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Functions from ℝ𝑛 to ℝ𝑚 
 
 

ℝ𝑛 = {(𝑥1, … , 𝑥𝑛)| 𝑥𝑖 ∈ ℝ, 𝑖 = 1, … , 𝑛} 
 
 ℝ𝑛 is a vector space with standard basis {𝑒1, … , 𝑒𝑛} where 
 𝑒𝑖 = < 0, 0, 0, 1, 0, … , 0 > (1 in the 𝑖𝑡ℎ place). The standard norm on ℝ𝑛 is 
given by: 
 

‖𝑥⃗‖ = √𝑥1
2 +⋯+ 𝑥𝑛

2 ,       where 𝑥⃗ = < 𝑥1, … , 𝑥𝑛 >. 
 
 
We can define a distance on ℝ𝑛 by: 
 

𝑑(𝑥⃗, 𝑦⃗) = ‖𝑥⃗ − 𝑦⃗‖ = √(𝑥1 − 𝑦1)
2 +⋯+ (𝑥𝑛 − 𝑦𝑛)

2 . 
 
 
 
 
 
 

Def.  If 𝑓: 𝐴 ⊆ ℝ𝑛 → ℝ𝑚, we say that 𝑓 is continuous at 𝒂⃗⃗⃗ ∈ 𝑨 if for all  
 𝜖 > 0  there exists a 𝛿 > 0 such that if ‖𝑥⃗ − 𝑎⃗‖ < 𝛿, then     
         ‖𝑓(𝑥⃗) − 𝑓(𝑎⃗)‖ < 𝜖. 
 
 
 
Def.  If 𝑓: 𝐴 ⊆ ℝ𝑛 → ℝ and 𝑎⃗ ∈ 𝐴, then we define the 𝒊𝒕𝒉 partial derivative of 
         𝑓 at 𝑎⃗ as: 
 

𝜕𝑓

𝜕𝑥𝑖
(𝑎⃗) = lim

ℎ→0

𝑓(𝑎1, … , 𝑎𝑖 + ℎ,… , 𝑎𝑛) − 𝑓(𝑎1, … , 𝑎𝑛)

ℎ
 

 

    as long as the limit exists. 
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Def.  If 𝑓: 𝐴 ⊆ ℝ𝑛 → ℝ𝑚, we say that f is differentiable at 𝒂⃗⃗⃗ ∈ 𝑨 if there   
          exists a linear transformation 𝜆: ℝ𝑛 → ℝ𝑚 such that: 
 

lim
ℎ⃗⃗⃗→0

‖𝑓(𝑎⃗ + ℎ⃗⃗) − 𝑓(𝑎⃗) − 𝜆(ℎ⃗⃗)‖

‖ℎ⃗⃗‖
= 0. 

 

In this case, we say 𝐷𝑓(𝑎⃗) =  𝜆.  
 
Let 𝑓: 𝐴 ⊆ ℝ𝑛 → ℝ𝑚, then we can write: 
 

𝑓(𝑥1, … , 𝑥𝑛) = (𝑓1(𝑥1, 𝑥2, … , 𝑥𝑛), 𝑓2(𝑥1, 𝑥2, … , 𝑥𝑛),… , 𝑓𝑚(𝑥1, 𝑥2, … , 𝑥𝑛))  
 

where 𝑓𝑖: ℝ
𝑛 → ℝ.  

 
 

Theorem:  If 𝑓:ℝ𝑛 → ℝ𝑚 is differentiable at 𝑎⃗ ∈ ℝ𝑛, then 
𝜕𝑓𝑖

𝜕𝑥𝑗
(𝑎⃗⃗) exists  

 for 1 ≤ 𝑖 ≤ 𝑚 , 1 ≤ 𝑗 ≤ 𝑛 , and 
 

𝐷𝑓(𝑎⃗) =

(

  
 

𝜕𝑓1
𝜕𝑥1

⋯
𝜕𝑓1
𝜕𝑥𝑛

⋮ ⋮
𝜕𝑓𝑚
𝜕𝑥1

⋯
𝜕𝑓𝑚
𝜕𝑥𝑛)

  
 

 

 

  where 
𝜕𝑓𝑖

𝜕𝑥𝑗
 is evaluated at 𝑎⃗.  

