The First Fundamental Form of a Surface in R3

We know from multivariable calculus that if ]/(t) = (x(t), y(t), Z(t)) is a
curve in RS, then it’s length is given by:

L= 1S + () + () a.

O = (.2 ) O =y = (£ + (2 + (&

SO we can also write:

b
L= f Iy’ @l dt.

Now we want to consider a formula for the length of a curve that lies on a smooth
surface S € R3. Suppose S is parameterized by:

P:UCSR?> SCR3

D(u,v) = (x(w,v), y(u,v), z(u,v)).

If S is a regular surface (i.e. @, X ®, # 0), then @, and P, span the
tangent space of S at p € S. Thus, any vector W in T,S can be written as:

w=ad,+bd,; abeR.

Notice that:



If we let: E =_5u $u
F=0,-®,=0, P,
G=7, 0,

then:

W w = Ea? + 2Fab + Gb>.

In fact, the matrix: (g IG:) represents a bilinear form on TpS. This bilinear form

is called the first fundamental formon S. If U = C?Eu + dgﬁv then

w-v=(a b) (i g) (2) = acE + (ad + bc)F + bdG.

Suppose that y is a curve on S such that: y(t) = 8(u(t), v(t)).

y(6) =[@(u®), v(D))

By the chain rule:
y'(t) = Byuu'(t) + B/ (1)

Thus we have:

Y OIZ=y'"(®) - ¥'®) =W, +v'd,) - (WP, +v'®,
= W)2®, - D, + 2W) (W) D, - B, + (v')2D, - D,
=E@)*+2FW)) + (w2

And so we get:

b b 1
L =J ly' @Il dt =j (E@)? +2F)(v") + G(v")?)Z dt.



Ex. Let ®(u,v) = ((cos v) sinu, (sinv) sinu, cos u) bea
parameterization of the unit sphere. Find the first fundamental form at

a(u, V) and use it to find the length of the portion of the great circle starting
at (0,0, 1) and ending at (1, 0, 0).

- ] -
®,, = ((cosv) cosu, (sinv) cosu,—sinu)

51, = (—(sinv) sinu, (cosv) sinu, 0)

E=d, ®,
= ((cosv) cosu, (sinv) cosu,—sinu)
* ((cosv) cosu, (sinv) cosu, — sinu)

(cos? v) cos? u + (sin? v) cos? u + sin u

= cos?u + sinu

=1
F=d, -,
= ((cosv) cosu, (sinv) cosu, —sinu)
- (—(sinv) sinu, (cos v) sinu, 0)
=0
G = EEv '?617

= (—(sinv)sinu, (cosv)sinu,0)
 (—(sinv) sinu, (cosv) sinu, 0)

= (sin? v) sin? u + (cos? v) sin? u
= sin? u.

So the first fundamental form of E)) is:

((1) sinO2 u)



The portion of the great circle starting at (0, 0, 1) and ending at (1, 0, 0) is the

A
image of the line segment startingat u = 0, v = 0 and endingatu = Py and

v =0.

m
2

We can parameterize this curve in the U, U plane by:

u@®)=t, vt)=0; 0<t<

NS

Thus, u'(t) =1, v'(t) = 0and

NIE

L= jo 2E@Y? + 2FW) (0" + Gw')2)Z dt = jo 1dt = g



Ex. Find the first fundamental form of ®(u, v) = (vcosu, vsinu, v);

where 0 < u < 2m, v € R, v # 0, and find the length of the image under
@ of the curve a(t) = (t,t?); where0 <t < 2m.

- .
®(u,v) = (vcosu, vsinu, v)
5u = (—vsinu,vcosu,0), 5,, = (cosu, sinu, 1).
—_ —_ . .
E=®d,-b, =(—vsinu,vcosu,0) - (—vsinu,vcosu,0)
= v?sin® u + v? cos? u = v?
— —_—
F=3,-®

» = (—vsinu,vcosu,0) - (cosu,sinu,1) =0

G = 31, -31, = (cosu, sinu, 1) * (cosu, sinu, 1) = 2.

So the first fundamental form is given by:

- (5 )



L= [P(E@)? + 2F@W)@") + Gz dt.
a(t) = (u(®),v() = (t,t?);

soul®) =t vit)=t? = V@) =1 v'(t)=2t.

t=2m

L@(@®) = [ZTE@)? + 62z de

. t=2m
— Jt=0

(') +2(v")2)2 dt

. t=2m
— Jt=0

— 1
= [Tt + 8Dz dt

(t* (D)2 + 2202z dt

— 1
= [T t(t? + 8)2dt

Letw = t% + 8; when t=0, w=8

dw = 2tdt when t =2, w=4m%*+8
Zdw = tdt
2
L($ 0 )_l w=4m2+8 %d
(a(t))) = > =g wzdw
_ 102\ 3lw=4n?+8
= E(E) W2 w=s

=1[(an? + 8): — (8)7]

=2 + 2)7 — (2)3].



Ifwelet E = g11,F = g12 = g1,and G = g5, then the matrix representing
the first fundamental form is given by:

= (2 gu2)

This is called the metric tensor for the parameterization @ of the surface S.

Notice that g is a bilinear form:
9:TpS X T,§ > R

where,

— — (911 912\ -
g(Wy, W) = Wy (921 gzz)Wz-

This is a 2 tensor on the vector space V = T,S. We will discuss tensors later in

this course.



