Partial Derivatives and Derivatives

Let f: R™ - R and a € R™. We define the i*" partial derivative of

fataas

a,a,,..,a;+h,..,a,)— f(a,a,,..,a
Dl‘f(a):}li_%f(l 2 l hn) f(l 2 n)

as long as the limit exists.

Notice that this is just the ordinary derivative of
g(x) = f(aq,a,, ..., x,...,a,) when x = a;.
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So we can calculate a partial derivative by holding all variables “constant
except the one we are differentiating with respect to.

Ex. Let f(x,y,z) = sin(x cosy) + x%.Find D1 f = fo, Dof = f,, Dsf = f,.
1

D:f = f, = [cos(x cos y)](cosy) + zx*~

D,f = f, = [cos(x cos y)] (—x siny)

Dsf = f, = Ds((e™*)") = Ds(e*"¥)
= (Inx)e?"* = (In x)(x?).



Theorem: If Di,jf and Dj'if are both continuous in an open set

containing a, then
D; if(a) = D;;f (a).

Ex. A function can have a partial derivative everywhere yet not necessarily be
continuous everywhere (in contrast to the statement that if a function has a
derivative at a point, then it is continuous at that point).

Let:

Foy) ==X if (x,y) # (0,0)

x%+y4

=0 if (x,y) =(0,0)

A direct calculation using the quotient rule shows if

(x,y) # (0,0), then:

_ Yot —x%
(xZ + y*4)2
_2xy(x® = y*)

y = (x2 + y*4)2
If (x,y) = (0, 0), then:

fx

£:(0,0) = Jiny h M h ’
- f(0,0+h)—f(0,00 . f(0h)—f(0,0)
F0.0) = iny h I R S

Thus, fx and f,, exist everywhere.



However, f (x,y) is not continuous at (0, 0) since

(x,yl)lir%o,O)f (x,y) # f(0,0) = 0.

For:

lim x,y)=0
(x,y)—>(0,0)f( y)

the limit must be 0 from all directions as (x, y) — (0,0).

If we let x = yz, then we get:

lim 2 = lim vy = lim _y4 =1
=22 +yt y=0 (Y22 +yt  y=02y* 2
y—0

lim x,y) #0=£(0,0).

Thus, f is not continuous at (0, 0).

Note: Since f(x,y) is not continuous at (0,0), Df(0,0) does not exist.

The “problem” is that f; and f,, are not continuous at (0, 0). For
example, if we approach (0, 0) along x = 0 we get:

: . YIOt-0) . .
lim f,, = lim =—==—— = lim = = undefined
y—>8 y—>8 (02+yH)?  y-0y
X= X=



Derivatives:

Theorem: If f: R™ — R is differentiable at a, then D; f;(a) exists for

1<i<m1<j<n,andDf(a)isgivenbythem X n
(Jacobian) matrix.

Df(a) = (D;fi(a))

Proof: Suppose m = 1, so that f: R™ = R. We define h: R — R by,

h(x) = (a,ay, ., X, ..., Ay)

where X is in the jt" place, then (f o h)(x) = f(aq, ay, ..., X, ..., Ay, and:

D;f(a) = D(f o h)(a)).
By the chain rule the RHS becomes:

D;f(a) = Df (h(;)) e Dh(a;) = Df (a) ° Dh(ay)

But,
_O_
0
Dh(aj) = 1 1isin the j¢" place, so
0
ni
_O_
0
Dif(@) = Df (@)}
0
ni

Thus D;f (a) = jt entry of Df ().



Now for an arbitrary m; f: R"™ — R™,

We saw earlier that: Df (a) = (Df1 (a),...,Dfy, (a)), so by the first part

Df(a) = (Dfi(@)).

Ex. Let f(x,y) = (€x+2y, sin(x + 2y))
g, v,w) = (u+ 2v? + 3w3,2v — u?)

h(u,v,w) = f(g(w,v,w))
Find Df (x,y),Dg(u,v,w), and Dh(1,—-1,1).

o% R\
B ax ay B ex+2y 26X+2y
Df(x,y) = of, 0f, |~ (cos(x +2y) 2cos(x + Zy))
dx Jdy
agl 091 agl
| ou ov ow |_( 1 4v 9w?
Dg(u,v,w) = dg, 0g, 09, _(—Zu 2 0 )
Ju Jdv OJdw

By the chain rule we know:

Dh(u,v,w) = Df(g(u, v, W)) o Dg(u,v,w).
When (u,v,w) = (1,-1,1), g(1,-1,1)=1+2+3,—-2—-1) =(6,—-3)
Dh(1,—1,1) = Df(6,—3) o Dg(1,—1,1)

1 -4 9)

pf6-3=(; 2); ba-Ln=(1 ' ¢

ot -0 =(; ) (5 5 0)=(5 o o)



Corollary: Let f:R™ = R™ and h: R™ = R. Then we have the following
product rule for the derivative of h(x) f (x):

D(h(x)f(x)) = (h(x))(Df(x)) + (f (x)) ° (Dh(x)).

Notice that the first term (h(x))(Df(x)) is a scalar function timesanm X n
matrix. Hence the result is an m X n matrix. The second term (f(x)) o (Dh(x))
isanm x 1 matrix, f (x), ie a column vector of dimension m, and a 1 X n matrix,

Dh(x), ie a row vector of dimension n multipled as matrices. Thus the result is also
an m X n matrix.

