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     Connections and Covariant Differentiation- HW Problems 

 

1.   Let 𝑆2 be parametrized by 

      Φ⃗⃗⃗ (𝑥1, 𝑥2) = (𝑐𝑜𝑠𝑥1𝑠𝑖𝑛𝑥2, 𝑠𝑖𝑛𝑥1𝑠𝑖𝑛𝑥2, 𝑐𝑜𝑠𝑥2),     with the induced 

     metric       𝑔 = (sin
2 𝑥2 0
0 1

). 

     a.   Find the 8 Christoffel symbols for the metric 𝑔. 

     b.   Let 𝑉 be a vector field on 𝑆2 given by 

             𝑉 = (𝑥1𝑥2)Φ⃗⃗⃗ 𝑥1 + 𝑥1Φ⃗⃗⃗ 𝑥2 =< 𝑥1𝑥2, 𝑥1 >.     

             Find the components of ∇𝑉. 

 

2.   Let 𝑆 be the portion of a cone in ℝ3 parametrized by  

           Φ⃗⃗⃗ (𝑥1, 𝑥2) = (𝑥1𝑐𝑜𝑠𝑥2, 𝑥1𝑠𝑖𝑛𝑥2, 𝑥1);     𝑥1, 𝑥2 ∈ ℝ, 𝑥1 > 0 

       with the induced metric 

                                  𝑔 = (
2 0
0 (𝑥1)2

). 

     a.   Find the 8 Christoffel symbols for the metric 𝑔. 

     b.   Let 𝑉 be a vector field on 𝑆2 given by 

             𝑉 = (𝑥2)2Φ⃗⃗⃗ 𝑥1 + (𝑥1)2(𝑥2)Φ⃗⃗⃗ 𝑥2 =< (𝑥2)2, (𝑥1)2(𝑥2) >. 

             Find the components of ∇𝑉. 
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3.   Let 𝑆 = ℝ+
2 = {(𝑥1, 𝑥2) ∈ ℝ2| 𝑥2 > 0} with the metric 

                               𝑔 =
1

(𝑥2)
2 (

1 0
0 1

).   

     a.   Find the 8 Christoffel symbols for the metric 𝑔. 

     b.   Let 𝑉 be a vector field on 𝑆 given by 

             𝑉 =<
𝑥1

𝑥2 , 𝑥1 >.    

             Find the components of ∇𝑉. 

 


