Contravariant and Covariant Vectors

Given any point @ € R", let ]Rg be the set of vectors in R™ whose “tail”
isat a € R™. That s, Rg is the set of vectors tangent to R™ at d. ]Rg is
the tangent space of R"at a € R".
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If f:U € R™ - R" is a differentiable map, then we know Df (@)
is a linear transformation from R™ to R™. We can interpret this linear
transformation as a map from ]Rg to R?(a) by:

Df(a): ]Rg» - ]7}(&)

(DF@) @) = (DF@@)) 5,
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In particular, if f: U € R™ — R™ is a change of coordinates, i.e.
dim ((Df(c_i))(]Rg)) = n, then Df (@) is an isomorphism (one-to-one and onto).
Thus, Df (@) maps a basis for R7; to a basis for }l(a) foreachda € U € R™.

If we start with a position vector R =< X1, X, > in rectangular coordinates
in R2, then the tangent space at < X1, X, >, ]Rixl,x2> , is spanned by:

oR oR
—=<1,0> —=<0,1>
axl axz
<0,1>
+ T—§< 1,0 >/
< Xy, Xy >
Rixl,x2>

In other words, {< 1,0 >, < 0,1 >} are a basis for the tangent space
of ]Rixl’x2> at any point < xq, X, >.



Now let’s change to polar coordinates (for simplicity let x;, x, > 0):

r =X =+x%+x3 0 =%, =tan_1(i—2)
1
e, f1RZ > R%by  f(xq,xp) = (\/xl2 + x5, tan_l(i—:) )
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As just noted, D f (x4, x,) will map a basis for RZy, x,> into a basis for ]Rf<x1,x2> :
So under the change of coordinates given by f, how is the new basis for Rjzr<x1'x2>

related to the basis for ]Rixl,xp?

If we call the basis for ]R%]%<x1’x2>, {V1, U2}, then we know that:
Df(xlixZ) < 1,0 > = 1_7)1
Df(xl,xz) < 0,1 > = 1_7)2.

But we can calculate Df (x4, x5):

_ _ X X
6x1 6x1 1 2
dxq1 Oxy | _ \[x%+x§ \/x%+x§
Df(xl,x2)= 0x 0x -
OXx2 0X2 X3 X1
0x; 0%y x24+x2  x2+x3
X1 X2 X1
f 2,2 f 2, .2 2,2
x2+x x2+x 1 x2+x N
Df(xli xZ) < 1)0 >= 1 2 1 2 ( ) = 1 2 = vl
X2 X1 0 X2
x2+x2  xZ2+x2 x2+x2
X1 X2 X2
/ 2,2 f 2,2 2, .2
x24x xX2+4x 0 x2+4+x
Df(xl,x2)<0,1 >= 1o 12 ( )= 1oz =132.
X2 X1 1 X1

2 2 2 2
x1+x2 x1+x2 x1+x2



Df (x1,x,) maps the basis {< 1,0 >,< 0,1 >} in RZ, . - onto the basis

X2 X1

2
b x%4x2 7 ’ x24x?2 > inR 2,2 122"
/x%+x§ 1772 /x%+x§ 1772 <J¥txgtanTi(EH)>

Notice that unlike the basis {< 1,0 >, < 0,1 >} for RZ,_ , -,
which is the same for any < X1, X, >€ R?, the new basis for

2
R .. dependson x; and x,.
< [x}+x3 ,tan‘l(x—i)>

If we have a vector in rectangular coordinates Ade ]Rixl,xp given by:
A=<ALA>=A'<1,0> +42<0,1>

how are the components A%, A% of Df (x4, xz)(/f), related to A, A%?

That is, what are Al and A% if:

Df (x1,x,)(< AY, A% >) =< AL, A% >?

