Manifolds

Def. Let U and V be open sets in R™. A differentiable function, h: U — V with
a differentiable inverse h™1: V — U, is called a diffeomorphism
(“differentiable” will mean C* from here on).

Def. A subset, M © R", is called a differentiable manifold (or just a
manifold) of dimension k if for each point x € M there is an open
set W € R"™, an open set U € R¥, and a diffeomorphism:

h:WnM-U.

h is called a system of coordinateson W N M.
h=1:U - W N M is called a parameterization of W N M.
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The set {h,, W, } of coordinate functions and sets W, that cover M is called an
atlas.

Ex. A pointin R" is a zero dimensional manifold.
An open set in R"™ is an n-dimensional manifold.



Notice that if (hy, W;) and (h,, W,) are two coordinate systems on
Wl’ WZ - M, where hl: Wl - Ul and hz: W2 - Uz, then:

hiy = hyhitihy (W N W) = hy (W) N W)

is a differentiable map of an open set in R¥ into an open set in

]Rk, and is called a transition function between the coordinate
systems (hy, W;) and (h,, W5).

Def. An atlas (hy, W,,) is called smooth if all of the transition functions are smooth.



Ex. Show that S2 = {(x,y,2) € R3|x% + y? + z2? = 1} is a (differentiable)
manifold.

One way to do this is to define the following 6 parameterizations of the sphere,
which cover the entire sphere.

@,V > R3where V = {(u,v) € R?| u? + v2 < 1}

51(u,v)=(u,v,\/1—u2—v2) (z > 0)
D,(u,v) = (w,v,—V1 —u? — v2) (z < 0)
33(u,v)=(u,\/1—u2—v2,v) (y > 0)
D, (u,v) = (w,—V1 —u? —v2,v) (y<0)
35(u,v)=(\/1—u2—v2,u,v) (x > 0)
D (u,v) = (—V1-u2—vZuv) (x < 0)

@, (u,v) =|(u,v, V1 —u? - v?)
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To show that these 6 parameterizations make S? into a manifold we must
show:

1) C_I))l- is a diffeomorphism, fori = 1, ...,6
2) US_, ®; (V) 2 S2.



To show that @; is a diffeomorphism we must show:
a. @; isonetoone
b. @, is onto its image

C. 51- and 51_1 are differentiable.

Let’s show that 6)1 is a diffeomorphism.

a. 51 (u,v) = 51 (u',v")
(wv,V1—u? —v?) = W, v V1 —w? —v'?)
so (u,v) = (u',v') and @ is one to on.

b. By definition 5’1 maps V onto 51 (V).

C. Each $i is differentiable on V' because all of the partial derivatives of

all orders exist (since u? +v? 1). The inverse functions of the @;s
are just projections. For example:

(31)_1 (u, v,\/l —u? — 172) = (u,v).

— \—1
All partial derivatives of all orders exist so (Cbl) is differentiable. The

— (-1
same holds for the other (CIDi) .

Ul-6=1 ®; (V) 2 S? because every point of 2 has at least one non-zero
coordinate.



What do the transition functions look like? First, notice that not all
a)i(V), E)’j (V) intersect (e.g. 31 (V) is the upper hemisphere and 62 (V) is the
lower hemisphere). As an example, let’s look at 61 V) n 53 (V).

61 (V) = points on S? with z > 0
63 (V) = pointson S% with y > 0

E))l (V) n 253 (V) = points on S% with y > 0 and z > 0.

&5(u,v) = (u,V1—u2 —v2,v)
5)3_1(11,\/1 —u2 —v2,v) = (u,v).

So (53)_151(% V) = 5571(11, v,V1—u2 —v?) = (4, V1 —u? — v2).

Other transition functions are also differentiable, thus {5{1, 61- (V)} for
i =1,..,6 isasmooth atlas for S2.

Stereographic Projection:

A second way to show that the unit sphere S? € R3 is a manifold is by
using a stereographic projection. We start by covering S? with two open sets:

W, = S2—(0,0,1)
W, = S2 —(0,0,—1).



To map W onto R? we take any point (x,y,z) € §% — (0,0, 1) and imagine
a line, I, through the points (x,y, z) and (0,0,1) (the north pole). We will
map (X, y, Z) to the intersection of the line, [, with the X, y-plane.

,0)

Let’s find a formula for this point of intersection. A direction vector for this line is
givenby: < x,y,z>—-<0,0,1>=<x,y,z—1 >. So a vector equation
of the line is given by:

() =<0,0,1>+t<x,y,z—-1>=<tx,ty,t(z-1)+1>

where t € R.
1
This line intersects the X, y-planewhen t(z — 1) + 1 =0ort = -
X 4
So the point of intersection with the x, y-plane is: < 1712 >
Thus, my: Wy = R? by m, (x, v, 2) =(i L)
» 5170 1\~ T 1-z"1-2z)°

Next we want to show that 17 is a diffeomorphism.



Claim: 174 is one-to-one.

1 (%1, ¥1,21) = m1(X2,¥2,22)

X X
— 1 2 : 41 — Y2
1—21 1—22 1—21 1—22
But notice:
X1 2 Vi 2 xF+y2+(1-2z4)2

+ +1= ~

1-2, 1-2z, (1-z1)
_ xf+yf+zi-2z1+1  2(1-zy) 2
(1-2z4)?

C(1-z)? 11—z

2 2
X 2
By the same argument, (1 Zz ) + ( Y2 ) +1 =
—Z3

1—22 1—22
2 2
But then = =>Z1 =2 Thus:
1—21 1—22
X1 __ X2

And so TT¢ is one-to-one.



