Tensors
Let V be a vector spaceover R, andlet V" =V X V X ... X V bethe
m-fold product. A function, T: V™ — R, is called multilinear if for each

i, 1<i<m,andc € R we have:

1) T(We, e, Vi V], o, V) = T(Wq, e, Uiy oo, V) + T (U1, oo, V), o Up)

2) T(Vq, e , €V, e, V) = €T (04, oo, Uy o, Upy)

Ex. The dot product of vectors is a bilinear function on R" X R™:
T: R"x R" > R
(v1,v2) 2 V1 - v,
T(wy+v,v) =W +v]) v, =0,V V11,

=T(vy,v2) + T(v1,v2)

T(wi,v, +v3) =) (W +V3) =v1 -V, + V- Uy

= T(vy,v3) + T (v, v3)

T(avl, vz) = (avl) Uy = a(v1 : 172) =a T(vl, vz)

T(vy,avy) = vy - (avy) = a(vy - vy) = a T(vy, vy).



Ex. The determinant is an n-linear function. T: V" — R by:

T(vq,...,v,) = det

Since:

Def. A multilinear function, T: V™ — R, is called a m-tensor on V.
The set of all m-tensors, denoted 7" (V), is a vector space over R.

S+T)Wq, e, V) =SWq, e, V) + T(V4, oo, V)
(@S Wy, o, ) = a (SWy, .o, vm)).

IfS € T™(V) and T € TH(V), then we define the tensor product,
SQT € T™HV), by:

S ® T (vli o U Um0 vm+l) = (S(vlr LR vm))(T(vm+1! '"rvm+l))-



Notice that S @ T is not generally equalto T @ S.

Ex. Suppose V = R?andS:V X V - RbyS(vy,v,) = v, * ¥, and
v
T:V X V- RbyT(v,v,) = det (v;)

Suppose v, = (1,0),v, = (0,1),v; = (1,1),v, = (1, 2), then:

S ® T (vlr U3, V3, 174) = S(vl! UZ)T(U3, U4,)

= ((1,0)- (0 D)det(} J)=0

T ® S (v]_; vZ) v3) U4) == T(vll UZ)S(U:?H v‘l—)

- (det ((1) (1))) ((1,D-(1,2) =3

However, the following properties do hold:
T+ TL)QS=T,05+T,®S
ST, +T,) =SQRT, +SQT,
@S)R®T=5SQRaT)=a(SQT)

S®T)QU =SQ(T ).



Notice that Tl(V), the set of linear maps from V into R is, by definition, the dual
space of V, V™",

Theorem: Let V1, V5, ..., Uy, be a basis for V and @1, @5, ..., ¢, the
dual basis, gol-(vj) = 5ij: then the set of all tensor of the
form@; & ... Q @;  where 1 < iy, ..., < nis abasis for
T™(V). Thus T™(V) has dimension n™.

Proof:

(pil ® ® (pim(vh’ vjm) = (Sil»jl) (Simrjm)

=1 If]]_:ll,,]m:lm
=0 otherwise.

If uq, ..., Uy, are m vectors with,

U =Zaijvj; TETm(V)

j=1
then:
n
T(ug, ooy Upy) = z (a1,j1) w(amj ) T(Wj, s V)
jl,...,jmzl
n
= z T(Wiy Vi) @i, ® .. @ (Uy, o, Up)
il,...,imzl
Thus:

n
T = z T(Ul'l, ""vim) (pil ® ® QDim .

ll,...,im=1

So@;,  ...Q @; spans TT(V).



Now suppose:

n

Z Aiy,.im (<Pi1 Q.0 ‘Pim) =0
il,...,imzl
Applying both sides to (Vj,, ..., Vj, ) vields:  a; ;i = 0.

Ex. If Dim(V) = 2, then a basis for T2(V) is
{P1 Q01 01 Q@2 P20 01, V2 y}.

If V, W are vector spaces and if f: 1V — W is a linear transformation, then we can
define a linear transformation: f*: 7™ (W) — T™(V), defined by:

f Ty, .., vy) = T(f(vl), ...,f(vm)) for
TeT™(W)andvy,..., vy, EV.

Proposition: If S € T™(W) and T € TH(W) then
ffSRT)=f"SQ f'T.