 

 

Def.   𝐷𝑓(𝑎⃗) is called the Jacobian matrix of 𝑓 at 𝑎⃗. So if 𝐷𝑓(𝑎⃗) exists, then all 

of the partial derivatives, 
𝜕𝑓𝑖

𝜕𝑥𝑗
 , exist at 𝑎⃗. The converse is not true: all of 

𝜕𝑓𝑖

𝜕𝑥𝑗
 

existing at 𝑎⃗ does not imply 𝐷𝑓(𝑎⃗) exists.  

 

 
Theorem (Chain Rule): If 𝑓:ℝ𝑛 → ℝ𝑚 is differentiable at 𝑎⃗ ∈ ℝ𝑛, and  
  𝑔:ℝ𝑚 → ℝ𝑝 is differentiable at 𝑓(𝑎⃗), then 𝑔 ∘ 𝑓: ℝ𝑛 → ℝ𝑝      

            is differentiable at 𝑎⃗ and 𝐷(𝑔 ∘ 𝑓)(𝑎⃗) = 𝐷𝑔(𝑓(𝑎⃗)) ∘ 𝐷𝑓(𝑎⃗). 
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Def.   A change of coordinates on an open set, 𝑈 ⊆ ℝ𝑛, is a differentiable map 

          𝑔: 𝑈 ⊆ ℝ𝑛 → ℝ𝑛 such that 𝑑𝑒𝑡(𝐷𝑔(𝑥⃗)) ≠ 0  for 𝑥⃗ ∈ 𝑈. 

 
Ex.  Suppose 𝑔: 𝑈 ⊆ ℝ𝑛 → ℝ𝑛 is a change of coordinates on 𝑈. Thus: 
 
 

𝑔(𝑥1, . . , 𝑥𝑛) = (𝑔1(𝑥1, . . , 𝑥𝑛), … , 𝑔𝑛(𝑥1, . . , 𝑥𝑛)) 
 
 

 
 

                                       𝑥̅1 = 𝑔1(𝑥1, . . , 𝑥𝑛) 
⋮ 

                                       𝑥̅𝑛 = 𝑔𝑛(𝑥1, . . , 𝑥𝑛). 
 

     Given 𝑓:ℝ𝑛 → ℝ, find a relationship between 
𝜕𝑓

𝜕𝑥𝑖
 and 

𝜕𝑓

𝜕𝑥̅1
, … ,

𝜕𝑓

𝜕𝑥̅𝑛
 . 

 
     By the Chain Rule, since 𝑓 ∘ 𝑔:ℝ𝑛 → ℝ: 
 

𝐷(𝑓 ∘ 𝑔)(𝑥1, … , 𝑥𝑛) = 𝐷𝑓(𝑔(𝑥1, … , 𝑥𝑛)) ∘ 𝐷𝑔(𝑥1, … , 𝑥𝑛) 

 

(
𝜕𝑓

𝜕𝑥1
 … 

𝜕𝑓

𝜕𝑥𝑛
) = (

𝜕𝑓

𝜕𝑥̅1
…

𝜕𝑓

𝜕𝑥̅𝑛
)

(

 
 

𝜕𝑔1

𝜕𝑥1
⋯

𝜕𝑔1

𝜕𝑥𝑛

⋮ ⋮
𝜕𝑔𝑛

𝜕𝑥1
⋯

𝜕𝑔𝑛

𝜕𝑥𝑛)

 
 

  

 
 

(
𝜕𝑓

𝜕𝑥1
 … 

𝜕𝑓

𝜕𝑥𝑛
) = (

𝜕𝑓

𝜕𝑥̅1
…

𝜕𝑓

𝜕𝑥̅𝑛
)

(

 
 

𝜕𝑥̅1

𝜕𝑥1
⋯

𝜕𝑥̅1

𝜕𝑥𝑛

⋮ ⋮
𝜕𝑥̅𝑛

𝜕𝑥1
⋯

𝜕𝑥̅𝑛

𝜕𝑥𝑛)

