Manifolds

Def. Let U and V be open sets in R™. A differentiable function, h: U = V with
a differentiable inverse R~ 1: V — U, is called a diffeomorphism
(“differentiable” will mean C% from here on).

Def. A subset, M © R", is called a differentiable manifold (or just a
manifold) of dimension k if for each point x € M there is an open
set W € R™, an open set U € R, and a diffeomorphism:

h:WnM - U.

h is called a system of coordinates on W N M.
h=1:U - W N M is called a parameterization of W N M.

The set {h,, W, } of coordinate functions and sets I, that cover M is called an
atlas.

Ex. A pointin R" is a zero dimensional manifold.
An open set in R™ is an n-dimensional manifold.



Notice that if (hy, W;) and (h,, W) are two coordinate systems on
Wl, W2 - M, where hl: Wl - Ul and hz: WZ - Uz, then:

hiz = hohi':hy (Wi N W,) = hy (W N W)
is a differentiable map of an open set in R¥ into an open set in

]Rk, and is called a transition function between the coordinate
systems (hy, W;) and (h,, W5).

hohi! -1
’ hl(Wl N Wz) — hZ(Wl N WZ)

Def. An atlas (hy, W,,) is called smooth if all of the transition functions are smooth.



Ex. Show that S% = {(x,y,2) € R3|x2 + y2 + z2 = 1} is a (differentiable)
manifold.

One way to do this is to define the following 6 parameterizations of the sphere,
which cover the entire sphere.

6i:V — R3 where V = {(u,v) € R?| u? + v? < 1}

D, (u,v) = (w, v, V1 —u? —v?) (z>0)
D, (u,v) = (u,v,—V1—uZ — v2) (z < 0)
&5, v) = (uV1—uZ —v2,v) (y > 0)
D, (u,v) = (w,—V1 —u? —v2,v) (y<0)
C_D)s(u,v)=(\/1—u2—v2,u,v) (x > 0)
56(u,v)=(—\/1—u2—v2,u,v) (x <0)

@, (w,v) =|(u, v, V1 — u2 — v?)

&

v

To show that these 6 parameterizations make S? into a manifold we must
show:

1) 51- is a diffeomorphism, fori = 1, ...,6
2) US, @, (V) 2 52,



To show that ®; is a diffeomorphism we must show:
a. @; isonetoone

b. ®@; is onto its image
C. 51- and 31_1 are differentiable.

Let’s show that 5)1 is a diffeomorphism.

a. C_I))l (u,v) = 31 (u',v")
(wv,V1—u?2—v2) = W, v, V1 —w?—v?)
so (u,v) = (u',v") and @ is one to on.

b. By definition ?51 maps V onto ?51 (V).

C. Each @; is differentiable on V' because all of the partial derivatives of

all order exist (since u? +v?# 1). The inverse functions of the ®;s
are just projections. For example:

(61)_1 (u v, \/1 —u? — vz) = (u,v).

— 1
All partial derivatives of all orders exist so ((1)1) is differentiable. The

— -1
same holds for the other (CDL-) :

Ui6=1 d; (V)2 S? because every point of S2 has at least one non-zero
coordinate.



What do the transition functions look like? First, notice that not all
®;(V), (V) intersect (e.g. @1 (V) is the upper hemisphere and @, (V) is the
lower hemisphere). As an example, let’s look at 51 (V) n 53 (V).

61 (V) = points on S% with z > 0
53 (V) = pointson S% withy > 0

61(V) N 63(V) = points on S% with y > 0 and z > 0.

53(u,v) = (u,\/l — u? —vz,v)
?551(11,\/1 —u? —v2,v) = (u,v).

So (33)_1?51(11, v) = &3 (wv,V1—u? —v?) = (u,V1—uZ —v2).

—

Other transition functions are also differentiable, thus {(I)l-_l, E))l(V)} for
i =1,...,6 isasmooth atlas for S2.

Def. H® = {x € R¥|x; > 0}, is called the half-space.

Ex. H? isthe upper half plane including the x-axis.
H3 ={(x,y,2z) € R3|z = 0}.



Def. M € R" is a k-dimensional manifold with boundary if each x € M hasa
neighborhood W N M that is diffeomorphic to an open set U € R¥ or
diffeormorphic to U N H*, where U is an open set in R¥. The set of points in M
where W N M is diffeomorphic to U N H¥ are called boundary points of M.
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Ex. Show that the closed unit disk, D = {(x, y) € R?| x? + y? < 1}, is a manifold
with boundary.

We need to show that for each point (x, y) € D, there is a open set W S R?
containing (x,y) such that W N D is diffeomorphic to an open set U € R? or
diffeomorphic to U N H?, where U is an open set in R?.




Notice for points (x,y) € D such that x? + y2 < 1 this is easy to do.

For these points let:
U =W, ={(x,y) € R?| x> + y? < 1}, andlet

hfl:U1§R2—>W10D=W1 by
hi'(x,y) = (x,y)

hl_l is the identity function and is clearly one-one, onto, and is its own inverse.
Also, hi! and h, are differentiable. Thus A7 is a diffeomorphism.

To cover points on the boundary of D we need to do more work.
We'll need 2 more sets to do this. We need to find open sets U and W such that
U N H? is diffeomorphicto W N D.



