Smooth Maps, Tangent Planes and Derivatives

Given two smooth surfaces S, S, we want to define the notion of a smooth map

f:Sl —>Sz.

Ifwelet ®;:U € R? - S; and @,:V € R? > S, be surface patches (i.e.,
smooth, regular parametrizations) then,

D lofod: UV

Since U € R? and V S R?, we say f is smooth if 62_1 ofo 61 is smooth.

Def: If f:S; = S, is smooth, 1-1, and onto, and f~1: S, — S is smooth, we
say f is a diffeomorphism and that S; and S, are diffeomorphic.



Tangents and Derivatives

Def: A tangent vector to a surface, S, at a point, p € S, is the tangent
vector at p of a curve in S passing through p. The tangent space

(or tangent plane) of S at p is the set of all tangent vectors to S at p. We
denote this by: T,S.
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If y(t) = (u(t), v(t)) is @ smooth curve, then g(u(t), v(t)) is a

smooth curve on S. By the chain rule:

%?ﬁ(u(t), (D)) = By (2—1:) + 3, (j—:)

is a tangent vector on S at a))(u(t), v(t)). In fact, all tangent
vectorsto S at p € S are spanned by:

- - dx 0y 0
q)u=(6x dy az)and(bv=(x y_z)
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since @ is assumed to be regular (i.e. 5u X P, # 6)



Thus all linear combinations of E))u and E))v, i.e., {a@u + ba)vla, b € ]R} is

the tangent planeof S atp € S.

Ex. LetS begivenby z? = x? + yz, Z > 0 (portion of a circular cone with

z > 0). Find an equation of the tangent plane to S at (0,1,1) i.e., T(g 1,1)S.

We can parametrize S by:
5(u,v) = (ucosv,usinv, u); u>0, 0 <v<2m.

The point (0,1,1) corresponds to:

0O =wucosv
1 =usinv
1=u

= u=1,v=§.

We first find au(l, g) and 5,,(1, g)

—

@, = (cosv,sinv, 1),

s0 @y, (1,7) = (0,1,1)

—

®, = (—usinv,u cosv, 0),

s0 @, (1,7) = (=1,0,0).



T
To find the tangent planeatu = 1,v = S we need to find a normal vector

to the surface which we get from:

Recall that if we have a normal vector N = (4, B, C) and a point,
q = (xg, Yo, Zp), on a plane, then an equation for the plane is:

A(x —xy) + B(y —yo) + C(z — zy) = 0.

In this case, N = (0,—1,1), g = (0,1,1), so an equation for the
tangent plane to S at (0,1,1) is:

0x—-0)—-1y—-1)+1(z—-1)=0

—y+z=0.

Or in vector form we can write the tangent plane as:

Tior1)S = {(0,1,1) +5(0,1,1,) + £(~1,0,0); s,t € R}



Given a smooth map between two surfaces

f:S-M
We want to define what we mean by the derivative of f (or differential of f) at
p € S,Dyf.

by assigning any vector W € T,S to a vector in T¢ () M. This is done as follows,

given any vector, W € T,S, there exists a curve, y, in S passing through p, i.e.,
y(ty) = p € S, suchthaty'(ty) = W. Theny(t) = f(y(t)) isa curve in M
passing through f(p) att = ty. Sow =¥ (t,) € Tr(p)M. We define D, f by:

Dpf(W) =W E Tf(p)M

One can check that this definition does not

a(t) = (u(t),

depend on which curve y in S one chooses

suchthat y(ty) = p € Sand y'(ty) = w.




How do we calculate D, f?

Suppose ®: U > R3 is a surface patch for S containing p and

W: U’ - R3 is a surface patch for M containing f(p). Since U and
U’ are open sets in R? there is a smooth map

U-U'
(u,v) » (W,v') = (a(u, v), B(u, v))

such that:

Pl f ( Dy, v)) = (a(u,v), B(u,v)).

Then:

ay av)

Dof =(g. g,

with respect to the basis {E))u, C_D)v} for TpS and {qju' ,qjv'} for Tf(p)M-



This is the Jacobian matrix for the map:

(u,v) - (a(u, v), B(u, v)).

Ex. Suppose S = M = upper hemisphere of the unit sphere. Parametrized by:

d(u,v) = (w,v,V1 —u? —v2) for S

Y@/, v') = (W, v, 1= ()2 - (v')?) for M.

Suppose f: S — S by a rotation of% about the z axis. Find D, f".

Rotating about the Z axis is equivalent to rotating
U = {(u,v) € R?| u? + v? < 1} about the origin.