 
 

  

 
 

 

𝜕𝑓

𝜕𝑥𝑖
=

𝜕𝑓

𝜕𝑥̅1

𝜕𝑥̅1

𝜕𝑥𝑖
+⋯+

𝜕𝑓

𝜕𝑥̅𝑛

𝜕𝑥̅𝑛

𝜕𝑥𝑖
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Ex.  Let 𝑥̅1 = 𝑥1 cos 𝑥2;    𝑥̅2 = 𝑥1 sin 𝑥2;   𝑓(𝑥̅1, 𝑥̅2) = (𝑥̅1
2 + 𝑥̅2

2) + 𝑥̅1𝑥̅2. 

Calculate 
𝜕𝑓

𝜕𝑥1
,
𝜕𝑓

𝜕𝑥2
  by the Chain Rule and directly and show they are equal. 

 

  
 

Chain Rule:        
𝜕𝑓

𝜕𝑥1
=

𝜕𝑓

𝜕𝑥̅1

𝜕𝑥̅1

𝜕𝑥1
+

𝜕𝑓

𝜕𝑥̅2

𝜕𝑥̅2

𝜕𝑥1
 ;       

𝜕𝑓

𝜕𝑥2
=

𝜕𝑓

𝜕𝑥̅1

𝜕𝑥̅1

𝜕𝑥2
+

𝜕𝑓

𝜕𝑥̅2

𝜕𝑥̅2

𝜕𝑥2
  

 
 

                                
𝜕𝑥̅1

𝜕𝑥1
 = cos 𝑥2;                   

𝜕𝑥̅2

𝜕𝑥1
 = sin 𝑥2 

 

                                
𝜕𝑥̅1

𝜕𝑥2
 = −𝑥1 sin 𝑥2;            

𝜕𝑥̅2

𝜕𝑥2
 = 𝑥1 cos 𝑥2 

 

                                
𝜕𝑓

𝜕𝑥̅1
 = 2𝑥̅1 + 𝑥̅2;               

𝜕𝑓

𝜕𝑥̅2
= 2𝑥̅2 + 𝑥̅1. 

 

 
𝜕𝑓

𝜕𝑥1
 = (2𝑥̅1 + 𝑥̅2)(cos 𝑥2) + (2𝑥̅2 + 𝑥̅1)(sin 𝑥2)  

 

   = (2𝑥1 cos 𝑥2 + 𝑥1 sin 𝑥2)(cos 𝑥2) + (2𝑥1 sin 𝑥2 + 𝑥1 cos 𝑥2)(sin 𝑥2) 
 

   = 2𝑥1(cos
2 𝑥2 + sin

2 𝑥2) + 2𝑥1(sin 𝑥2)(cos 𝑥2) 
 

   = 2𝑥1 + 2𝑥1(sin 𝑥2)(cos 𝑥2). 
 
 
 

𝜕𝑓

𝜕𝑥2
 = (2𝑥̅1 + 𝑥̅2)(−𝑥1 sin 𝑥2) + (2𝑥̅2 + 𝑥̅1)(𝑥1 cos 𝑥2)  

 

     = (2𝑥1 cos 𝑥2 + 𝑥1 sin 𝑥2)(−𝑥1 sin 𝑥2)                                                                                
                                                             +(2𝑥1 sin 𝑥2 + 𝑥1 cos𝑥2)(𝑥1 cos 𝑥2) 
 

     = −𝑥1
2 sin2 𝑥2 + 𝑥1

2 cos2 𝑥2 . 
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Directly:            𝑓(𝑥̅1, 𝑥̅2) = 𝑥̅1
2 + 𝑥̅2

2 + 𝑥̅1𝑥̅2 = 𝑥1
2 + 𝑥1

2 sin 𝑥2 cos 𝑥2 
 

                                    
𝜕𝑓

𝜕𝑥1
 = 2𝑥1 + 2𝑥1 sin 𝑥2 cos 𝑥2  

  

                                    
𝜕𝑓

𝜕𝑥2
 = 𝑥1

2(− sin2 𝑥2+cos
2 𝑥2).  

