Integration

Suppose that A € R is a closed rectangle, i.e.

A={(xy, .., x)| x; €la;, b;],i =1,...,n}

We want to first discuss the definition of: fA f, where f:A - R.

A partition of an interval, [a, b], is a sequence, tg, tq, to, ..., t;,, Where:
a=tOSt1StZSStn=b

A partition of a rectangle, [aq, b1] X [ay, by] X ... X [a,, b,], isa
collection: P = {P;, P, ..., P,} where each P; is a partition of [a;, b;].
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Suppose f: A = R is a bounded function and P is a partition of A. For each
subrectangle, S, of the partition let:

ms(f) = inf{f (x)|x € S}
Ms(f) = sup{f(x)|x € S}

and let v(S) = volume of S.

Define the lower and upper sums of f for P by:

L(FP) = ) my(f) - v(S)
S

UG, P) = ) Ms(F)- v(S)
S

Upper Sum= U(f, P) Lower Sum= L(f, P)

—— e~
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Notice L(f, P) < U(f, P) since m,(f) < Ms(f).



Lemma: Suppose the partition P’ refines P (that is each subrectangle of P’ is
contained in a subrectangle of P) then:

L(f,P) < L(f,P) ; U(f,P)<U({,P)

Proof (in one dimension):

m; = inf f(x) M; = sup f (x)

tisxsti+1 tleStH_l
m; = inf f(x) M; = sup f(x)
tisxst tisxst
m! =inff(x)  M{'=supf(x)
tSXSti.l.l thStH.l

Notice: m; = m; and m; = m;also M; < M; and M;" < M;.




Thus over that interval (rectangle):

L(f,P") = mi(t — t;) + m{' (tiyq — t)
=m(t —t) + m(tipq — ) = m(tier — &)
= L(f,P).

U(f,P") = M{(t —t;) + M{'(tiy1 — t)
< Mi(t —t) + Mi(t1 — ) = Mi(tiyq — )
= U(f, P).

Corollary: If P and P’ are any two partitions, then L(f, P") < U(f, P).

Proof: Let P’ be a partition that refines P and P’, then:

L(f,P") < L(f,P") < U(f,P") < U(f,P).

Def. A function, f: A = IR, is called integrable if f is bounded and:

Sl;p(L(f.P)) = inf(U(f, P)).

In this case: fA f = Sl;p(L(f,P)) = igf(U(f,P)).



Theorem: A bounded function, f: A — R, isintegrable if, and only if, for
every € > ( there is a partition P of A such that:

U(f,P)—L(f,P)<E

Proof:
If given any € > 0 there is a partition such that:

U(f,P) — L(f,P) < ¢, then:
inf(U(f,P)) = sup(L(f, P)).

If f is integrable, then:

inf(U(f, P)) = sup(L(f, P).

Then for any € > 0 there are partitions, P and P’, with:
U(f,P) _L(f,P’) <eE€.

Let P be a refinement of P and P’, then:

U(f,P") = L(f,P") < U(f,P) - L(f,P') <e.

Ex. Let f: A — R be a constant function, f(x) = c. Then for any partition,
P, and subrectangle, S, we have ms(f) = Ms(f) = C so we can write:

L(f,P) = U(f,P) = Z c - v(S) =c(v(4))
S
Thus: fA f=c(v(A).



Ex. Let f:[0,1] X [0,1] = R by:
f,y)=0; x€Q
f(x»}’)=1 ) XER—Q

Show that fA f doesn’t exist.

Let P be a partition, then every subrectangle contains points, (x, y),
where X is rational and points where X is irrational.

Thus: mg(f) =0, M¢(f) =1, sowe have

L(f,P) = 2(@ () =0
S

U(fP) = ) (D) v(S) = 1
S

SoinfU(f,P) = 1 andsup L(f,P) =0. Thus fA f doesn’t exist.

Ex. Suppose that f: A € R — Risintegrable. Show that if C is a real
constant, then cf is integrable and fA cf = CfA f.

Let’s consider two cases: 1)wherec = 0 and 2)wherec < 0.

Case 1: ¢ = 0. Let P be any partition. In any subrectangle:

Ms(cf) = cMs(f)

ms(cf) = cms(f)
Thus:

U(cf,P) = cU(f,P)

L(cf,P) = cL(f,P).



Case2: ¢ <O.

Ms(cf) = —|cImgs(f)
mg(cf) = —|c|Ms(f)

Thus:U(Cf,P) = —l|c|L(f,P)
L(cf,P) = =[c|U(f,P).
Soif ¢ = 0, then:
U(cf,P) = L(cf, P) = c(U(f,P) = L(f, P)).
If c < 0, then:
U(cf,P) — L(cf,P) = =[c|L(f, P)— (=|c|U(f, P))
= |c|(U(f, P) = L(f, P)).

Since f is integrable for all € > 0, there exists a partition, P, such that:

U(f,P) — L(f,P) < H

Thus, for that partition:
|c|e

U(cf,P) — L(cf,P) = |c|(U(f,P) — L(f, P)) <y =€

and cf isintegrable.



Since cf is integrable, we have:
c=0 jA cf=irl}fU(cf,P) =i¥)1ch(f,P)
= cing(f,P) = CJA f
c<0 | of =supL(cf,P) = sup(-IelU (s, P))
A
= —|c|infU(f,P) = cinfU(f,P) sincec <0

=cJ, f.

