The Differential of a Map

Let f: S = M be a differentiable map between differentiable manifolds. We
define Dfp ; p € S, the differential of f at p, as a linear transformation
between tangent spaces.

Dfp: TpS - Tf(p)M

Given any vector, w € TpS, there exists a curve, y, in S passing through p, i.e.
y(ty) = p € S, suchthat y'(ty) = W. Then y(t) = f(]/(t)) isa curvein M
passing through f(p) att = t,.

Let W = 7' (to) € TrpyM. Then we define D f, (W) by:

Df,(W) =W € Tr,yM

One can check that this definition does not

a(t) = (u(d),

depend on which curve y in S one chooses

suchthat y(t,) = p € Sandy’'(t,) = w.




How do we calculate Df,?

Ifweletx: U € S — R™ be alocal coordinate charton U € S and
y:V € M — R" be alocal coordinate chart on V € M, then:

yofox Lix(Unf1(V)) € R™ - y(V) € R®

l | x(f“i(V) nu)

L maps an open set in R™ into an open setin R™ by

Soyofox~

yofox1(xl, .., x™) =L .., y") = (yl(xl, e, X™), Ly (e, ...,xm)).



dxt dxt

d oy~1
{a_yl} = { ayyf }on TrpyM, so we can write:

_ . 0 ax~1
The standard basis for T),S is given by ={ } and

oy’ . .
Dfp:(ﬁ)p; 1<i<m, 1<j<n

0
h thi trix i i ith tt {—} and {—}
where this matrix is a mapping with respect to Y n 3y

Ex. Let S be the surface in R3 given by:

xHxhx?) = (o x% (D)2 4+ (x®)?); xhx®* eR

let M = {(y1,y%,y*) e R3| HD)*+ )2+ )2 =1, y3>>0}

be the upper hemisphere.

f:S = M by:

—2x1 —2x

2 1
V1+4(x1)2+4(x2)2 " J1+4(x1)2+4(x2)2’ J1+4(x1)2+4(x2)2)

£ 22, (1) + (x2)?) = (

f is called the Gauss map.

Now let y: M — R? by y(yl,yz,\/l - (yh)? - (}’)2) = (yl:yz)-

Find df .



—2x1 —2x? )
J1+4(x1)24+4(x2)2 \J1+4(x1)2 +4(x2)2

yofoxt(xl,x?) = (

— (yl(xl, xZ)’ yz (xl’ xZ))

ay' 9yt
| ox1  0x2
Y=\ oy
oxl 0x2
oyt —2(1+4(x?)*) oyt ay? 8(x1)(x?)
0x' (1L a(x1)2+4(x2)2)2 0x®  0x' (L4 1)244(x2)2)2
9y? ~2(1+4(x)°)
0x2 - 3
(1+4(x1)2+4(x2)2)2
df = —2 ( 1+ 4(x?)? —4(x1)(x2))
(1+4(x1)2+4(x2)2)% —4(xH(x%?) 1+4(H2/)

Where the basis for Ty, (S) is given by:

{ax‘l dx~1
dx1 ' 0x2

}= {<1,0,2x! >,<0,1,2x2% >}

and the basis for T,y (M) is given by:

oy~1 ay~t 1 _y2
{ayyl’ayyz} B . > <01 -

1,0, )
=01 -62) =01 -62)

>

since y~1(yl,y?) = (yl,yz,\/l - (y1)? - ()’2)2)'



As an example, let’s take the point on S given by p = (1, 2,5),
ie. x1=1, x?2=2
and take a vector W € T(1,2,5)S given by

W=3 (ax_l) + (ax_l) at (1,2,5).

0x1 d0x?2
ox~1 dx~1
where =< 1,0,2xt >, =< 0,1,2x?% >
dx1 0x?
are the basis vectors for TpS.
Soatx! =1, x2% = 2 we have:
ox~1 dax~1
ol =< 1,0,2 >, 322 =<0,1,4 >.

And in the standard basis for R3,

w=3<102>+<0,1,4>=<3,1,10 >.

Pluggingin x1 =1, x% =2 intoDf, we get:

(Df(1,2,5))(V_‘;) = __23 (ig _58) (i) = __23(

(212

(212

43
—19

)



Thus W gets mapped to the vector in

Tf(l,Z,S)M = T(—Z -4 1 )M,

V212121
—2
given by = < 43, —19 > with respect to the basis:
(21)2
oy~1 6y‘1} —y1 —y2
=4 < 1, 0, >; 0; 1;
{ oyl '’ oy2 < >

J1=01 02 J1-01-62)

@) = (5 vm)

- —4
sointhiscase y” = N andy Nl
ay~! y~! .
Thus, =< 1,0,2 >and =< 0,1,4 > so we can write:
oyl 0y?2

— -2 -2 ay—l ay—l
Dfaos (W) = —3 <43,-19 >= —= (432 192
212 (21)2

= - (43<1,0,2>-19<0,1,4>)

(21)2

= % <43,-19,10 >

(21)2

in the standard basis for R3.