 
 
Ex.  Let 𝑢 = 𝑥 − 3𝑦  and  𝑣 = 𝑥 + 3𝑦.  Let 𝑇:ℝ2 → ℝ be a smooth  

       function.  Find 
𝜕2𝑇

𝜕𝑢𝜕𝑣
 only in terms of derivatives of 𝑇 with respect to  

       𝑥 and 𝑦. 
 
By the chain rule: 

     
𝜕𝑇

𝜕𝑣
=
𝜕𝑇

𝜕𝑥

𝜕𝑥

𝜕𝑣
+
𝜕𝑇

𝜕𝑦

𝜕𝑦

𝜕𝑣
 .      So we need 𝑥 and 𝑦 in terms of 𝑢 and 𝑣 so we  

                                                   can calculate  
𝜕𝑥

𝜕𝑣
 and 

𝜕𝑦

𝜕𝑣
. 

 
        𝑢 = 𝑥 − 3𝑦                                                𝑢 = 𝑥 − 3𝑦                                             
        𝑣 = 𝑥 + 3𝑦                                                𝑣 = 𝑥 + 3𝑦                                             
𝑢 + 𝑣 = 2𝑥                                                𝑢 − 𝑣 = −6𝑦      

 

Or   𝑥 =
1

2
(𝑢 + 𝑣)                                       or  𝑦 =

1

6
(𝑣 − 𝑢).              

 

      
𝜕𝑥

𝜕𝑢
=
1

2
           

𝜕𝑥

𝜕𝑣
=
1

2
                          

𝜕𝑦

𝜕𝑢
= −

1

6
          

𝜕𝑦

𝜕𝑣
=
1

6
 . 

 

             
𝜕𝑇

𝜕𝑣
=
𝜕𝑇

𝜕𝑥

𝜕𝑥

𝜕𝑣
+
𝜕𝑇

𝜕𝑦

𝜕𝑦

𝜕𝑣
=
1

2

𝜕𝑇

𝜕𝑥
+
1

6

𝜕𝑇

𝜕𝑦
 

 
𝜕2𝑇

𝜕𝑢𝜕𝑣
=
𝜕

𝜕𝑢
[
𝜕𝑇

𝜕𝑣
] =

𝜕

𝜕𝑢
[
1

2

𝜕𝑇

𝜕𝑥
+
1

6

𝜕𝑇

𝜕𝑦
] =

1

2
[
𝜕

𝜕𝑢

𝜕𝑇

𝜕𝑥
] +

1

6
[
𝜕

𝜕𝑢

𝜕𝑇

𝜕𝑦
] 
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               =
1

2
[
𝜕2𝑇

𝜕𝑥2
𝜕𝑥

𝜕𝑢
+

𝜕2𝑇

𝜕𝑦𝜕𝑥

𝜕𝑦

𝜕𝑢
] +

1

6
[
𝜕2𝑇

𝜕𝑥𝜕𝑦

𝜕𝑥

𝜕𝑢
+
𝜕2𝑇

𝜕𝑦2
𝜕𝑦

𝜕𝑢
] 

 

                =
1

2
[
𝜕2𝑇

𝜕𝑥2
(
1

2
) +

𝜕2𝑇

𝜕𝑦𝜕𝑥
(−

1

6
)] +

1

6
[
𝜕2𝑇

𝜕𝑥𝜕𝑦
(
1

2
) +

𝜕2𝑇

𝜕𝑦2
(−

1

6
)] 

 

         
𝜕2𝑇

𝜕𝑢𝜕𝑣
=
1

4

𝜕2𝑇

𝜕𝑥2
−

1

36

𝜕2𝑇

𝜕𝑦2
 .          