Ex. Show thatif f and g are integrable on 4, then f + g is integrable on A
and:

LOG+=[,f+], g

Notice that for any rectangle S:
inf(f + g) = inf(f) + inf(g)
Sgp(f +9) < SLSlp(f) + SLSlp(g)-

Thus: ms(f) + mg(g) < ms(f + g)
Ms(f) + Ms(g) = Ms(f + g).



Hence we have for every partition P:

L(f,P)+L(g,P) < L(f +g,P)
U(f+g,P) <U(f,P)+U(g,P).

Thus for any partition P:
L(f,P)+L(g,P)<L(f+g9,P)<U(f+gP)<U{,P)+U(g,P).

Since f is integrable we know given any € > 0 there exists a partition, Q, such
that:

€
Since g is integrable we know there exists a partition, Q’, such that:
/ ! E
U(g,Q) ~1(9,Q) < 5.
Let P’ be a refinement of Q and Q' thus,

UGF, P = L(F, P <5

€
U(g,P")—L(g,P") < >

U(f,P)+U(g,P)— (L(f,P)+L(g,P)) <e
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But:
U(F +9,P) = L(F +g,P) | | |
< U(f,P)+U(g,P)—(L(f,P)+L(g,P)> <e.

So f + g isintegrable.

jA(f+g>=jAf+jAg.

We just saw that for partition P’

UGF P = L(F, P < 5

Now let’s show:

€
U(g,P')—L(g,P') <.

2
So:
€ €
U(f,P’)<L(f,P’)+—§j f+=
270,70 "2
€ €
U(g,P')<L(g,P')+—Sf g+=.
27 ), 7972
Thus:

[,(f+9)<U(f+g,P)<U,P)+U(gP)
<[, f+], g+e

Since € was arbitrary:

L f+<[, f+], g
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If we replace f, g with —f, —g in the previous inequality we get:

L F+=[, f+/[, g

Hence:

fA(f+g)=Lf+Lg-

Ex. Suppose that f: A = R is a bounded function such that f(x) = ( except

at a finite number of points. Prove f is integrable and fA f=0.

Suppose that f(x) = 0 except at the points P4, ..., Pk, and f(p;) = a;.
Let € > 0 be given and let’s show that we can find a partition P such that:

U(f,P) — L(f,P) < €.

Given any partition ) we can always find a refinement of Q, P, such that no
two p;'s are in the same subrectangle and such that:

€
U(Si) < k|ai| .

Then we have: U(f,P) — L(f,P) = Y. (Mg — mg)v(S).

But MSi — mSl. =a; if a; = 0
= —q; if a; < 0.

So MSi — mSl. = |ai|.
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Thus U(f'P) - L(f; P) - ZS (MS - mS)v(S)
= Xs;lailv(Sy)

€
< Lslail( ) =€

So f isintegrable.

. €
Now notice that:  |U(f, P)| = | X5, Ms;v(S;)| < 25i|ai|(m) = €.
Thus for any € > 0, there exists a partition P such that

0 <|U(f,P)| <e¢

thusigf|U(f,P)| =0 and fA f=0.

Measure Zero

Def. Asubset A € R™ has an n-dimensional measure 0 if for every € > 0
there is a cover {Uy, Us, ... } of A by closed rectangles such that:

Zilv(Ui) <e.

Any finite number of points has measure 0. Since if there are n points we can

€
cover each point with a rectangle whose volume is less than — .
n
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Prop. Any countable set of points has measure 0.

Proof: Let A = {a4, ay, as, ... } cover a; with a rectangle, U;, of volume

€
less than — . Then:
21

(0/0] (oe] E
w(U) <Z £ e
Zi=1 ' i=1 2

Theorem: If A = A; U A, U ... and each A; has measure 0, then A has measure 0.

Proof: Since A; has measure 0, there is a cover {U; 1, U; 5, U; 3, ... } of A;
by closed rectangles such that:

* €
zj=1 U(Ui,j) < ? .

Thus, {U; j}; j=1 is a cover for A and:

(00) (00) (o] 6
U' i <z - — €.
21':1 zj=1v( l']) j=1 21 ¢

So A has measure 0.

Theorem: Let A be a closed rectangle and f: A = R a bounded function. Let

B = {x|f is not continuous at x}. Then f is integrable if, and only if, B is
a set of measure 0.
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Def. Let C € R™. The characteristic function y ¢ of C is defined by:
xc(x)=0ifx&cC
xcx)=1ifx eC.

If C € A for some rectangle A and f: A = R is bounded, then fC fis

defined as:
jc f= jA (N (xo)

provided that (f)(xc) is integrable.

Notice thatif C € A is a bounded set of measure 0 and f is integrable over
C then

f, f=0
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Prop. Suppose f: A € R™ — R is continuous and A is compact. Then f is
integrable over A.

Proof: f is continuous on a compact set 4, so f is uniformly continuous.
Thus, for all € > 0 there existsa § > 0 such that forall x,y € A if
€

[x =yl <& then |f(x) = fFOWI <55

Let P be any partition of A.
Let P’ be a refinement of P such that every subrectangle S has the property

that § € Bs(center of S).
2

Thus we have for every subrectangle S

€
(Mg —mg) < ) and thus

U(f,P") = I(f,P') = Xs (Ms — ms)v(S) <ﬁv(A) = €.

So f isintegrable.