Proof:
S QT)W1, oo Vi Vi1 oo » Vit 1)
=S QT 1), o, f W, f Win41), oo, f (Vi)
= [SFWD, o, F)][T(f Winads s f (0na))]
= [f* (SO W1, oo, v I (D Wit 1, o, V)]
=[f*(S) & f*(M](W1, -, Vi, Vi1, o » Vmas)-



Def. An m-tensor T € T (V) is symmetric if:

T(vl, s Vpy ooy Uy sy vm) = T(vl, e Vjy e, U, ...,vm)

forall vy, ..., v, € V.

Ex. The dot product is a symmetric 2-tensor since:
T(v1,v2) = vy - vy = vy - v = T (v, 1)

Def. An m-tensor T € T™ (V) is called alternating if:
T(vl, ey Dy ey V), ...,vm) = —T(vl, N T ...,vm)

forall vy, ..., v, € V.

Ex. The determinant T € T (V) is an alternating n-tensor on a vector space of

()
)
3

dimension n.

T(vl, e s Vip ooy Uy e, vn) = det

)

= —T(Ul, ey Uj; vy Uy ey Un)-



Ex. Let f: R3 — R3 be the linear transformation given in the standard basis by:

1 0 0
f=1 2 ol
0 -2 -1

Let wy, W, € R3 begivenby w; = (2,0,1),w, = (0,1, 3).
IfT € T2(R3) isgivenby T = @, @3 where (pi(ej) = 51']-
and i,j = 1,2,3, thenfind f*T (wq, ws).

frT(wy,wy) = T(f(W1)rf(W2))
= €01®‘P3(f(W1);f(W2))
= (@2 (fw)) (03(fw2))).

1 0 01(2
fwo=|t 2 olfo|-@2-
0 -2 1111

1 0 07[0
fwy) = [1 2 0 ”1] = (0,2, -5).
0 -2 -—-1113

f*T(WbWZ) = ((,01(2,2,—1))((,03(0,2,—5))

= (2)(-5) = —10.



The set of alternating m tensors on V, denoted Q™ (V), is a vector subspace of all
m tensions on V, 7™ (V). Alternating tensors are important because differential

forms turn out to be alternating tensors. Given any T € T (V') we can create an
alternating tensor by:

1
Alt(T)(vq, ..., V) = — z sgn(o) T(v(,(l), ...,v(,(m))

OESm

where S, is the set of all permutations of the numbers 1 to m, and

sgn(o) = +1if g is an even permutation and sgn(c) = —1 if o is an odd
permutation.

Ex. LetT € T3(V)
S, ={ID.,(1 2),(1 3),(2 3),(1 2)(2 3),(1 3)(3 2)}

1 T(UL U3, U3) - T(Vz; V1, U3) — T(V3; U3, U1)
ALL(T) (01, v2,v3) = 3! —T(vq,v3,v,) + T(vy, V3, 01) + T(v3,v1,v5)]

Unfortunately if o € Q™ (V) and n € QY(V), then w® 7 is not necessarily in
Q™*+L(V). However we can define a “wedge” product that is in Q™ (V).

(m+1)

!
wAn = T Alt(w® 7).



The wedge product has the following properties:
let w, w1, W, € Q™(V); n,n1,1m, € QLV), then

(w1 + w)AN=w;An+w, A7
wA@M+n)=wAn+wAn,
aw An=w A an=alw A1)
wAn=CFD"n A w

fflwann) =f(w)Af ()

w A(wy Awy) = (0 A w1) A w,.

oA W e

Proof of 1:

(m+ D!
YT Alt((w1 + w,)® 1)

(m+ D!
=T Alt(w1® 1 + w,®n)

((1)1+ (1)2)/\772

_(m+D)!

— o [Alt(@1® 1) + Alt(w,® 1)]

= w1 AN+ wy; An.



Theorem: If V4, ..., Uy, is a basis for a vector space, V, and @1, ..., @ is
the dual basis (i.e. ¢;: V = Rand ¢;(v;) = §;;), then the set of all:

ng-l/\.../\goim; 1<i;<i, < <inp<n

n!
is a basis for A (V). Thus, the dimension of Q" (V) is T

Proof: If w € Q™(V) € T™(V), then:

w = Z Aiyroim Pi, @ - Q@ .

il,...,im

Butif w € Q™(V), then Alt(w) = w, so

=A@ = D ay i, Al ® . ®p;,)

il,...,im

Since each Alt(¢;, @ ... ®¢; ) isanon-zero constant times @; A...A@; ,

these elements span Q™ (V). Linear independence follows as in the theorem that

shows @; ® ... ®¢@; is a basis for T (V).