Claim: 14 is onto R?.

Let (a, b) € R?, we must find X, y, Z such that ; (x, ¥, z) = (a, b)
and (x,y,z) € W;.

X
—_— a
-z
2
1-z
As before:
2 2
2 X
—=(—) +(L) +1=a?+b%+1
1-z 1-z 1-z
2
= l—-z= —7—.
a?+b2+1
But:
~ —a =x=a(l z)—z—a
1-z - T a?+b2+1

y 2b
—=p=>2y=b(1—2) =————
1-z Y ( ) a’?+b?+1

2 a’+b%-1
a2+b%2+1  a2+4b2+1°

( 2a 2b a2+b2—1)
1

= (a, b).
a?+b2+1’ a?+b?%+1’ a?+b?+1 (a,b)



2a 2b a’+b%-1
a?+b%2+1’ a?+b?2+1’ a?+b%2+1

( 2a )2 +( 2b )2 N (a2+b2—1)2 _ (a?+p241)" .
aZ+b2+1 aZ+b2+1 a2+b2+1)  (a?+b2+1)2

Sop € S2.

How do we know p = ( ) e W;?

2 2 2 2 a2+b2—1
a‘+bc—1<a*+b“+1soweknowz =——>—%*1
a?+b?+1

Thus, p € Wl'

In fact, we just showed that 7 1: R? —» ST — (0,0, 1) by:

2u 2V u2+v2—1)
w2+v2+1’ u2+v2+1’ u?+v2+1)°

nt ) =

Partial derivatives of all orders exist for 7T and 7'[1_1, so they are both C®. Thus,
174 is a diffeomorphism.

X Y

1_+z’1_+z) isalsoa

Similarly, m,: S% — (0,0,—1) = R? by: m,(x,y,2) = (

diffeomorphism.
Notice that r7 1(R?) U 5 1(IR?) 2 S? since:
77 1(R?) = §2 — (0,0,1)
m,; 1(R?) = 52— (0,0,—1).

Thus S? is a smooth manifold.

Calculating the transition function T,y * (U, V) we get:

T ﬂ_l(u ) =1 ( 2u 2v u2+v2—1) . ( u v )
21 ’ 2 \u2+4v2+1  u2+4v2+1’ u24v2+1 u?+v2’ u24+v2)’
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Def. H* = {x € ]Rk|xk > 0} is called the half-space.

Ex. H? is the upper half plane with the x-axis and
3 ={(x,y,z) e R?| z > 0}.

Def. M € R" is a k-dimensional manifold with boundary if each x € M hasa

neighborhood W N M that is diffeomorphic to an open set U € R¥ or
diffeomorphic to U N H*, where U is an open set in R¥. The set of pointsin M
where W N M is diffeomorphic to U N H¥ are called boundary points of M.
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Ex. An example of a manifold with a boundary is the half torus, M, in R3 given by:

6(11, V) = ((2 + cosv)cosu, (2 + cosv) sinu, sin v)
where (u,v) € [0, ] X [0, 2m].

This is the part of the torus where y = 0.
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We can cover this manifold with 4 sets:
WinM={peMlO0<v<m, 0<u<m}

T 31
wynM={pem|i<v<®, 0<us<n
WoenM={peMrn<v<2m 0<u<mn}
W4nM={peM|3§<v32nor0<vs§, OSuSn}

Let U; = {(x,y)| 1 < x% + y% < 9}.

Define: hl: Wl NnNM - Ul N H2
by hl(x:y;z) = (x,y)-

This is just the projection of M where z > 0 onto part of an annulus in the
X, y-plane.

U, N H?

It’s not hard to show that h4 is a diffeomorphism. h3 is the same
function except it maps points in M where z < 0 onto U; N H?.

h, and h, can be gotten by first rotating W, N M and W, N M by%

(i.e. replace v with v — %) and then apply h; and h3 respectively.
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Def. Let M be a differentiable manifold of dimension k. We say M is
orientable if there is an atlas for M, {h,, W, }, such that all of the

transition functions: hg © h,t: ha(Wa N Wﬁ) - hg (Wa N Wﬁ)
have positive Jacobians (i.e. det ((hﬁ o h;l)’) > 0).

Ex. Consider the following atlas on S?

m,.:52 — (0,0,1) > R2

ey = (2, 2)

1-z"1-z

m,:5%—(0,0,—1) > R?

m,(x,y,2) = (i —L).

14z’ 1+z

From a homework problem you will see that:

_1( ) ( 2u 2v u2+v2—1)
T u,v)= .
1 ’ w2+v2+1°’ u2+v2+1’ u?+v2+41

Thus we have:

( _1)( ) ( 2u 2V u2+v2—1)
T> o TT u,v)=r1r
2 1 ’ 2 \u24v2+1° u2+v2+1  u2+v2+1

u —v
- (u2+v2 'u2+v2)'

u?-v? —2uv
214,2)2 214,2)2
—1Ns (u?+v2) (u?+v2)
T, O TT u,v) =
(2 1)(;) 2uv u2—p2

(u?2+v2)2  (u2+4v2)2
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(uz—v2)2+4u2v2 _ 1

det((mz o 7)) =y = Gy

>0

and finite since 17 1(0,0) = (0, 0, —1), which is not part of the domain
of ,. Thus we can say S?2 is orientable.

. X y
Note: the atlas with 1 (x, y, z) = (E , E) and
X y . I
m,(x,y,2z) = (E , E) ; the standard stereographic projection does not

have:
det((m, o)) > 0.