 
   
                                       
Directional Derivatives: 
 

Def.  Let 𝐹:𝑈 ⊆ ℝ𝑛 → ℝ , 𝑎⃗ ∈ 𝑈 , and 𝑢⃗⃗ be a unit vector in ℝ𝑛. The 
 directional derivative of 𝐹 at 𝑎⃗ in the direction 𝑢⃗⃗ is: 
 

𝐷𝑢⃗⃗⃗𝐹(𝑎⃗) = lim
ℎ→0

𝐹(𝑎⃗ + ℎ𝑢⃗⃗) − 𝐹(𝑎⃗)

ℎ
 

 when the limit exists.  
 
   Notice: 
 

𝐷𝑢⃗⃗⃗𝐹(𝑎⃗) =
𝑑

𝑑𝑡
(𝐹(𝑎⃗ + 𝑡𝑢⃗⃗))|

𝑡=0
 

 
since if 𝑔(𝑡) = 𝐹(𝑎⃗ + 𝑡𝑢⃗⃗), then: 
 

                     𝑔′(0) = lim
ℎ→0

𝑔(0+ℎ)−𝑔(0)

ℎ
= lim
ℎ→0

𝐹(𝑎⃗⃗+ℎ𝑢⃗⃗⃗)−𝐹(𝑎⃗⃗)

ℎ
 . 
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Also notice by the Chain Rule: 
 

𝑑

𝑑𝑡
(𝐹(𝑎⃗ + 𝑡𝑢⃗⃗)) =  

𝜕𝐹

𝜕𝑥1

𝜕𝑥1

𝜕𝑡
+⋯+

𝜕𝐹

𝜕𝑥𝑛

𝜕𝑥𝑛

𝜕𝑡
 . 

 

So if    𝑥1 = 𝑎1 + 𝑡𝑢1   ⇒   
𝑑𝑥1

𝑑𝑡
 = 𝑢1 

       ⋮ 

𝑥𝑛 = 𝑎𝑛 + 𝑡𝑢𝑛   ⇒   
𝑑𝑥𝑛

𝑑𝑡
  = 𝑢𝑛     then: 

 

𝐷𝑢⃗⃗⃗𝐹(𝑎⃗) =
𝑑

𝑑𝑡
(𝐹(𝑎⃗ + 𝑡𝑢⃗⃗))|

𝑡=0
= ∇𝐹 ⋅ 𝑢⃗⃗ . 

 
So 𝑫𝒖⃗⃗⃗𝑭(𝒂⃗⃗⃗) is the rate of change of the value of 𝑭 in the direction of 𝒖⃗⃗⃗ at 𝒂⃗⃗⃗.       
  
 
In the case of a function 𝑧 = 𝑓(𝑥, 𝑦) we have:  
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Ex.   Find the directional derivative of 𝐹(𝑥1, 𝑥2, 𝑥3) = 𝑥1
2 + 𝑥2

2𝑥3 at the  point 
       (3, 2, 1) in the direction of 𝑢⃗⃗ = 1

√21
(−1, −4, 2).  

 

 

           𝐷𝑢⃗⃗⃗𝐹(3, 2, 1) = ∇𝐹(3, 2, 1) ⋅ 𝑢⃗⃗ 
 

∇𝐹 = (
𝜕𝐹

𝜕𝑥1
,
𝜕𝐹

𝜕𝑥2
,
𝜕𝐹

𝜕𝑥3
) = (2𝑥1, 2𝑥2𝑥3, 𝑥2

2)  
 

  ∇𝐹(3, 2, 1) = (6, 4, 4) 
 

𝐷𝑢⃗⃗⃗𝐹(3, 2, 1) = (6, 4, 4) ∙
1

√21
(−1,−4, 2) = − 

14

√21
 .  

 
 

Note:  If 𝐷𝐹(𝑎⃗) exists, then so do all of the partial derivatives of 𝐹 and      
           hence ∇𝐹. Thus, the directional derivative of 𝐹 in the direction of 𝑢⃗⃗ at 𝑎⃗ 
           also exists, since 𝐷𝑢⃗⃗⃗𝐹(𝑎⃗) = ∇𝐹 ⋅ 𝑢⃗⃗ . 
 
