Surfaces

Two common ways to represent surfaces in R are:
1) f(x,y,z) =0; x2+y2?+z%—1 = 0is the unit sphere
2) Parametrically: ®:U C R? - R3
Fﬁ(u, V) = (x(u, v),y(u,v), z(u, v))
e.g. ®(u,v) = (cos vsinu,sinvsinu, cos u)
where 0 < u <m,0 < v < 21 isalso a representation of the
unit sphere.

fdis C1 (i.e. x(u, v), y(u, v), and z(u, v) have continuous partial
derivatives), then § = EE(U) is called a C? surface.

Def. A tangent vector to a surface, S € R3, at a point, p € S, is the velocity
vector at p of a curve in S passing through p. The tangent space, in this case a
tangent plane, of S at p is the set of all tangent vectors to S at p. We denote this

by T,S.
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Ify(t) = (u(t), v(t)) is a smooth regular curve (i.e. y'(t) # (0,0) atany
point), then a))(u(t), v(t)) is a smooth curve on S if 6 is smooth.

By the chain rule:
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where:

%Eﬁ(u(to), v(to)) is a tangent vectorto S at p = EE(u(to), v(to)).

In fact if we take u(t) = t, v(t) = 0, we see that zﬁu is a tangent vector to S

at p. Similarly, if we take u(t) =0,v(t) =t, we see E))v is a tangent vector to
S atp.

Def. § = E))(u, V) is called a regular surface at ?5(110, Vy) if:
CI)u(uOJvO) X q)v(uO'vO) # 0
The surface is called regular if it is regular at every point.

Notice that @,, X @,, # 0 means that ®,, and P, are a basis for the tangent

space of S at p, because ®,, and ®,, are linearly independent so they must span
the tangent plane at p.



Ex. Let ®(u,v) = (cosvsinu,sinvsinu,cosu) be a parameterization of

the unit sphere. Find an equation for the tangent plane at u = %, V= g .
5u(u, v) = (cos v cos U, sin v cos u, — sinu)
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So (g,%, — g) , (— %, %, O) span the tangent space and their
cross product is a normal vector to the tangent plane.
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The point, p, on the sphere is :
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Eq. of the tangent plane:
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We were able to find this equation easily by using the cross product, which
doesn’t exist in higher dimensions. However, since @, (Z :) and CD (n n)
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span the tangent plane, we could have said:

1 = (25, 2) i, (5.) 55, (2.5) ) )
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We could express this tangent plane in another way. Notice that:
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Since @: U € R? — R3, then Do (%'g) ' R? - R3 and:

(DCD (4 3)) (Z) = aE)’u (%'g) + bE)’v (%,g) forany (a, b) € R?.

Thus the tangent plane at (— 5) is just the image of R? under D® (n ﬂ).

T,S = (ch (Z'E)) (R2) h
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translated to the point ® (E,E) = (£,£,£)
4’3 4’4’2

Soif ®: U € R? - S € R3, then D®(uy,vy): T(uo’vo)U - TpS.
We can represent a smooth surface in R™ as the image of a smooth map :

®:U S R?> > S S R™
We will still have: DC_D)(uO, Vo): Teugwe)U = TpS.



Ex. Let T'? be the torus in R* parameterized by:
®(u,v) = (cosu,sinu,cos v, sinv)

Find the tangent space of T2 at (%, %) in R

—sinu 0

D = cosu 0
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We could choose a basis for R? by taking (1,0) and (0, 1) and then take the
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image of the vectors under D® (%, g) to get (— g, g, 0, 0) and

(0,0,—1,0).

= w1 = T 7T
Or you can just take @, (Z’ 5) and @, (Z’ E) which are the same vectors.
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6(%,%) = (zz,g,O, 1) and we have:

Thus, (— V2 E, 0, 0) and (0,0, —1, 0) span the tangent space to T2 at

&

{(@,@,0,1) ta(-2 2 o, 0) +b(0,0,~1,0)|(a, b) € R?}.
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