Fubini’s Theorem
Suppose f:[a,b] X [c,d] = Ris continuous and f(x,y) = 0.
Let £, ..., t,, be a partition of [a, b].
Define g, (v) = f(x,y) (thatis, fix x € [a, b]).

The area under the graph of f above {x} X [c, d] is:

fc dgx = jc df (x,y) dy.



The volume of the region under the graph of f and above

[ti—1,t;] X [c,d] is approximately equal to:

d
(t; — ti—1)j f(x,y) dy

forany x € [t;_q, ti].

Thus:
n
| = f
[a'b] X [C'd] i=1 [ti—lrti] X [C,d]
is approximately equal to:
n d
D=t [ £ Gi) dy
i=1 c

where X € [ti—lr ti]'
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If h(x) = fc Jx = fc f(x,y) dy, then Fubini’s theorem will show that h is
integrable on [a, b] and that:

f(x,y) dy|dx.
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Fubini’s Theorem: Let A € R™ and B € R™ be closed rectangles, and
let f: A X B — R be continuous (and hence integrable).
Forx € A, let g,: B = Rby g,(y) = f(x,y), then:

[ r=[|] reer av|ax
A B

AXB

Proof: Let P, be a partition of A and Py a partition of B.
Together P4 and Py give a partition P of A X B where any
subrectangle S is of the form S4 X Sp.

SB SA XSB

3 .
Sa

LY PY = ) ms()v(S) = ) Mspsy () V(s X Sp)
S

SA,SB

L(f,P) = s, (Zisy Ms sy (F) v (S8)) v (S).
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If X € Sy, then Mg, s, (f) < Mg, (gyx) since gx(y) = f(x,y) and x is a
fixed pointin S4. Thus we have:

ZSB mg, xSB(f) v(Sp) < ZSB Mgy (gx) v(Sp) < fB Ix -

Therefore:

LUEPY = ) D My, (D0 () v (S)

Sa Sp

Sz ;!gx v(S4).

Sa

Since this is true for each x € S4 we can write:

L(f,P) <L jgx,PA :

B
Similarly:
U(f,P)ZU fgx,PA
B
And:

L(F,P) < L jgx,PA <U fgx,PA < U(f, P).
B B



f is integrable so: supL(f,P) =infU(f,P) = foBf.

But then:

sup L ng,PA = infU jgx,PA jf

B AXB

So fB Gy is integrable on A and:

[f Jx| = f(x,y) dy|dx.
AxB

Ex. Evaluate [, (x —2y)ifRistheset: x* —3 <y < —x* + 5and
—2<x<2.

x/ b
/ N\
R c[-2,2] X [-3,5] so: \ /vy =—x%+5

fo-m= [[ w-mn ) R
R

[-2,2]'% [-3,5] FES £ il
/12 \ 4
/ \ / \
x=2| y=—x°+5 P \-\<— x%4—3 //
= j (x — 2y)dy|dx 4



x=2

—_ A2
= .[ xy—yz]z;xf_gs dx
xXx=-2
x=2
= j [x(=x?+5) — (—x? + 5)?] — [x(x? — 3) — (x? — 3)?] dx
x=—2
x=2
128
= j —2x3 4+ 8x +4x?—16dx = -
x=-=2

Change of Variable Theorem:

Let A € R™ be anopen setand g: A —» R"™ a 1-1, continuously
differentiable function such that det g'(x) # 0 forall x € A,

except possibly for a set of measure 0.
If f: g(A) = Risintegrable, then:

| £=[ o9 1decqn

g(4) A



Ex. Evaluate ffR eX tY if R = {(x,y)| x* + y% < 4}

Change to polar coordinates: g(r,8) = (r cos 6,1 sin8) so
x=rcosf; y=rsin6.
ox Ox

r_ or 06 =(cos€ —rsine)
g dy 0dy sinf rcosé

ar a6

Sodetg’' =rcos?0 +rsin?0 =r

2T

0
Tr
f(g(r, 9)) — p(r?cos? 8+r?sin?0) — ,r?
O0=2n [ r=2
jf eX +y’ = ﬂ e’’r = f e"’r dr|de
R [0,2]x[0,27] =0 |r=o0
0=2m 6=2
1
= E = f —et ——e )d9=n(e4‘—1).

0=0