 
Inverse Function Theorem:  Suppose that 𝑓:ℝ𝑛 → ℝ𝑛 is continuously 
 differentiable in an open set 𝑈, containing 𝑎⃗ (i.e. 𝐷𝑓(𝑥⃗) exists for all    

          𝑥⃗ ∈ 𝑈 and 
𝜕𝑓𝑖

𝜕𝑥𝑗
 is continuous at 𝑥⃗ ∈ 𝑈 for 𝑖 = 1,… , 𝑛) and 

 𝑑𝑒𝑡(𝐷𝑓(𝑎⃗)) ≠ 0, then there exists an open set , 𝑉, containing 𝑎⃗ and an 

          open set, 𝑊, containing 𝑓(𝑎⃗) such that 𝑓: 𝑉 → 𝑊 has a continuous 
          inverse 𝑓−1:𝑊 → 𝑉, which is continuously  differentiable for 𝑦 ∈ 𝑊 and 

           satisfies: 

(𝑓−1)′(𝑦) = [𝑓′(𝑓−1(𝑦))]
−1

. 
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Note 1: If 𝑑𝑒𝑡(𝐷𝑓(𝑎⃗)) = 0, 𝑓 might still have a continuous inverse,            

             however its inverse is not differentiable. For example, 𝑓(𝑥) = 𝑥3 near 
             𝑥 = 0. 
 
Note 2:  The Inverse Function Theorem only guarantees a local inverse.         
               In fact, 𝑓 can have a local inverse at every point and not have a         

                 global inverse. For example, 𝑓(𝑥, 𝑦) = (𝑒𝑥 cos 𝑦 , 𝑒𝑥 sin 𝑦). 
 
 
Ex.   Suppose 𝑓(𝑥1, 𝑥2) = (𝑥1 cos 𝑥2 , 𝑥1 sin 𝑥2) ;    0 < 𝑥1 ,   0 ≤ 𝑥2 < 2𝜋,    
        so 𝑥̅1 = 𝑥1 cos 𝑥2 ,   𝑥̅2 = 𝑥1 sin 𝑥2. Find 𝐷(𝑓−1). 
 
 

𝐷𝑓(𝑥1, 𝑥2) =

(

 
 

𝜕𝑥̅1
𝜕𝑥1

𝜕𝑥̅1
𝜕𝑥2

𝜕𝑥̅2
𝜕𝑥1

𝜕𝑥̅2
𝜕𝑥2)

 
 
= (

cos 𝑥2 −𝑥1 sin 𝑥2
sin 𝑥2    𝑥1 cos 𝑥2

) 

 

       det(𝐷𝑓(𝑥1, 𝑥2)) = 𝑥1 cos
2 𝑥2 + 𝑥1 sin

2 𝑥2 = 𝑥1 ≠ 0. 
 
 

So by the Inverse Function Theorem: 
 

𝐷(𝑓−1)(𝑥̅1, 𝑥̅2) = [𝐷𝑓(𝑥1, 𝑥2)]
−1 . 

 

  
        Recall for a 2 by 2 matrix: 
 

𝐴 = (
𝑎11 𝑎12
𝑎21 𝑎22

)     ⟹       𝐴−1 =
1

det 𝐴
(
𝑎22 −𝑎12
−𝑎21 𝑎11

). 

 
Thus we have: 

 

𝐷(𝑓−1)(𝑥̅1, 𝑥̅2) =
1

𝑥1
(
𝑥1 cos 𝑥2 𝑥1 sin 𝑥2
−sin 𝑥2 cos 𝑥2

). 
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In terms of 𝑥̅1, 𝑥̅2: 
 

𝑥̅1 = 𝑥1 cos 𝑥2      𝑥̅2 = 𝑥1 sin 𝑥2         𝑥1 = √𝑥̅1
2 + 𝑥̅2

2 . 

 
So we can write: 

 

𝐷(𝑓−1)(𝑥̅1, 𝑥̅2) =
1

√𝑥̅1
2 + 𝑥̅2

2
(

𝑥̅1 𝑥̅2

−
𝑥̅2
𝑥1

𝑥̅1
𝑥1

) =

(

 
 

𝑥̅1

√𝑥̅1
2 + 𝑥̅2

2

𝑥̅2

√𝑥̅1
2 + 𝑥̅2

2

−
𝑥̅2

𝑥̅1
2 + 𝑥̅2

2

𝑥̅1
𝑥̅1
2 + 𝑥̅2

2
)

 
 
. 

