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The Differential of a Map 
 

Let 𝑓: 𝑆 → 𝑀 be a differentiable map between differentiable manifolds. We       
define 𝐷𝑓𝑝 ;  𝑝 ∈ 𝑆, the differential of 𝑓 at 𝑝, as a linear transformation         
between tangent spaces. 
 

𝐷𝑓𝑝: 𝑇𝑝𝑆 → 𝑇𝑓(𝑝)𝑀 
 

Given any vector, 𝑤⃗⃗ ∈ 𝑇𝑝𝑆, there exists a curve, 𝛾, in 𝑆 passing through 𝑝, i.e. 

𝛾(𝑡0) = 𝑝 ∈ 𝑆, such that 𝛾′(𝑡0) = 𝑤⃗⃗ . Then 𝛾̅(𝑡) = 𝑓(𝛾(𝑡)) is a curve in 𝑀 

passing through 𝑓(𝑝) at 𝑡 = 𝑡0. 
 

Let  𝑤⃗⃗̅ = 𝛾̅′(𝑡0) ∈ 𝑇𝑓(𝑝)𝑀.  Then we define 𝐷𝑓𝑝(𝑤⃗⃗ ) by: 
 

𝐷𝑓𝑝(𝑤⃗⃗ ) = 𝑤⃗⃗̅ ∈ 𝑇𝑓(𝑝)𝑀 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                    
 
               
 
 
 

𝛾(𝑡) 
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How do we calculate 𝐷𝑓𝑝? 
 

If we let 𝑥: 𝑈 ⊆ 𝑆 → ℝ𝑚 be a local coordinate chart on 𝑈 ⊆ 𝑆 and                   
𝑦: 𝑉 ⊆ 𝑀 → ℝ𝑛 be a local coordinate chart on 𝑉 ⊆ 𝑀, then: 
 

𝑦 ∘ 𝑓 ∘ 𝑥−1: 𝑥(𝑈 ∩ 𝑓−1(𝑉)) ⊆ ℝ𝑚 → 𝑦(𝑉) ⊆ ℝ𝑛 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
So 𝑦 ∘ 𝑓 ∘ 𝑥−1 maps an open set in ℝ𝑚 into an open set in ℝ𝑛 by 

 

𝑦 ∘ 𝑓 ∘ 𝑥−1(𝑥1, … , 𝑥𝑚) = (𝑦1, … , 𝑦𝑛) = (𝑦1(𝑥1, … , 𝑥𝑚), … , 𝑦𝑛(𝑥1, … , 𝑥𝑚)). 
 

𝑆 
𝑀 
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The standard basis for 𝑇𝑝𝑆 is given by {
𝜕

𝜕𝑥𝑖} = {
𝜕𝑥−1

𝜕𝑥𝑖 } and 

 {
𝜕

𝜕𝑦𝑗} = {
𝜕𝑦−1

𝜕𝑦𝑗 } on 𝑇𝑓(𝑝)𝑀, so we can write: 

                      𝐷𝑓𝑝 = (
𝜕𝑦𝑗

𝜕𝑥𝑖)
𝑝

;      1 ≤ 𝑖 ≤ 𝑚,     1 ≤ 𝑗 ≤ 𝑛  

where this matrix is a mapping with respect to {
𝜕

𝜕𝑥𝑖} and {
𝜕

𝜕𝑦𝑗}. 

 
 
 
 
Ex.   Let 𝑆 be the surface in ℝ3 given by: 
 

𝑥−1(𝑥1, 𝑥2) = (𝑥1, 𝑥2, (𝑥1)2 + (𝑥2)2);      𝑥1, 𝑥2 ∈ ℝ. 
 
 

Let 𝑀 = {(𝑦1, 𝑦2, 𝑦3) ∈ ℝ3|  (𝑦1)2 + (𝑦2)2 + (𝑦3)2 = 1 ,   𝑦3 > 0}              
be the upper hemisphere.  

 
𝑓: 𝑆 → 𝑀 by: 
 

𝑓(𝑥1, 𝑥2, (𝑥1)2 + (𝑥2)2) = (
−2𝑥1

√1+4(𝑥1)2+4(𝑥2)2
,

−2𝑥2

√1+4(𝑥1)2+4(𝑥2)2
,

1

√1+4(𝑥1)2+4(𝑥2)2
) 

 
 

𝑓 is called the Gauss map. 
 
 

Now let 𝑦:𝑀 → ℝ2 by 𝑦(𝑦1, 𝑦2, √1 − (𝑦1)2 − (𝑦)2) = (𝑦1, 𝑦2).  

 
Find 𝑑𝑓. 
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      𝑦 ∘ 𝑓 ∘ 𝑥−1(𝑥1, 𝑥2) = (
−2𝑥1

√1+4(𝑥1)2+4(𝑥2)2
,

−2𝑥2

√1+4(𝑥1)2+4(𝑥2)2
) 

 

                                          = (𝑦1(𝑥1, 𝑥2), 𝑦2(𝑥1, 𝑥2)). 

