Representing Tangent Spaces of Manifolds
Let M € R™ be a k-dimensional manifold and 5 a parametrization where
d:UCRK>MCR" andC_D)(a) = x € M. We know that:
D®(a): Rk > RZ.

We call D@(]R’é) = T,,(M) the tangent space of M at x. In fact this definition does

not depends on the parametrization of ®.

Def. A tangent vector to a manifold, M, at a point, p € M, is the tangent vector at p
of a curve in M passing through p.

The tangent space of M at p, T}, M, is also the set of all tangent vectors to M at p.

6(y(t)) Tangent Vector at p
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Ex. Find an equation of the tangent space (i.e. plane) to the unit sphere

x% + y?% + z* —1atthep0|nt(—%§).

We first need to find a parametrization of the unit sphere, it doesn’t matter which one

11 V2
we use, and the point that gets mapped to (2 2 \/2_)

Let’s use the parametrization ® (u, V) = (u v,V1—u? — vz).

1 1 11 +2
Clearly u = 2 V== gets mapped to (E 5 7)
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By the definition of the tangent space, it is the image of ]R(l 1) under D® (— —) So
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we just need to find the image under D® (E’ E) of the basis vectors (1, 0) and

(0, 1) for R211 .
z2)
ox ox
ou v 1 0
@ |2 YI_(3 )= 0 1
pDov)=| 70 1= (@ &) =| 2 —
0z 0z Vi-u2-v2  V1-u2-p?2
ou 0Jv
1 0
(P H=( 0 1
PF(33) 5 Vi vz

2 2



So a basis for T(l 1 _ﬁ>52 is given by:
2’2" 2

1 0 1
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" vz
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0 1 (0)= 1
V2 2 A | 2
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So the vectors Wy = (1, 0, — g) and w, = (O, 1, — g) span the tangent space to
11 42
S? at (— ~ £).

2’2’ 2

To find an equation for the tangent plane we need a normal vector ( Wl X V_V)z) and a

: 112
point on the plane (—, —,—).
2’2" 2

Wy X W, = (\/;gl)

: 11 V2),
So an equation of the tangent plane to S? at =,=,—]is:
2’2’ 2
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Ex. Consider the 3 dimensional manifold in R* given by:

M = {(xq,%5,%3,%4)| x4 = x¥ + x5 + x4}

Find 3 vectors that span T, M where p = (1,2, 1,6). Then find an equation

for the tangent space.

We can parametrize this manifold by:

-
D(ug, Uz, uz) = (ug, Uz, uz, ui +uj +uj), (ug,uz uz) € R3.

We need to find the image of ]R?l,z,l) under Da(l, 2,1).
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(1,0,0),(0,1,0),and (0,0, 1) are a basis for R3 so:
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D®(1,2,1)|1]= 1|=
0 0 0 1 0 0
2 4 2 4

D®(1,2,1)| 0| = 0]=
1 0 0 1 1 1
2 4 2 2

so w; =(1,0,0,2), w, =(0,1,0,4), w3 =(0,0,1,2) span the tangent
spaceto M at (1,2,1,6).

If we can find a normal vector to these 3 vectors in ]R4, then we can find an equation
for the tangent space. Unfortunately, we don’t have a cross product in R*. However,
if w = (a, b, c,d) is perpendicular to the 3 vectors, then:

—
w
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-w; = (a,b,c,d)-(1,0,0,2) =a+2d =0 =>d=—%

-%z{mhmﬂ(QLQ®=b+Mhﬂ):dz—g

‘W3 = (a,b,c,d)(0,0,1,2) =c+2d=0 =>d=-:
2 4 2
a
——=—- = c=a
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d=-2
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We can choose any number for a, so let a = 1, then:

—
w

1 1
1, 7 1, — E) is normal to the tangent space.

= (a,b,c,d) =(



Since we are finding the tangent space at the pointp = (1, 2,1, 6), we can
represent any vector in the tangent space by (x; — 1,x, — 2,x3 — 1,x, — 6).

— 1 1) . . .
Sincew = (1, > 1,— 5) is perpendicular to every vector in the tangent space we

have:

1 1
(1,5,1,—5)-(x1 —1,x,—2,x3—1,x,—6) =0
Or
(=D +50-2) + (3 =1) =5 (s~ 6) =0

Is an equation of the tangent spaceto M atp = (1,2,1, 6).

Ex. Find an expression for the tangent space to T3 C R parameterized by

—
®(uq, Uy, uz) = (cosuy,sinu,, cosu,,sinu,,cosus,sinus;)

T T T
when (ul,uZ,U3) = (Z,E,g)

When the dimension of M is 1 and it's embedded in R™**1 we can write an

equation for the tangent space as a single linear equation (as in the previous example).
In this case, since M is not embedded in a Euclidean space of one higher dimension, so

we will express the tangent space via a parametrization.

Once again (1,0,0), (0,1,0), (0,0,1) is a basis for R3:

(DE(—,—,%))(l 0 0=3,(55%
®(3,5.2)) =Pu (3205
PoED)0 1 0=5, (5



where:

6u1(u1,u2,u3) = (—sinu,,cosuy,0,0,0,0)
— T\ _ (V2 \/_
% (355) = (5570000

5u2 (uq,uy,u3) = (0,0, —sinu,,cosu,,0,0)
a))uz (%)%lg) = (0; O; _11 0; O) 0)

$u3(u1,u2,u3) = (0,0,0,0, —sin u3, cos us)
— TTWT 143
5029~ (0000-1)

2’ 2
So the tangent space in R® must contain the point
= (T T T
5(350)=(3501%)
NG

-2 V2
and vectors starting from that point given by ( —,0,0,0 0)

T;Z; y Y, Y,
(0,0,~1,0,0,0), and ( 0,0,0,0,—2 f)

Thus the tangent space (3-space) to T3 € RO at (g,g, 0, 1,?,%) is:

, VENZ B V2 V2

Pluyuzus) = (22,012, 2) + 4, (=2,%2,0,0,0,0)
+1,(0,0,—1,0,0, 0) +13(0,0,0,0,-3,%)

= V2 V2 V2 V2 1 V3 3 1

P(uq,uz,uz) = (‘7”1 t5, Tt ~up 1, —Jus+—, —us +5)

Uq, Uy, Uz € R



