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      Riemannian Metrics- Length and Volume- HW Problems 

 

1.  Find the length of the portion of the great circle on the unit 

sphere in ℝ3 starting at (0,0, −1) and ending at (1,0,0) using the  

metric: 

a.    Induced by the inverse of the stereographic projection 

               Φ⃗⃗⃗ (𝑢, 𝑣) = (
2𝑢

𝑢2+𝑣2+1
,

2𝑣

𝑢2+𝑣2+1
,

𝑢2+𝑣2−1

𝑢2+𝑣2+1
) .   

       First show this metric is (ℎ𝑖𝑗) =
4

(𝑢2+𝑣2+1)
2 (

1 0
0 1

).     

 

b.   If  (ℎ𝑖𝑗) are the components of the metric in part a then let 

      the components of the metric be given by   𝑔𝑖𝑗 =
1

(𝑢2+𝑣2+1)
2 ℎ𝑖𝑗  .    

 

                   

2.    Find the surface area of the lower hemisphere of the unit sphere 

         {(𝑥, 𝑦, 𝑧) ∈ ℝ3| 𝑥2 + 𝑦2 + 𝑧2 = 1, 𝑧 < 0}, using 

    a.   the metric in problem 1a 

    b.   the metric in problem 1b. 
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3.   Let 𝐷 = {(𝑥, 𝑦) ∈ ℝ2| 𝑥2 + 𝑦2 < 1},   with the metric given by 

                       (𝑔𝑖𝑗) =
4

(1−𝑥2−𝑦2)
2 (

1 0
0 1

).    

    a.   Find the length of the curve 𝑥2 + 𝑦2 =
1

4
 .   

    b.   Find the area of the region bounded by 𝑥2 + 𝑦2 =
1

4
 ,  i.e.,       

           𝑥2 + 𝑦2 <
1

4
 . 


