑗 + 𝑎𝑖(𝜕𝑖𝑏
𝑗)𝜕𝑗 − 𝑏𝑗𝑎𝑖𝜕𝑗𝜕𝑖 − 𝑏𝑗(𝜕𝑗𝑎

𝑖)𝜕𝑖  
 

                           = (𝑎𝑖 (
𝜕

𝜕𝑥𝑖 𝑏
𝑗))

𝜕

𝜕𝑥𝑗 −  (𝑏𝑗 (
𝜕

𝜕𝑥𝑗 𝑎
𝑖))

𝜕

𝜕𝑥𝑖  

 

because 𝜕𝑖𝜕𝑗𝑓 =
𝜕2𝑓

𝜕𝑥𝑖𝜕𝑥𝑗 =
𝜕2𝑓

𝜕𝑥𝑗𝜕𝑥𝑖 = 𝜕𝑗𝜕𝑖𝑓. 

 

𝑋𝑌 − 𝑌𝑋 = ∑∑(𝑎𝑖 (
𝜕

𝜕𝑥𝑖
𝑏𝑗))

𝑛

𝑗=1

𝑛

𝑖=1

𝜕

𝜕𝑥𝑗
− ∑∑(𝑏𝑗 (

𝜕

𝜕𝑥𝑗
𝑎𝑖))

𝜕

𝜕𝑥𝑖
 

𝑛

𝑗=1

𝑛

𝑖=1

 

 
In the second sum, interchange 𝑖 and 𝑗: 
 
 

𝑋𝑌 − 𝑌𝑋 = ∑∑(𝑎𝑖 (
𝜕

𝜕𝑥𝑖
𝑏𝑗))

𝑛

𝑗=1

𝑛

𝑖=1

𝜕

𝜕𝑥𝑗
− ∑∑(𝑏𝑖 (

𝜕

𝜕𝑥𝑖
𝑎𝑗))

𝜕

𝜕𝑥𝑗
 

𝑛

𝑗=1

𝑛

𝑖=1

 

 

                      = ∑∑(𝑎𝑖 (
𝜕

𝜕𝑥𝑖
𝑏𝑗) − 𝑏𝑖 (

𝜕

𝜕𝑥𝑖
𝑎𝑗))

𝑛

𝑗=1

𝑛

𝑖=1

𝜕

𝜕𝑥𝑗
 

 

                       = (𝑎𝑖𝜕𝑖𝑏
𝑗 − 𝑏𝑖𝜕𝑖𝑎

𝑗)𝜕𝑗 . 
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Def: The Lie bracket of two vector fields is defined as 

                                   [𝑋, 𝑌] = 𝑋𝑌 − 𝑌𝑋.  

 

If 𝑋 = 𝑎𝑖𝜕𝑖  ,   𝑌 = 𝑏𝑗𝜕𝑗, then [𝑋, 𝑌] = (𝑎𝑖𝜕𝑖𝑏
𝑗 − 𝑏𝑖𝜕𝑖𝑎

𝑗)𝜕𝑗. 

If 𝑋 and 𝑌 are class 𝐶𝑚, then [𝑋, 𝑌] is of class 𝐶𝑚−1. 
 

 
 

Ex.    Calculate [𝑋, 𝑌] for 𝑋 = 𝑥2 𝜕

𝜕𝑥1 − 𝑒𝑥1 𝜕

𝜕𝑥2   and   𝑌 = 𝑥1 𝜕

𝜕𝑥1 + 𝑥2 𝜕

𝜕𝑥2 

 vector fields on ℝ2.  
 
          Let’s calculate this in 2 ways - first by directly calculating 𝑋𝑌 − 𝑌𝑋,         
            and second by using the formula: 
 

𝑋𝑌 − 𝑌𝑋 = (𝑎𝑖𝜕𝑖𝑏
𝑗 − 𝑏𝑖𝜕𝑖𝑎

𝑗)𝜕𝑗 . 
 