Proof:
h(x)f(x) = (h(x)f1(x), h(x) fo(x), ..., h(x) fir,(x))
dthfy)  9(hf1)
axl axn
D(h(x)f(x)) = : . :
o(hfm) . O(fm)
0xq 0xn
d(f1) oh d(f1) oh
hax1 +f16_x1 haxn+f16xn
0fm) ., Oh L Um) , , O
h dxq +fm6_xl h 0xn +fm6xn
af . 9(f)
0% Oxn f oh oh
=h : . : +| (6_x1 a)
0fm) . 9(Um) fin
0xq 0xn

= (h(0))(Df (X)) + (f(x)) o (Dh(x)).



Ex. Let f(x,v,z) = (xyz,x? + y?z) and h(x,y,z) = 2e¥t2Y~Z,
Find Df (x,y,2),Dh(x,y,z),and D(h(x,y,z)f(x,y,z)) at the point
(x,y,z) =(1,1,3).

ofy 0fy afl\

_{ Ox 0y 0z | (YZ Xz Xy
Df(x)y; Z) - afz afz afz - (Zx ZyZ yZ)
dx 0dy 0z
Dh(x y Z) _ (ah ah ah) — (Zex+2y—z 4ex+2y—z _28x+2y—z)
o dx 0y 0z

D(h(x,y,2)f(x,y,2z)) = h(x,y,z)Df (x,y,2z) + f(x,y,2) o Dh(x,y, z)

at(1,1,3): h(1,1,3) =2; £(1,1,3) = (3,4)

pF1,1,3)=(5 > 1)

Dh(1,1,3) =2 4 -2)

D(hf)(1,1,3)=2(3 3 1)+(i)(2 4 —2)

2 6 1
2(461 162 §)+(g 12 :g)
(12 28 o)



Theorem: If f: R™ — R™, then Df (a) exists if all D; f; (x) exist in an open set

containing a and if each function (Djfl-) is continuous at a (such a function is
called continuously differentiable).

Proof: It's enough to prove the statementform = 1,i.e. f: R™ - R.

f@a+h)—f(a) =f(ay + hy,ay,...,a,) — f(aq, ...,a,)
+f(a1 + hll a; + hZ! Iy an) - f(al + hll an, ..., an)
+ et f(al + h1;a2 + h21 vy Ap + hn) _ f(al + hl! vy A + h‘l’l—l» an)

Recallthataan(al, v ay) =g'(ay), ifgx) = f(x,a,,..,a,).
1

By applying the mean value theorem to g(x), we get:

gla; + hy) — g(ay) = hy(g'(b1))
for some b, between a; + h; and a;.

Thus we get:

flay + hy,az, ..., an) = f(ay, .., a) = (h1)D1f (b1, Az, ..., Gy).

Applying the same argument to the it" term we get:

flay + hq,...,a; + hy,ai44, .., a,) — f(a; + hq,...,a;_1 + hi_q,a;, ..., Qp)
= (h))Dif (ay + hy, .., ai-1 + hi—y, by, Qi44, -, Q)

where b; between a; + h; and q;.



Now we can show that Df (a) equals the Jacobian matrix:

I |f(a+h) —f(a) =X, Dif (@)h;]
im

h—0 |h|

| Xie1(h)[D;if(ay + hq, ..., a;—1 + hy_1,b;, Q44, -, ay) — Dif (a)]]

= Jim A
. |hil
< ’Ll_f}(l) YiqlDif(ay + hy, .oya;—1 + hi—1, by, ai44, ..., an) — Dif (@)]] ﬁ

< }li_r% Yiql[Dif (ay + hy, ..., a1 + hi—1,b;, Q41 ..., a) — Dif (a)]]

= 0; since D; f is continuous at a.

The previous theorem says that if f: R™ — R and all of the partial derivatives
of f are continuous at a then Df (a) exists. However, it is possible for Df (a)
to exist even if all of the partial derivatives of f aren’t continuous at a.

Ex. Let f(x,y) = (x% + yz)sin(\/%yz) if (x,y) # (0,0)

=0 if (x,y) = (0,0).
Show that Df(0,0) exists but f, is not continuous at (0,0).

By the product rule we have when (x,y) # (0,0):

felx,y) = (x* + y*) lcos (

. )] -—— + 2xsin( - )
Nz ) L R N

1

X : 1
~ e o8 () + 2osinC )
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Thus we have:
fc(x,0) = — Ifc_l (cos (i)) + 2x(sin (i )).

x| x|

Thus lirr(l) f+(x,0) does not exist and hence f, (x, ¥) is not continuous at (0,0).
X—

However, we can show that Df (0,0) exists and equals (0 0).

1 |£(0+h)—f(0)-0(h)|

|(h2+h2)| sin[ — |

lm ( 1 2)< ( h%+h%>>
i “

h=(0,0) n2+n2

lim |/h? + hZ| sin| — I
h—(0,0) ,h%+h§

But:

0 <./h?+ h%| sin \/% < /h%+h§.
h1+h3

So by the squeeze theorem we have:

lim |vh? + hZ| sin| — | =
h—(0,0) ’h%+h%

Thus Df(0,0) exists and equals (0 0).




