Stereographic Projections of Spheres

In a homework problem (Manifolds #1) you’re asked to show that the following two
sets and their coordinate systems form an atlas on S2:

W, = $2 — (0,0,1)
T[l:Wl - IRZ by nl(x;Y:Z) = (L L)

1-z" 1-z
W, = $2 — (0,0, —1)
ﬂz:Wz - Rz byﬂz(x,y,Z) = (L L)

1+z’ 14z

First let’s see where the mapping 171 and 1T, come from and then generalize this
approach to show that:

S3 = {(xq, x5, x3,x4) € R*xZ + x5 + x5 + xZ = 1} is a manifold (this
approach will also work for S™).

Let’s start with 77;: S — (0,0, 1) = R2. Givenany (x, 7y, 2z) on S2, we can find
the vector form of the line through (0, 0, 1) and (X, v, Z), then ask where that line
intersects the xy-plane.

The direction vector of this line is given by U = < x,y,z — 1 >. Since (0,0, 1) is
a point on the line, an equation of the line is:

() =<0,001>+t<x,y,z—1>=<txty,t(z—-1)+1>
where t € R.



1
This line intersects the xy-planewhen t(z —1) + 1 =0ort = -

So the point of intersection between [(t) and the xy-plane is the point:

X oy
=0

Thus 14 (x, Y, zZ) = (i, %) and by a similar argument we get:
T, (x, Y, zZ) = (L 4 ) T4 and 1T, are called stereographic projections of S?

1+z’ 1+z
onto R2.

Let’s take the same approach for:

S3 = {(x1,x2,x3,x4) € R*| xf + x5 + x5 + xZ = 1}

Let W; = §3—(0,0,0,1) and my: W; = R3.

1, will take a pointon S3 — (0, 0,0, 1) and map it to the point of intersection of
the line through (0, 0, 0, 1) and (xq, x5, X3, x4) € S3 with the 3-space :
R3 = {(x1, %2, %3,%4) € R*|x4 = 0}.




The direction vector for this line is ¥ = < X1, X5, X3,%X4 — 1 >and (0,0,0,1) is
a point on the line so a vector equation for the line is:

l(t) =< 0,0,0,1 >+t< X1,X2,X3,X4 — 1 >
=< txy, txy, txs, t(x, — 1)+ 1> ; t € R

This line intersects the set {(xy, X5, X3, x4) € R*| x, = 0} at

t(x4—1)+1=00rt=11

( X1 X2 X3 0)
) ) ) .
1—x4_ 1—x4_ 1—X4_

. Thus, the point of intersection is:

So we define 114 by:

X1 X2 X3 )

7T1(X1 X2,X3 x4) =(
’ ’ ’ 1—x4,1—x4,1—x4

Similarly, if W, = S3 — (0,0,0,—1) we get my: W, — R3 by:
X1 X2 X3 )
14+x, 14+x, 1+ x,/)

UY) (x1; X2,X3, X4) = (

How do we show 171 and 7T, are diffeomorphisms?

Let’s do this for 1T1. Noti ( 4) (|—14 |—24 |—34)
et's do thistor . NOtICe Tt \ X1, X»>, X2, X as
1 1 1) A2)A3) x ) x ) x

partial derivatives of all orders because x, = 1 ((0,0, 0, 1) was removed from

S3).



How do we know 14 is 1-1? Suppose:

nl(xl,xz,xg,x4) = 7T1(W1, Wy, W3,W4)

(x1 X2 X3)_(W1 Wy Wg)
1_X4 ’ 1—X4 ! 1—X4 1_W4 ! 1—W4_ ’ 1—W4

or

But notice:
x 2 2 2 2 L 024 a2 _ 2
1 X2 X3 x{+x5+x5+(1—x4)
+ + +1= >
1-x4 1-x4 1-x4 (1—X4)
_ xZxZ4xs+ai+1-2x,
(1—x4)2
2(1-x,) 2

T (1-x4)2 1-xy

By the same argument:

() + () + () n=2
1—W4 1_W4 1—W4 1—W4_

But by (*) that means:

= = 1_X4=1_W4

X4 = Wy

Using (*) again we get:
X1 = W1, Xop =Wy, X3 = W3, Xg4 = Wy.

Thus 174 is 1-1.



How do we know 74 is onto?

In answering this question we will actually find 7'[1_1. That is, given any
(a, b, c) € R3, how do we find x, X, X3, X4 such that:

1 (X1, X2, %3,%4) = (a, b, c)

X1 _ ) X2 _ i X3 —c
1—X4_ ! 1—X4 ! 1—.X'4_ )
As before:
2 2 2
2 X1 X2 X3
=( )+( )+( )+1=a2+b2+c2+1
1_3(,'4 1_X4 1—X4 1—X4
1—x4 _ 1
2 a?+b%+c?+1
2
1—x, = .
* T aZ+b2+c2+1
Thus we can write:
2a

x=all=x) =5 e

2b
e = b —x) =

2c
(1= %) = aparer

X3

2 a’+b2%+c%-1

x,=1— = .
& a24+b2+c2+1  a2+b2+c2+1




Thus:

( 2a 2b 2¢ a’+b%+c?-1
1\a2+b2+c2+1° a24+b2+c2+1° a2+b2+c2+1 ’ a2+b2+c2+1

) = (a, b, c).

and 7r1 is onto.

What’s more we just showed:

2Uq 2Uy 2U3 u?+u’ +u§—1)

-1
VIA U, U>, U = (
1 (U, Uz, us) ud+ud+ud+1’ ui+ud+ui+1’ ui+us+ui+1 T ui+ui+ui+l

Notice also that 7'[1_1 has partial derivatives at all order for any (uq, U, U3).
Hence, 114 is a diffeomorphism.

Similar arguments show that 7T, is also a diffeomorphism.

How do we know 1 1 (R3) U ;1 (R3) 2 §37

77 (R3) = 53 - (0,0,0,1)
31 (R3) = $3 — (0,0,0,—1)

Since (0,0,0,—1) € S3 —(0,0,0, 1) we have:
(R um, (R3) 2 53



Let’s find the transition function T, 71 1 (g, Uy, U3) and show {m;, W;} isa
smooth atlas for S3.

2U4 21, 2u3 u%+u%+u§—1)

-1
VYA U, Uy, U3 ) =TT (
27y (U, Uz, Us) 2 \uZru2+ul+1 w2 +ud+uZ 41 v +ud+ud+1’ u+uZ+ul+l

and
7T(xxxx)—(x1 %2 x3)
2 L2234 1+X4,1+X4,1+X4 )
Notice:
witud+ui—-1 _ 2(uf+ul+uj)
1+x,=1+ 5= 2.2
ujtus+usz+1 ujtus+us+1
SO

Uq U Uus )

-1 _
TT>TT U4, U>, U =
21 (g, Uz, Us) (ui +us+us’ ul+ui+ud’ u+us+u’

where W; intersects W, i.e. on 1y (W; N W,) = R3 — (0,0, 0).

Thus, T, 1 has partial derivatives of all orders.