 
 
 

 Direct calculation: 
 

             𝑋𝑌 = (𝑥2 𝜕

𝜕𝑥1 − 𝑒𝑥1 𝜕

𝜕𝑥2) (𝑥1 𝜕

𝜕𝑥1 + 𝑥2 𝜕

𝜕𝑥2)  
 

= (𝑥2𝑥1 𝜕2

𝜕𝑥1𝜕𝑥1 + 𝑥2 𝜕

𝜕𝑥1) + (𝑥2)2
𝜕2

𝜕𝑥1𝜕𝑥2 – 𝑒𝑥1
(𝑥1)

𝜕2

𝜕𝑥2𝜕𝑥1 
 

−𝑒𝑥1
(𝑥2)

𝜕2

𝜕𝑥2𝜕𝑥2 − 𝑒𝑥1 𝜕

𝜕𝑥2  

 
 

             𝑌𝑋 = (𝑥1 𝜕

𝜕𝑥1 + 𝑥2 𝜕

𝜕𝑥2) (𝑥2 𝜕

𝜕𝑥1 − 𝑒𝑥1 𝜕

𝜕𝑥2)  
 
 

          = 𝑥1(𝑥2)
𝜕2

𝜕𝑥1𝜕𝑥1 – 𝑥1𝑒𝑥1 𝜕2

𝜕𝑥1𝜕𝑥2 − 𝑥1𝑒𝑥1 𝜕

𝜕𝑥2  + (𝑥2)2
𝜕2

𝜕𝑥2𝜕𝑥1  
 

+ (𝑥2)
𝜕

𝜕𝑥1 − 𝑥2𝑒𝑥1 𝜕2

𝜕𝑥1𝜕𝑥2  

 

  𝑋𝑌 − 𝑌𝑋 = 𝑥2 𝜕

𝜕𝑥1 − 𝑒𝑥1 𝜕

𝜕𝑥2 —(−𝑥1𝑒𝑥1 𝜕

𝜕𝑥2 + 𝑥2 𝜕

𝜕𝑥1)   

 

                      = (𝑥1𝑒𝑥1
− 𝑒𝑥1

)
𝜕

𝜕𝑥2. 
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Using the formula: [𝑋, 𝑌] = (𝑎𝑖(𝜕𝑖𝑏
𝑗) − 𝑏𝑖(𝜕𝑖𝑎

𝑗)) 𝜕𝑗 
 

                               𝑎1 = 𝑥2   ,   𝑎2 = −𝑒𝑥1
 

 

                                𝑏1 = 𝑥1   ,   𝑏2 = 𝑥2 
 

[𝑋, 𝑌] = ∑∑(𝑎𝑖 (
𝜕

𝜕𝑥𝑖
𝑏𝑗) − 𝑏𝑖 (

𝜕

𝜕𝑥𝑖
𝑎𝑗))

2

𝑗=1

2

𝑖=1

𝜕

𝜕𝑥𝑗
 

 
 
 

(𝑖, 𝑗)                                 (𝑎𝑖 (
𝜕

𝜕𝑥𝑖 𝑏
𝑗) − 𝑏𝑖 (

𝜕

𝜕𝑥𝑖 𝑎
𝑗))

𝜕

𝜕𝑥𝑗  

 

     (1, 1)                                                             𝑥2 𝜕

𝜕𝑥1  
 

     (2, 1)                                                          −𝑥2 𝜕

𝜕𝑥1  
 

     (1, 2)                                                       𝑥1𝑒𝑥1 𝜕

𝜕𝑥2  
 

     (2, 2)                                                        − 𝑒𝑥1 𝜕

𝜕𝑥2  

 
 

[𝑋, 𝑌] = ∑∑(𝑎𝑖 (
𝜕

𝜕𝑥𝑖
𝑏𝑗) − 𝑏𝑖 (

𝜕

𝜕𝑥𝑖
𝑎𝑗))

