Green’s Theorem, Stokes’ Theorem, the Divergence Theorem and the
Fundamental Theorem of Calculus

In this section we will show that The Fundamental Theorem of Calculus, Green’s

Theorem, Stokes’ Theorem (on surfaces in R3), and the Divergence Theorem are
all special cases of Stokes’ Theorem on manifolds.

Def. Asingular O-cube, ¢, isamapof c: {0} > A € R". If w is a zero form
(i.e. a real valued function) we define:

fc w = w(c(0)).

The Fundamental Theorem of Calculus:
If f is a smooth function on [a, b], then

b
| 1eddx = 1) - r@,

In this case, df = f'(x)dx. If we call [a, b] = I, then The Fundamental
Theorem of Calculus becomes:

| ar=] r=r-r@.
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That is, The Fundamental Theorem of Calculus is Stokes’ Theorem
where M = [.



Green’s Theorem:
Let D be a simple region and C be its boundary. Suppose that P: D — R
and Q: D — IR are smooth function, then:

dex+Qdy U (—— )dxdy.

Notice that if w = P(x,y)dx + Q(x, y)dy, then:

da)——dyAdx+ 22 4x N dy = (Z—f—a—‘”)d x Ady

Since C = dD, we can write Green’s Theorem as:

j a)=j dw.
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This is Stokes’ Theorem where M = D.

Stokes’ Theorem (for parameterized surfaces in ]R%g):
Let S be an oriented surface in R3 defined by a one-to-one

parameterization ®@: D € R? — R3, where D is a simple region. Let
F(x,y, z) be a smooth vector field on S, then:

f WV x F)-dS=fa F - ds.
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To see that this is a special case of Stokes’ Theorem on manifolds we must
show thatif w = F - ds, thendw = (V X F) - dS.

ds=dxi+dyj+dzk
F(x,y,2) = Fi(x,y,2)T + F,(x,y,2)] + F3(x,y, 2)k
w = F - dS = Fldx + dey + ngZ.

Taking the differential of each side of the last equation we get:

d(,() == d(Fldx + dey + F3dZ)
(aFld +6F1d +6F1dz)/\dx
(aFZd +6F2dy+ 22dz) Ady

+(S2dx +22 S dy + 22 22dz) Adz

=‘2—’;1dy/\dx+%dz/\dx+aﬂdx/\dy

+—2d A dy + dx/\d + dy/\dz

dw = (32— %) dx dy + (32— 52) dy dz + (52 - 22) dz dx

We need to show (V X F)-dS = dw.
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If the surface S is given by:
D(u,v) = (x(u, v),y(u,v),z(u, v)),

then:
dS = (d, X ®,)dudv
l J k dy 0y dx O0x dx Ox
— — dx 0dy 0z % % 5 a 5 5 % 5 N
Dy X Py =150 Bu ou| = oz az|t oz azld tlay ay|%
a_x a_y % ou 0Jv du Jv ou o0ov
v Jdv O0v

_0Wyz)>s , 0(zx)s , 0xXY) T
= un ' T aan’ T aan ©

- = 00.2) -, 0(zx) - 0(xy)
ds = (B, x By)dudv = (3227 + 2257 + 2221 du dv.

Thus we can write:

ds = [(2F 2B\ p . (R _om
(V X F) dS_[(ay az)l-l_(az ax)]
_ 0y,z)>  0(zx) > . d(xy)
[(a(u,v) Lt 6(u,v)] T o0 (u,v)

(-5

k)| du dv
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Notice that if x = x(u,v),y = y(u, v), then:
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_ 0x 9x 4. _ 9y 9y
dx = udu+avdv, dy—audu+avdv

dx ndy = (S-du+dv) A (Zdu+2dv)

_ (dxdy _dxdy

o (au v  ov au) du A dv
_ (9(x,y)

= (6(u,v)) du A dv.

Similarly,

dy Ndz = ggz; du A dv and dz A dx = 2Z2 du A dv

o(u,v)
Thus we have:
(V X F)-dS =
OF;  OF, OF, OF; oF, OF
(E—E)dy/\dz+ (E—E)dz/\dx + (E—E)dx/\dy

= dw.



Now we can write the following two equations:

[ @xmras— a
[ Fas=] o
f[ o= o

So

Divergence Theorem:
Let W C R3 be an elementary region with W, a closed surface given the

outward orientation. Let F' be a smooth vector field on W, then:

UW (div(F)) dv = f'[aWF - dS.

To show this is just Stokes’ Theorem with M = W, we need to show that if

w = F -dS, thendw = div(F) dV.



We just saw in our discussion of Stokes’ Theorem for surfaces that:

dS = (dy A dz)T + (dz A dx)] + (dx A dy)k.

f F(x,y,2) = F,i + F,] + F3k, then:

w=F-dS =FdyANdz+ F,dz ANdx + F3dx A dy.

We need to show dw = (div(F))dx dy dz.

_on or or;
dw = ™ dx Ndy Ndz + aydy/\dz/\dx+ > dz ANdx A dy

_ (0F, | 0F, aFg)
= (ax + 3y t dx Ndy AN dz.

Soif w = F - dS, then dw = div(F)dx dy dz. Thus, the Divergence

Theorem says:

fffw (div(F))av = ﬂaWF - dS

Or

I, =1L,



