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                                  Manifolds- HW Problems 

 

1.  Let 𝑆3 = {(𝑥1, 𝑥2, 𝑥3, 𝑥4) ∈ ℝ4| (𝑥1)
2

+ (𝑥2)
2

+ (𝑥3)
2

+ (𝑥4)
2

= 1}.    

 

     Let 𝑊1 = 𝑆3 − (0,0,0,1);   and  𝜋1: 𝑊1 → ℝ3  by 

                      𝜋1(𝑥1, 𝑥2, 𝑥3, 𝑥4) = (
𝑥1

1−𝑥4 ,
𝑥2

1−𝑥4 ,
𝑥3

1−𝑥4).    

     

    Let 𝑊2 = 𝑆3 − (0,0,0, −1);   and  𝜋2: 𝑊2 → ℝ3  by 

                      𝜋2(𝑥1, 𝑥2, 𝑥3, 𝑥4) = (
𝑥1

1+𝑥4 ,
𝑥2

1+𝑥4 ,
𝑥3

1+𝑥4) . 

    

  Show that (𝜋1, 𝑊1), (𝜋2, 𝑊2)  is a smooth atlas for 𝑆3 by showing 

     a.   𝜋1 and 𝜋2 are diffeomorphisms. 

     b.   𝑊1 ∪ 𝑊2 ⊇ 𝑆3 

     c.    𝜋2  ⃘𝜋1
−1  is 𝐶∞.  Find 𝜋2  ⃘𝜋1

−1 first. 
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2.   Let 𝑆1 = {(𝑥, 𝑦) ∈ ℝ2| 𝑥2 + 𝑦2 = 1}.     

 

      Let 𝑊1 = 𝑆1 − (−1, 0),     𝑊2 = 𝑆1 − (1,0) and  

 

      𝑦1: ℝ → 𝑆1 − (−1,0)  by  𝑦1(𝑡) = (
1−𝑡2

1+𝑡2 ,
2𝑡

1+𝑡2)  

 

       𝑦2: ℝ → 𝑆1 − (1,0)  by  𝑦2(𝑡) = (
𝑡2−1

1+𝑡2 ,
−2𝑡

1+𝑡2). 

 

     Show that: 

     a.  𝑦1 and 𝑦2 are diffeomorphisms (you might want to use the fact 

          
1−𝑡2

1+𝑡2 = −1 +
2

1+𝑡2). 

     b.    𝑊1 ∪ 𝑊2 ⊇ 𝑆1. 

     c.     𝑦1
−1𝑦2 is 𝐶∞. 