 
 
 
Ex.  For a general change of coordinates:   
 

𝑔:ℝ𝑛 → ℝ𝑛 
 
 

              𝑔(𝑥1, … , 𝑥𝑛) = (𝑔1(𝑥1, … , 𝑥𝑛), … , 𝑔𝑛(𝑥1, … , 𝑥𝑛)) 
 

                     
                                𝑥̅1 = 𝑔1(𝑥1, … , 𝑥𝑛) = 𝑥̅1(𝑥1, … , 𝑥𝑛) 

   ⋮                                            ⋮ 
 𝑥̅𝑛 = 𝑔𝑛(𝑥1, … , 𝑥𝑛) = 𝑥̅𝑛(𝑥1, … , 𝑥𝑛). 

 
 
 
 The inverse map, 𝑔−1, takes 𝑥̅1, … , 𝑥̅𝑛 into 𝑥1, … , 𝑥𝑛. That is: 
 
 

𝑥1 = 𝑥1(𝑥̅1, … , 𝑥̅𝑛) 
⋮ 

  𝑥𝑛 = 𝑥𝑛(𝑥̅1, … , 𝑥̅𝑛). 
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Thus, we have: 
 

(𝐷𝑔)(𝑥1, … , 𝑥𝑛) =

(

 
 

𝜕𝑥̅1

𝜕𝑥1
⋯

𝜕𝑥̅1

𝜕𝑥𝑛

⋮ ⋮
𝜕𝑥̅𝑛

𝜕𝑥1
⋯

𝜕𝑥̅𝑛

𝜕𝑥𝑛)

 
 

  

 

 (𝐷𝑔−1)(𝑥̅1, … , 𝑥̅𝑛) =

(

 
 

𝜕𝑥1

𝜕𝑥̅1
⋯

𝜕𝑥1

𝜕𝑥̅𝑛

⋮ ⋮
𝜕𝑥𝑛

𝜕𝑥̅1
⋯

𝜕𝑥𝑛

𝜕𝑥̅𝑛)

 
 

 . 

 
 By the Inverse Function Theorem, 
 

(

 
 

𝜕𝑥̅1

𝜕𝑥1
⋯

𝜕𝑥̅1

𝜕𝑥𝑛

⋮ ⋮
𝜕𝑥̅𝑛

𝜕𝑥1
⋯

𝜕𝑥̅𝑛

𝜕𝑥𝑛)

 
 

 and 

(

 
 

𝜕𝑥1

𝜕𝑥̅1
⋯

𝜕𝑥1

𝜕𝑥̅𝑛

⋮ ⋮
𝜕𝑥𝑛

𝜕𝑥̅1
⋯

𝜕𝑥𝑛

𝜕𝑥̅𝑛)

 
 

 

 
 

are inverses of each other.  

 
 

(

 
 

𝜕𝑥1

𝜕𝑥̅1
⋯

𝜕𝑥1

𝜕𝑥̅𝑛

⋮ ⋮
𝜕𝑥𝑛

𝜕𝑥̅1
⋯

𝜕𝑥𝑛

𝜕𝑥̅𝑛)

 
 

(

 
 

𝜕𝑥̅1

𝜕𝑥1
⋯

𝜕𝑥̅1

𝜕𝑥𝑛

⋮ ⋮
𝜕𝑥̅𝑛

𝜕𝑥1
⋯

𝜕𝑥̅𝑛

𝜕𝑥𝑛)

 
 
= (

1 ⋯ 0
⋮ 1 ⋮
0 ⋯ 1

).   
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 In other words: 
 

                   ∑
𝜕𝑥𝑘

𝜕𝑥̅𝑖

𝑛
𝑖=1

𝜕𝑥̅𝑖

𝜕𝑥𝑗
 = 𝛿𝑗

𝑘;     𝛿𝑗
𝑘 is known as the Kronecker Delta. 


