Integrating Differential Forms over Manifolds

Def. If w is a p-form on a k-dimensional manifold with boundary M and c a
singular p-cube in M, then we define:

f w =j c’'w.
c [0,1]k

If C is a p-chain, then we also use the definition above.

Ex. Let T'? be the torus embedded in R* by:
®(u,v) = (cosu,sinu,cosv,sinv); (u,v) € [0, 2m]?

Let w be givenin R* by w = —x,x3dx; A dx,.

Evaluate:
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D*(—xyx3dx; Adxy) = (—x2x3 0 5)5* (dxy) A D*(dx,)

= (—sinucosv)(—sinudu) A (cosv dv)

= sin? u cos? vdu A dv.

2w 2T 2T 2T
f a)=f j CD*(a))=j j sin? u cos? v du dv
T? 0o Yo 0o Yo

2T 2T
= <j sin? u du) (j cos? v dv)
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Theorem: If ¢4, c5: [0, 1]¥ = M are two orientation preserving

(i.e. det((c; 1cq)") > 0) singular k-cubes on the oriented
k-dimensional manifold M and w is a k-form on M such that

w = 0 outside of ¢1 ([0, 1]%) N ¢, ([0, 1]%), then:

[o=[ o
C1 C2

[0’ 1]k [O,l]k




Proof:

[ o=] e
c1 [0,1]%

=f (cz0c5 0 cy) (W) = f (2" o e)"(e3()
[0,1]¥

[0,1]F
since (f o g)*w = g*(f*w).

So we need to show:

'[[0}1]1((62—1 o C1)*(Cik(w)) = j[o,l]kcg(a)) = jc w.
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let g =cy;loc. Ifciw = fdx; A ... A dxy, then:

(c5t o ) (c3(@)) = g (c5(w))
= g"(fdx; A ... Ndxy)
= (fog)detg dx; A..ANdxy
= (fog)ldetg'|dx; A..Adxy .
since det((c;1c;)") > 0.
So we have:

f (c;1o cl)*(cg(w)) = (feg)ldetg'|dx; A ...Adxy,
[0,1]% [0,1]F

=j c§a)=j c{a):j w.
¢ *cq([0,1]%) [0,1]k c
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We still need a way to define:

jM o,

If w = 0 outside of an orientation preserving singular k-cube ¢ in M we

fooe o

The previous theorem shows that this definition doesn’t depend on which ¢ we

define:

use. However, this still doesn’t give us a general definition for:
[ o
M
To define this we need the notion of a partition of unity.

Def. Let M be a manifold and {U,},c; = U be a collection of open sets that

covers M. A partition of unity subordinate to ‘U is a collection of

continuous functions {1,: M — R} satisfying:

1) 0 <Y (x) < 1foralla €l andx € M

2) Y, (x) = 0 outside a compact subset of U,

3) Forall x € M there exists only a finite number of @ € I such that
Pa(x) #0

4) YgeiWa(x) = 1forallx € M.




Theorem: Let M be a smooth manifold with atlas A = {U,, h, }ae;-

There exists a smooth partition of unity of M subordinate to A.

A construction of a smooth partition of unity often depends on constructing
smooth “bump” functions (smooth functions that are zero outside a compact set)
and “cut-off” functions (smooth functions that are constant outside of a compact

set).

a b

Bump Function

These functions can be built
out of:
fx)=0 ifx<0

1

—e & if x > 0.

a

b

Cutoff Function

Y= )




Notice:
g1(x) = f(x — a) is smooth and g;(x) = 0, x < a, and nonzero for
x> a.

1 g1 () =|f(x—a)|

g>(x) = f(a — x) isasmooth and g,(x) = 0,x = a and nonzero for
x < a.
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i gz(x)=f(a—x> 1
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If a < b, then

gx)=f(x—-—a)f(b—x)=0 forx & (a,b)
>0 forx € (a,b).
g(x) is a “bump” function.

900 = flx— f (b = x)

f(b—x)
f(x—a)+f(b—x)
=0 ifx=>0hb.

h(x) =

=1 ifx<a

h(x) is strictly decreasing on (a, b) and a “cut-off” function.

f(b|—x)
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Ex. Let M = RandletU = {Uj}jEZ ,where U; = (j — 1,j + 1) be an open

cover of R. If x € Z, then X is only contained in U,. If X is not an
integer, then X € Uy and X € Upy)41.

Consider the bump function:

gj(x) = f(x — (- O.9))f((j + 0.9) — x)

=0 if x<j—09
1.8

= eG—+09)j09)  if j—0.9 <x<j+0.9

~0 if x>j409

where f(x) =0 ifx <0
1

=e x ifx>0.

Sogj(x) =0ifx & [j — 0.9,j + 0.9], a compact subset of U;. Forany j € Z
the only functions not identically O on Uj are gj—1,9j» and gj+1-
For example, if j = 2, U, = (1, 3), then:

g1 (x)=0ifxeg[.1,1.9]

g,(x) =0 ifx ¢ [1.1,2.9]

gs(x) =0 ifx ¢ [2.1,3.9]

Y =191(x) y =|9.(x) Y =93(%)

- - -~

0.1 1.1 3.9




Define:
g;jx)
gj-1(0)+gj(x)+gj+1(x)

Y(x) =

{l/)j (x)} is a partition of unity subordinate to ‘U.

Ifx; =[j —0.9,j +0.9],thenp;(x) =0 ifx & k;
>0 ifx €k
and ¥, Y;_1,Pj4q are only functions not identically O on Uj;.

If x = n € Z, then:

gn(m) . gn(m) _

In-1(m) + gn(M) + gn+1 (M) B gn(n) =1

D (@) = Yalm) =

JEL

If x & Z, thenletn = [x]:

D i) = Pl + P )
JEZ
_ In(x) In+1(X)
C In-1(O)+gn () +gn+1(®0)  gGn()+gns1 () +gn2(x)

_ In(x) Int1(X)
In () +gn41(x) In(X)+gn4+1(x)

since gn—1(X) = gpy2(x) =0forx € U, N U, ;1.
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Now we’re ready to define fM w for a general k-form w.

Let U be an open cover of M such that for each U, € U there is an orientation
preserving singular k-cube ¢ with U, € c([0, 1]%). Now let {ip,}4e; be a
partition of unity subordinate to U. We define:

| w=>] wow.

acl