X1 X2
/ 2,2 / 2,2
, x2+x2 x2+x2
Let'suse Df (x1,x,) = as an example.
X2 X1

2 2 2 2
x1+x2 x1+x2



Notice, we can rewrite this in matrix form as:

X4 Xy
Vi :Zx% \/xfxirxi (ﬁ;)z(gl)

2 2 2 2
x;{+x5; x3+Xx5

At = A' ==+ AP ==
/x%+x§ /x%+x§

12 — A1 %2 2_ X1
A= -4 X2 +4x2 x24x2"
1t+x3 1t+x;

In general, for a change of coordinates in R?, f:Uc R? - R?, given by:

fQxq,x2) = (X1 (%1, %2), X2 (%1, X2))

0%, 0%
axl axz
Df(xli xZ) = 0%, 0%,
9x, 0xy

Df(xq,x,)(< AL, A% >) =< A%, A% >, becomes

dx,; 0Xx1
6x1 axz (Al) _ (/Tl) Thus:
0%, 0%, |\g2) ~ \ g2/ "™
6x1 axz
- 0x 0x 2 ; 0X4
A1:A1_1 A2—1= 2 Al_
0x4 t 0x5 =177 ax;
re (3322 2 (33?2 2 1 6922
A=p2 p22=32 pi2
0x1 T 0x5 =177 gyx;



Def. Let (x%,...,x™) and (X}, ...,X™ ) be two coordinate systems in a

neighborhood of a point, p € R™. An n-tuple < A%, ..., A" >is
said to constitute the components of a contravariant vector (or a
tensor of type (1,0)) at a point p if the components transform according

SoavectorA =< Al,.., A" >€ ]Rg is a contravariant vector (that is
why we will write coordinates with superscripts from now on).

to the relation:

Q)|QJ

Another way to see that a vector A = < A%,.., A" >€ Rp is a contravariant

vector is if we represent it by:

i=1 j=1
Then by the Chain Rule:
OR  9R 0%} s OR 0x" <o OR 0%/
dxi  9xl 0xt 0% 0xt L 9% 0x




Ex. Lety(t) = (xl(t), . x"(t)) be a curve in R™. Show that the tangent

, dxl dx™\ | )
vector, y'(t) = —— =»—— ), is a contravariant vector.

2 _ (adx?! dx™ _ dx)
Let A = (i, ,L) so that the j* componentis A7 = iy
dt dt dt
Let y(t) = (fl (t),..,x" (t)) represent the same curve in another
coordinate system X1, ..., X" so the tangent vector is:
pd d =1 dx™ —_ d cJ
A= ( ad - ad ) and A/ = ==,
dt dt dt
Using the change of coordinates:
fl == fl(xl, ...,xn)
Xn = Xn (X1, o) Xn)
we get by the Chain Rule:
i dx' 0x'dx’ N 0x" dx? s ox* ox™
~dt  9xl dt  0x? dt dx™ ot
-1 -1 -1 n -1
Alax +A20x N +An6x ZAiax
7 axt 0x2 ox™ ; dxt
1=
Similarly:
i dx/  9x/ dx! N 0%/ dx? ot dx) ax™
Cdt  oxl dt  0x? dt dx™ Ot
. . . n o
T dx/ a2 dx’ opAn dx’ Z 2 dx/
7 ox? 0x2 axm ; dxt
1=

So the tangent vector to ¥ (t) is a contravariant vector.



Ex. Let y(t) = (tcost?,tsint?). Given that we know that ' (t) is a
contravariant vector, find the components of the tangent vector (/Tl, /TZ)
in polar coordinates from the components of the tangent vector (Al, AZ)
in rectangular coordinates.

v'(t) = (41, 4%) = (—2t%sint? + cost?,2t% cost? + sint?)
Al = —2t?sint? + cos t?

A% = 2t% cost? + sin t2.

Since (Al,AZ) is a contravariant vector:

ox1 6x1 - %2 %2
Al = A1 — AZ A? = AT = 4+ A> =
0x1 T 0x1 T J0x?
x! = k' cos ¥? = t cost?; xl =t
x? = xlsinx? = tsint?; X% = t2.

dict 1 —
Notice that we want 6_ but we are given xt x in terms of xl, xz, and

not the other way around. However, remember that if:

ox1  ox? oxl ox?
_ | 0x1 oxZ o . o7—=1 _ | ox1 09x2
J = ox? 952 | thenits inverseis |~ ~ = 972 %2

