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                  The Differential of a Map- HW Problems 

 

1.    Let 𝑆+
2 ⊆ ℝ3 be the upper hemisphere parametrized by 

          Φ⃗⃗⃗ (𝑢, 𝑣) = (𝑢, 𝑣, √1 − 𝑢2 − 𝑣2),     𝑢2 + 𝑣2 < 1,   

 

        and 𝑆−
2 ⊆ ℝ3 the lower hemisphere parametrized by 

           Ψ⃗⃗⃗ (𝑢̅, 𝑣̅) = (𝑢̅, 𝑣̅, −√1 − 𝑢̅2 − 𝑣̅2),     𝑢̅2 + 𝑣̅2 < 1.  

 

        Let 𝑓: 𝑆+
2 → 𝑆−

2  by  𝑓(𝑢, 𝑣, √1 − 𝑢2 − 𝑣2)=(-v,-u, -√1 − 𝑢2 − 𝑣2). 

 

a. Find the differential of 𝑓, 𝑑𝑓. 

 

     b.   At 𝑢 =
1

2
, 𝑣 =

√2

2
  let 𝑤⃗⃗ ∈ 𝑇

Φ⃗⃗⃗ (
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2
,
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2
 )
𝑆+

2 = 𝑇
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1
2
,
√2
2
,
1
2
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𝑆+

2   be given as  

           𝑤⃗⃗ = 2Φ⃗⃗⃗ 𝑢 (
1

2
,
√2

2
) − Φ⃗⃗⃗ 𝑣 (

1

2
,
√2

2
).  Find 𝑑𝑓(𝑤⃗⃗ ) in terms of the 

           basis 
𝜕Ψ⃗⃗⃗ 

𝜕𝑢
 and 

𝜕Ψ⃗⃗⃗ 

𝜕𝑣̅
 at the point 𝑓 (Φ⃗⃗⃗ (

1
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,
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2
)) = (−
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2
, −
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2
, −

1

2
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           as well as finding it in terms of the standard basis in ℝ3. 
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2.   Let 𝑀 be the surface in ℝ3 given by  

              𝑥−1(𝑥1, 𝑥2) = (𝑥1, 𝑥2, (𝑥1)(𝑥2));      𝑥1, 𝑥2 ∈ ℝ.   

 

       Let 𝑁 = 𝑆+
2 = {(𝑥1, 𝑥2, 𝑥3)|  (𝑥1)2 + (𝑥2)2 + (𝑥3)2 = 1, 𝑥3 > 0} 

       be the upper hemisphere.  

 

       Define 𝜙:𝑀 → 𝑁 by 

    𝜙(𝑥1, 𝑥2, (𝑥1)(𝑥2)) 

                      = (−
𝑥2

√1+(𝑥1)2+(𝑥2)2
, −

𝑥1

√1+(𝑥1)2+(𝑥2)2
,

1

√1+(𝑥1)2+(𝑥2)2
).  

 

       Let 𝑦: 𝑁 → ℝ2 by 𝑦(𝑦1, 𝑦2, √1 − (𝑦1)2 − (𝑦2)2) = (𝑦1, 𝑦2). 

 

 

    a.   Find the differential of 𝜙, 𝑑𝜙.  

 

    b.   Let 𝑤⃗⃗ ∈ 𝑇(2,−2,−4)𝑀 where 𝑤⃗⃗ =
𝜕𝑥−1

𝜕𝑥1 − 2
𝜕𝑥−1

𝜕𝑥2  .  Find 𝑑𝜙(𝑤⃗⃗ ) in   

           the standard basis for ℝ3.    

 


