Stokes’ Theorem on Manifolds

Stokes’ Theorem for Compact Oriented Manifolds:
If M is a compact oriented k-dimensional manifold with boundary and w
isa (k — 1)-form on M, then

f dw=f w.
M oM

We saw earlier that this theorem is true when M is a k-chain. To get this result for a
compact manifold, we take a partition of unity {{,, },e; for M subordinate to an open

cover ‘U. So for any point x € M:
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Since M is compact, ‘U has a finite subcover. The above sum is finite and

ZJ dy, N w = 0.
M
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fM do = ;fM o (dw) = ;[M (dby A + hy A dw)
- ZI jM A(iPaw) =; e = fa o

Thus

Therefore:



Corollary 1: If M is a compact manifold without boundary (e.g. a sphere

or torus) and w isa k — 1 form, then:

J dw = 0.
M

fda)zf w
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jw=0.
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Corollary 2: If M is a compact manifold (with or without boundary) and

Proof:

But IM = ¢, so:

wisa k — 1 form thatis closed (i.e. dw = 0), then:

jw=0.

oM
fa)=j da)=j 0=
oM M M

Notice that if M is not compact, then Stokes’ Theorem need not hold. For example, if

M =D —(0,0), where D = {(x,y) € R?|x? + y? < 1} and

—__Y X — )
W =53 dx + 1y dy , then dw = 0. But we have:

Proof:

f a)=2n¢f dw = 0.
oM M



Ex. Lletw = (14 xy2)e™ dx + 2x2ye*¥*dy be a 1-form on
St ={(x,y) € R?| x? + y? = 1}. Evaluate:

jw
51

Notice:
dw = ((1 + xy2)(2xy)e™’ + (ny)exyz) dy A dx
+ (szy(yz)e"y2 + 4xyex3’2) dx Ady = 0.

So by Stokes’ Theorem:

fa)=f da)=f 0=0
s1 D D

where D is the unit disk x2 + y? < 1and ST = 0D.

Ex. Using Stokes’ Theorem evaluate:

o

where w = z2 dx Ady + x dy Adz — y dx A dz and S is the unit

sphere.

Notice:

=l

where B is the unit ball in R3.



do =d(z?dxAdy + xdyAdz—ydx Adz)
=2zdzANdx ANdy+ dx ANdyANdz—dy ANdx Ndz
= (2z+2)dx Ady Ndz.

Nowlet  ®:[0,1] x [0,7] x [0,27] - R3 by:
®(p,$,0) = (pcosHsing,psinfsing,pcos ¢)

@*((2z + 2)dx Ady Adz) = (2p cos ¢ + 2)(det5')dp ANdp AdB

= (2pcosp + 2)(p?sind)dp Ade A d6.



2w T 1
ﬁ w=] j j (2p3 cos ¢ sin g + 2p? sing) dp d¢ do
s2 6=0J¢=0p=0

B 2T T ,04 . 2,03 . 1
= —cos ¢psin¢ +——sin| d¢ db
6=0Jp=0 2 3 .
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Stokes’ Theorem can be used at times to simplify calculations.

Ex. Lletw = —y?dx+ xdy+ z* dz. Evaluate fc w where C is the curve

given by the intersection in R3 of the cylinder x? + y2 = 1 and the plane
y+z=2.

y+z=2




By Stokes’ Theorem, where S is any smooth compact surface with C = 0S5

[v-] «

where:  dw =d(—y?dx+xdy+z?dz) = (1 + 2y)dx Ady.
The easiest S to take is the (elliptical) region in the plane,

y+z=2.
Notice that the projection into the Xy-plane is just the disk, D, x? + yz <1

Ifwetake f:D S R? >SS R3by f(u,v) = (u,v,2 — v):
F (1 +2y)dxAdy) = (1+2v)duAdv
Thus,

j —yzdx+xdy+zzdz=ﬂ (1+2v)dundv
c D

Changing to polar coordinates, we get:

2w 1 27 2 9.3
:j j (1+2rsin9)rdrd9=j — 4+ ——siné
6=0Jr=0 0

de
02 3

2w 1 2 1 2 2n
= — 4 —si 9)d9=—9—— 0| =m.
_L_()(Z 3 Sin > 3 €0S ; /[

One could also evaluate the original line integral by parameterizing the curve C by
c(t) = (cost,sint,2 —sint); 0 <t < 27 but this calculation is messier.