 
 

                                             𝑑𝑓 =  (

𝜕𝑦1

𝜕𝑥1

𝜕𝑦1

𝜕𝑥2

𝜕𝑦2

𝜕𝑥1

𝜕𝑦2

𝜕𝑥2

) 

 

  
𝜕𝑦1

𝜕𝑥1 =
−2(1+4(𝑥2)

2
)

(1+4(𝑥1)2+4(𝑥2)2)
3
2

                 
𝜕𝑦1

𝜕𝑥2 =
𝜕𝑦2

𝜕𝑥1 =
8(𝑥1)(𝑥2)

(1+4(𝑥1)2+4(𝑥2)2)
3
2

 

 

   
𝜕𝑦2

𝜕𝑥2 =
−2(1+4(𝑥1)

2
)

(1+4(𝑥1)2+4(𝑥2)2)
3
2

 . 

 
 

                        𝑑𝑓 = 
−2

(1+4(𝑥1)2+4(𝑥2)2)
3
2

 (
1 + 4(𝑥2)2 −4(𝑥1)(𝑥2)

−4(𝑥1)(𝑥2) 1 + 4(𝑥1)2
).    

 
Where the basis for 𝑇𝑝(𝑆) is given by:  
 

       {
𝜕𝑥−1

𝜕𝑥1 ,
𝜕𝑥−1

𝜕𝑥2 } = {< 1, 0, 2𝑥1 >,< 0, 1, 2𝑥2 >}  
 
 

and the basis for 𝑇𝑓(𝑝)(𝑀) is given by: 

    {
𝜕𝑦−1

𝜕𝑦1 ,
𝜕𝑦−1

𝜕𝑦2 }   = {< 1, 0,
−𝑦1

√1−(𝑦1)
2
−(𝑦2)

2
>,   < 0, 1,

−𝑦2

√1−(𝑦1)
2
−(𝑦2)

2
 >}     

 

since 𝑦−1(𝑦1, 𝑦2) = (𝑦1, 𝑦2, √1 − (𝑦1)2 − (𝑦2)2).  
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 As an example, let’s take the point on 𝑆 given by 𝑝 = (1, 2, 5), 

 i.e.   𝑥1 = 1,   𝑥2 = 2  

and take a vector 𝑤⃗⃗ ∈ 𝑇(1,2,5)𝑆 given by 
  

               𝑤⃗⃗ = 3 (
𝜕𝑥−1

𝜕𝑥1 ) + (
𝜕𝑥−1

𝜕𝑥2 )         at  (1, 2, 5).  

 

where      
𝜕𝑥−1

𝜕𝑥1  =< 1, 0, 2𝑥1 > ,         
𝜕𝑥−1

𝜕𝑥2  =< 0, 1, 2𝑥2 >  
  

are the basis vectors for 𝑇𝑝𝑆.  

 

 

So at 𝑥1 = 1,    𝑥2 = 2 we have: 
 

              
𝜕𝑥−1

𝜕𝑥1  =< 1, 0, 2 > ,          
𝜕𝑥−1

𝜕𝑥2  =< 0, 1, 4 >.       

 
And in the standard basis for ℝ3,  
 
                𝑤⃗⃗ = 3 < 1, 0, 2 > +< 0, 1, 4 >=< 3, 1, 10 >.  
 
 
 
Plugging in     𝑥1 = 1,      𝑥2 = 2    into 𝐷𝑓, we get: 
 

(𝐷𝑓(1,2,5))(𝑤⃗⃗ ) =  
−2

(21)
3
2

(
17 −8
−8 5

) (
3
1
) =

−2

(21)
3
2

(
43

−19
).        
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Thus 𝑤⃗⃗  gets mapped to the vector in 
 

𝑇𝑓(1,2,5)𝑀 = 𝑇
(

−2

√21
,
−4

√21
,

1

√21
)
𝑀,  

 

given by  
−2

(21)
3
2

< 43,−19 > with respect to the basis: 

 

{
𝜕𝑦−1

𝜕𝑦1 ,
𝜕𝑦−1

𝜕𝑦2 }   = {< 1, 0,
−𝑦1

√1−(𝑦1)
2
−(𝑦2)

2
>,   < 0, 1,

−𝑦2

√1−(𝑦1)
2
−(𝑦2)

2
 >} .    

 
 

𝑓(𝑝) = (
−2

√21
,

−4

√21
,

1

√21
) 

 

so in this case 𝑦1 =
−2

√21
 and 𝑦2 =

−4

√21
 .          

 

Thus, 
𝜕𝑦−1

𝜕𝑦1 =< 1, 0, 2 > and 
𝜕𝑦−1

𝜕𝑦2 =< 0, 1, 4 > so we can write:      

 

𝐷𝑓(1,2,5)(𝑤⃗⃗ ) =
−2

(21)
3
2

< 43,−19 >=
−2

(21)
3
2

(43
𝜕𝑦−1

𝜕𝑦1  − 19
𝜕𝑦−1

𝜕𝑦2 )       

 

                                     =
−2

(21)
3
2

(43 < 1, 0, 2 > −19 < 0, 1, 4 >) 

 

                                     =
−2

(21)
3
2

< 43,−19, 10 >       

 

in the standard basis for ℝ3. 
 