The map (u, v) = (—v, 1) does this:

(—v,u)

(u,v)

Thus, we have:

—

(u,v)f) (u,v,\/l — u? —vz)i(—v,u,\/l — u? —vz)

f (8(% v)) = (—v, w1 —uz— vz).




Since P(u/, v'") = (u', v',\J1— (u)? — (v')?), we have:

Y-1(x,v,2) = (x,y) and
Y1, f(a(u, v)) = (-v,u) = (a(w,v), B(u,v)).

Thus we have:

a(u,v) = —v, B(u,v) = u.
0o = (g 5)=( o)

Ex. Find Dpf if S isthe surface in R3 given by:

d(u,v) = (u, v, u? + v?); u,vER,

and M be the upper hemisphere given by:
PW,v) = (Vv T @2 =) @)+ )2 <1

and f:S = M by:

—-2U -2V 1
uU24+4v2° V1+4u2 +4v2’ V1+4u2+4v2

).

2 2\ _
f,v,u*+v )—(\/1+4




¥1(x,y,z) = (x,y) and

- —2u —2v 1
d(u, v ) =
f ( (w,v) (\/1+4u2+4v2,\/1+4u2+4v2’\/1+4u2+4v2)'

— - —2u —2v
y-1, (dDu,v):( , )
flewy) V1+4u2+4v2 "\ 1+4u2+4v2
—2u —2v
a\u,v) = , u,v) = .
( ) V1+4ul+4v2 A( ) V1+4u2+4v2
au av
Dof = (g g.)
=8, B
—2(1+4v?) 8uv
Ay = 3 Ay = 3
(1+4u2+4v?2)2 (1+4u2+4v2)2
_ Buv _ —2(1+4u?)
Bu = 3 By = 3
(1+4u?+4v?2)2 (1+4u?+4v?2)2
So we have:
2 2 —
D,f = — i ((1 + 4v4) 4uv2).
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Ex. In the previous example, take the pointp = (1,2,5) € S

(i.,e., u = 1,v = 2) and consider the vector W € T,S given by
W= 36u(1,2) + 51,(1,2). Find Dy, f (W) with respect to the
basis for T ()M given by $u’ (f(p)), ?V/ (f(p)) as well as the

standard basis for R3.

) Uy Ay | .
The matrix D), f = (,Bu ,Bv) is a map from T,,S to Tr(p)M with

respect to the basis {zﬁu,zﬁv} for T5,S and {rﬁu,, qjv,} for T, M.

In this case p = (1,2,5) € S,i.e,u =1, v =2 and

2 4 .2 —2u —2v 1
u,v,u” +v°) =
fQu,v, ) (\/1+4u2+4v2'\/1+4u2+4v2'\/1+4u2+4v2)'

2 4 1
thus f(p) = f(1,2,5) = (—m,—m,m) eM.

For any point p € S we have from the previous example:

2 ((1 + 4v2)  —4uw )
—4uv 1+ 4u?/

Dpf = — 3
(1+4u?+4v2)2

Thus when p = (1,2,5) € S,i.e.,,u = 1,v = 2 we have:

2 17 -8
D(1,2,5)f = - 3 .
(21)2 (_8 5 )
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With respect to the basis {5u(1,2), 61,(1,2)} we have

w =< 3,1 >. When we apply Dyf to W we get:

— 2 17 —8\/3 2 43
D(1,2,5)f(W) = 3 = -~ 3 .
(17 D))= (5)
The vector — 2 s < 43, —19 > is already written with respect to the
(21)2

basis {%,/(f (), o (f ()}

2
How do we write — 3 < 43,—19 > with respect to the standard

(21)2

basis for R3?

To do that we need to write @u/ (f (p), m)vr (f (p)) in terms of the

standard basis in IR3.

From the previous problem we see that:

W, v) =T o f (B ) = (F—=a ),

Vi+auZ+402’ J1+4u2+402

and v’ =

, —2u —2v

So u = .

/1+4u2+4v2 /1+4u2+4v2

Whenu=1, v =2 haveu' = _Z
enu = 1, = 4, We have = T &



Y, v') = (u’, V',\/l — (u")? — (V')Z), 50

Y, = — u ¥, (- _2)=
w = W0 -m=mmme = Y ( V21’ m) <102 >.
Yy, = — v’ - Y, (i _2)\_-

v =0 \/1—(u’)2—(v’)2) v ( V21’ \/21) <014>.

So now we can find (D1 25)f) (W) in the standard basis for R3.

— 2
D25/ I W) = ——=5 <43,-19 >
(21)2
2 — 2 4 T 2 4
T TPt (7)) ~ 9% ()
= - 2.(43<1,02>-19<0,1,4>)
(21)2
2

= ——%-<43,-19,10 >.
(21)2