Ex. Use Stokes’ Theorem and valuing the integral directly to evaluate the following
giventhatw = zdx Ady +xdy Adz+ ydz Adx.

o

where S? is the unit sphere in R3.

By Stokes’ Theorem:

dow =dzANdx ANdy +dx ANdy ANdz +dy ANdz A dx

=3dx ANdy Ndz.

ﬂsz w = fffB 3dx dy dz = 3(volume of the unit ball)

=3(3n(1)%) = 4.

Valuing the integral directly:
c:[0,7] x [0,2r] - S? € R3
c(¢,0) = (cosOsing,sin O sin ¢, cos ¢)

c*(w) =cospd(c*x) ANd(c*y) + cosBsingp d(c*y) ANd(c*z)
+ sin@singp d(c*z) Ad(c*x)



= cos ¢ d(cos 6 sin ¢) A d(sin 0 sin ¢)
+ cos 0 sin ¢ d(sin 6 sin ¢) A d(cos ¢)
+ sin 6 sin ¢ d(cos ¢) A d(cos 6 sin ¢)
= cos ¢ (—sinf sin¢ db + cos 6 cos ¢ dgp) A (cos 6 sin ¢ d6 + sin 6 cos ¢p)d¢]
+ cos 6 sin ¢ [(cos 6 sin ¢p dO + sin 6 cos p dpp) A (—sin ¢ d¢)]
+sin@sin¢g [(—sing d¢p) A (—sin 0 sin¢p dO + cos 6 cos ¢ d)]
= —cos? ¢sing dfB d¢ — cos? 8 sin> ¢ df d¢ — sin? 0 sin3 ¢p d8 do

= —[cos? ¢ sin ¢p dO d¢p + sin® ¢ d6 dp] = —[sin ¢ dO d¢]

=sin¢g do A df.

ffsza)=L2njonsin¢d¢d0=f02n—cosq’)

2T
=j 2d0 = 4m.
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Ex. Let C be a smooth simple closed curve that lies in the plane
x+y+z=1.

Show that: fc (z dx — 2x dy + 3y dz) depends only on the area enclosed
by C and not the shape or location of C.

x Toshze=1

By Stokes’ Theorem:

j (zdx —2xdy + 3y dz) =H d(zdx —2xdy + 3y dz)
C S

where dS = C and we can take S to lieinthe planex + y + z = 1.

d(zdx —2xdy+3ydz)=dzA dx—2dx A dy+3dyA dz

j (zdx—2xdy+3ydz)=ff dzA dx —2dx A dy+3dyA dz
C S



Now let parametrize the plane x +y + z = 1 by:
fiR? > R3by f(u,v) = (u,v,1 —u—7v)

Jf dzA dx—2dx N dy+3dyA dz
S

=ﬂ f*(dzA dx—2dxA dy+3dyA dz)
71

f*(dzN dx—2dx A dy+3dyA dz)
= d(f* () Ad(f* () — 2d(f* () Ad(f* ()
+3d(f* ) Ad(F*(2))

=dl—-u—v)Adu—2dundv+3dvAd(l—u—v)

= —-2dundv

f (zdx—Zxdy+3de)=—jf 2dudv
C f71S)

= —2(area of f~1(S)).

But notice that the surface area of S, (i.e. the area enclosed by C) is given by:

Surface area of § = fff_l(s)ﬂfu X f,|ldudv

f,=(010,-1), f=(01-1) andf, Xf, =1+ +k,
so [Ifyu X fill = V3.
V3dudv = +3(area of f71(5)).

Surface area of S = ﬂf-l(s)



Thus we have:
Jp (zdx —2x dy + 3y dz) = —2(area of f71(5))

— _T: (Surface area of S)

So the original integral only depends on the area enclosed by C (which is the surface
area of S).
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