2

𝑗=1

2

𝑖=1

𝜕

𝜕𝑥𝑗
 

 

                           
                                

                                                         = (𝑥1𝑒𝑥1
− 𝑒𝑥1

)
𝜕

𝜕𝑥2 . 
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Whether we are calculating [𝑋, 𝑌] for vector fields on ℝ𝑛 or on a  

𝑘-dimensional manifold, 𝑀, the calculation is quite similar. We just have to 

realize for a manifold with local coordinates: 

𝑥: 𝑈 → ℝ𝑘    ,    𝜕𝑗𝑎
𝑖 =  

𝜕(𝑎𝑖∘𝑥−1)

𝜕𝑥𝑗  

where 

𝑥−1: 𝑥(𝑈) → 𝑈 ⊆ 𝑀,        𝜕𝑗 =  
𝜕𝑥−1

𝜕𝑥𝑗  .  

 

 
Ex.     Let           𝑥−1(𝑥1, 𝑥2) = (𝑥1, 𝑥2, (𝑥1)2 + (𝑥2)2).   

 

Let          𝑋 = (𝑥1)2𝜕1 + (𝑥1)(𝑥2)𝜕2   and   𝑌 = 2𝜕1 + 𝑥1𝜕2.  
Find [𝑋, 𝑌]. 

 

In this case, 𝜕1 means 
𝜕𝑥−1

𝜕𝑥1  = (1, 0, 2𝑥1) and 𝜕2 means  
𝜕𝑥−1

𝜕𝑥2  = (0, 1, 2𝑥2). 

So {𝜕1, 𝜕2} = {(1, 0, 2𝑥1), (0, 1, 2𝑥2)} spans the tangent space of 𝑀 at 
𝑥−1(𝑥1, 𝑥2). 
 

[𝑋, 𝑌] = (𝑎𝑖(𝜕𝑖𝑏
𝑗) − 𝑏𝑗(𝜕𝑖𝑎

𝑗)) 𝜕𝑗 
 

                                      𝑎1 = (𝑥1)2,      𝑎2 = (𝑥1)(𝑥2) 
 

                                      𝑏1 = 2,              𝑏2 = 𝑥1 
 

(𝑖, 𝑗)                                 (𝑎𝑖 (
𝜕

𝜕𝑥𝑖 𝑏
𝑗) − 𝑏𝑖 (

𝜕

𝜕𝑥𝑖 𝑎
𝑗))

𝜕

𝜕𝑥𝑗  

 

      (1, 1)                                                           − 4(𝑥1)𝜕1  
 

      (2, 1)                                                                   0 
 

                (1, 2)                                                 ((𝑥1)2 − 2𝑥2)𝜕2                  
 

      (2, 2)                                                             − (𝑥1)2𝜕2  
 

 
[𝑋, 𝑌] = −4(𝑥1)𝜕1 − 2(𝑥2)𝜕2 . 
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Proposition:  Let 𝑋, 𝑌, and 𝑍 be differentiable vector fields on a    
     differentiable manifold, 𝑀.  Let 𝑎, 𝑏 ∈ ℝ and let 𝑓 and 𝑔        
              be differentiable functions 𝑀 → ℝ. Then: 
 

1) [𝑌, 𝑋] = −[𝑋, 𝑌]  (anticommutativity) 

2) [𝑎𝑋 + 𝑏𝑌, 𝑍] = 𝑎[𝑋, 𝑍] + 𝑏[𝑌, 𝑍]    (bilinearity, also holds for second                     

                                                                                             input to bracket) 

3) [[𝑋, 𝑌], 𝑍] + [[𝑌, 𝑍], 𝑋] + [[𝑍, 𝑋], 𝑌] = 0          (Jacobian identity) 

4) [𝑓𝑋, 𝑔𝑌] = 𝑓𝑔[𝑋, 𝑌] + 𝑓𝑋(𝑔)𝑌 − 𝑔𝑌(𝑓)𝑋. 

 
 
 
 
 