0xl 0x2 oxl 0x?2



So let’s calculate J and invert the 2x2 matrix to find ]_1 and hence the derivatives
we want.
_ (cos ¥? —xlsin 3?2)
sinx? x!cosx?

det(J) = x! cos? x? + x! sin? x? = i1

_2 . —2
11 (3?1 cosx? xlsin 3?2) _ (COS_ X~ s x2>
J == = sinx cos X

' \—sinx?  cosx? —— —
X X
0% _ coS X2 ox_ _ sin x2
ax1 ox2
%% _ sinx? %% _ cosx?
x1 x1 dx1 x1

So we get:

A= _+ yLRes 0%
= (—21&2 sint? + cos t2)(cos x2) + ((2t% cos t? + sin t?)(sin x2))
= (—2t%sint? + cost?)(cos t?) + ((2t2 cos t? + sin t?)(sin t2))

cos?t? 4 sin? t? =

= (—2t*sint? + cos t?) ( Slzx ) + ((th cost? + sin t?) (Cosx ))

: 2
= (—2t*sint? + cos t?) (— Sn;t ) + <(2t2 cost? + sint?) (COSt ))

= 2t sin? t? + 2t cos? t? = 2t.

Thus we have: (41, 42%) = (1, 2¢t).



Def. Let (x1,..,x™) and (X1, ...,X™) be two coordinate systems in a
neighborhood of a point p € R™. An n-tuple (B4, ..., By,) issaid to
constitute the components of a covariant vector (or a (0, 1) tensor) at a
point, p, if the components transform according to the relation:
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Ex. Let f:IR™ — R be a smooth function. Show that the gradient

o = (2,2

Sl W) is a covariant vector.

d _
In this case, B; = ™ f] if xt = x1(xt, ..., &™),

then by the Chain Rule in the xl,

e, X =2 L XN,

., X" coordinate system:

v = (2., 2)

ox1l’ 7 gxn

= 90f _ of ox*  of ox* of ox™
BJ  9x) oaxlox/  0x2oxi ot '

— dx1 dx? ax™
B]=31ﬁ+3261+ +Bnﬁ

|
“'M 3
Q|
X =
~ ~

So Vf is a covariant vector.



Ex. Suppose f: R? - R and we know that

Vi = (4x ((x1)? + (x®)?) + x%, 4x*((xD)? + (x2)?) + x1),

If x1 = X1 cos % and x2 = X! sin x2, find Vf in the (X1, x2)
coordinate system. Give the answer only in terms of )?1, X% NOT xl, x?

Since Vf is a covariant vector, if we call B = (El, Ez) the gradient with

respectto X1, X% and B = (B4, B,) the gradient with respect to x1, x2
then we can write:

x2 x2

B1—B1 1+Bza1, Bz—B1 z"‘Bzaz

By = 4x1((x1)? + (x?)?) + x?
B, = 4x?((x1)? + (x?)?) + «1

0% _ o5 7 X _ in%

o1 = COSX ~oi = sinX
1 2

6—3_62 = —x'sin x? a—}_cz = x! cos x*

0x 0x

= [4x1((x1)? + (x?)?) + x?] cos 2 + [4x%((x1)? + (x?)?) + x!] sin x?

= [4x! cos % (x1)? + X' sin x¥?] cos x>
+[4x! sinx? (x1)? + x! cos x¥?] sin x?

= 4(x")’(cos? (%) + sin?(%2)) + 2% (sin £2)(cos ¥2)

= 4(x1)% + 2% ((sin(x?))(cos(x?)).
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B, = [4x*((x1)? + (x?)?) + x?](—x1sin x?)
+[4x%((x1)? + (x?)?) + x1](x?! cos x?)

= [4xt (cos x2)(x1)? + %! sin x2](—x1sin x?)
+[4x1(sinx?)(x1)? + x cos x?](x! cos x?)

= —(®)%(sin(x2)) + (¥1)2(cos%(x2)).

So in the coordinate system X1, X2 the gradient of fis:

Vi = (4(x1)3 + 21 ((sin(x?))(cos(x?)), (fl)z(cosz(fz) — sin?(x2))).



