Tensors- HW Problems

1. Suppose the dimension of V is 3 and {v;, v5, v3} is a basis for V.
LetT € 52 (V) and W1 = a1 + a12V; + a13V3,
Wy = Udy17V1 + a,,V, + a,3V3. Show that:

=3
a. T(wy,wy) = Z:j=1 alia2jT(vi»vj)

b. If (pl(v]) = 61']', then P1 ® (p3(W1,W2) = aq10dszs3.

2. Suppose V is the vector space R?,and S:V X V — R, by
S(vy,v,) = vy - v, (ie., the dot product of v; and v,) and
%
T:V XV > R, by T(vy,v,) = det(v;). Letw, = (1,2),

w, = (1,-1), wy =(2,1), and w, = (—1,—2). Evaluate
(S ® T)(Wl!W21W3! W4-)'

3. Suppose that {v4,v,,v3}is a basis for IV and goi(vj) = §;j. Let

Wi = 2171 + Uy, Wyp =7V — 2173, W3 = 2171 — Vs + V3, and
T=¢; Q¢ Q @s;. Calculate Alt T(wy, w,, ws).



4. Let f:R* > R* be a linear transformation represented in the

0 1 2 0
: |11t -2 0 1

standard basis {¢;} by f = 00 2 1l Let {p;} be the dual
1 0 3 0

basis so ¢;(ej) = &;;. Now let T € J2(R*) given by

T=¢; Q03— 91 ® @
Find f*T (w1, w,) where
w; = (1,-1,1,2) and w, = (—2,2,0,1).

5. Let T € 3%(IR?) be the dot product of two vectors, i.e., if

v, = a,e; + b;e,, and v, = a,e; + b,e,, then

T(v,,v,) = a;a, + byb,. Suppose (pl-(ej) = 6j;.

We know that {¢; & @1, 01 & @2, P2 Q @1, P2 & @,}isa
basis for 3%(R?). Write T as a linear combination of this basis.
Hint: a;a, + byb, = T(v4,v,) =

A1(91 ® 1) (w1, v;) + (1 ® 92)(v1,v2)

+23(02 ® 01) (W1, v2) + A4(92 @ 92)(v1,v2).
Now plug in v; and v, into the RHS and calculate.