Let U, ={(,y)]0<x<2r, -1<y<1}
W, = R? — {(x,0) € R?| x > 0}.

Then U, NH?={(x,y)|0<x<2m 0<y<1}.
W,nD=D—{(x,0)]0<x<1).

| |

Now define:  h;L:U, NH? > W,ND by
h31(x,v) = ((1 — y)cosx, (1 — y)sinx).

Notice that for each fixed y, 0 <y < 1, hz_l maps the open interval (X, y),
0 < x < 2m, onto a circle of radius 1 — y, centered at (0,0) minus a point on

the positive x-axis.



Now we need to show that h; ! is a diffeomorphism.

Claim: h3!is one to one.

Suppose h31(x1,¥1) = h3 (x5, ¥2), 0 <xq,x, <2m, 0<yy,y,<1
Then:

(1 —yy)cosx; = (1 —y,)cosx,
(1 —y1)sinx; = (1 — y,)sinx,

Now square both equations and add them:
(1 —y;)?cos?x; + (1 —y,)%sin?x; = (1 —y,)? cos? x,
+(1 — y,)?sin? x, .

Thus we have:
A—-y)* =10 —-y)% 0<y;,y, <1
So: yl = yz.

Since Y1 = Y5, and 1 — y; # 0, we can divide the original 2 equations by 1 — y;.

COSXq1 = CO0SXy SO Xp = Xq0r Xo = 2T — X1
Sinx; = SinX, S0 Xo = Xq 0r Xo = T — Xq.

Hence x; = x5, and h3 ! isone to one.

To show that hz_l is onto W5 N D we’ll show that given any pointin W, N D
we can find a pointin U, N H? that maps onto it. Thatis, we will find the
inverse function, h,.

To do this we need to solve x = x(u, v), y = y(u,v) in:
u=(1—-y)cosx
v =(1-y)sinx.
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Squaring the 2 equations and adding we get:
u?+v2=>10-y)%cos?x+ (1 —y)?sin’x = (1 —y)2.

Since 1 — 7y > 0, we only get one square root above:
1—y=+vu?+v?
or y =1—+u? +v2

Notice that all of the partial derivatives of ¥ of all orders exist since (u, v) # (0,0).

Since1 —y > 0, wehave 1 —y # 0, so we can divide the 2 original equations
v
- = tanx.
u

For the set U, N H?, 0 < x < 27, so we need to define the inverse of the
above equation carefully:

X = tan‘lg if (1, V) isin the 1t quadrant
=§ if (u,v) =(0,1)
=1+ tan_lg if (U, v) isin the 2"4/3" quadrant
= %ﬂ if (u,v) =(0,—1)
= 21 + tan~ ! 5 if (u, V) is in the 4" quadrant.

It’s not hard to show that all partial derivatives of all orders exist for X since
0<x<2m.

Thus if we say X (U, V) is the complicated formula written above and
y(u,v) =1 —+vu? + v?, then h,(u, v) = (x(u, v), y(u,v)) is the

differentiable inverse of hy 1 (x, y).

h; 1 is clearly differentiable, thus, h; L is a diffeomorphism.
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Finally,let Uz ={(x,y)|—-t<x<m —-1<y<1}
W; = R? — {(x,0) € R?| x < 0}.

Then UsNH?* ={(x,y)|-n<x<m 0<y<1}
WsnD =D —{(x,0)] —1<x < 0).

yl :‘ \ i U3 N H2

e
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Now define:  h3l:Us; NH? > Wy;ND by
h31(x,y) = ((1 — y)cosx, (1 — y)sinx).

A similar argument to the one used to show hz_l is a diffeomorphism shows that
h31is a diffeomorpism.

Now note that: h;1(U,) U h31(U3) = D — (0,0),
but (0,0) € h71(Uy).

Thus we have:
U7_, hi(U;) 2 D, and D is a differentiable manifold with boundary.
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Def. Let M be a differentiable manifold of dimension k. We say M is
orientable if there is an atlas for M, {h,, W, }, such that all of the

transition functions: hg ° h;t: ha(Wa N Wﬁ) - hg (Wa N Wﬁ) have
positive Jacobians (i.e. det ((hﬁ o h;l)’) > 0).

hghg'

hg (W N W)
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Ex. Consider the following atlas on S?

m:5%—1(0,0,1) > R?

m(x,y,2) = (L L)

1-z’1-2z

m,:52 — (0,0,—1) > R2

1+z’ 1+z

m,(x,y,2) = (L —L).

From a homework problem you will see that:

7l (w,v) = ( 2u 2v u2+v2—1)
1 ’ u2+v2+1’ u2+v2+1’ u2+v2+1/)°

Thus we have:

(, o (W v) = ( 2u 2v u2+v2—1) —( u -V )
z2-" PV T T2 w2 v 41 w4241 w2402 41) T 2402 T u24v?
u?-p? —2uv
—1v/ | W2+v2)2 (u2+v?2)?
(T[Z ° 77:1 ) (u; U) - 2Uv u2—p2

(u?2+4v2)2  (u?4v2)?

2
(u2-v2)"+4u?v? 1
(u2+v?2)4 T (u2+v?2)2

det((m, o)) = >0

and finite since 7'[1_1(0, 0) = (0,0, —1), which is not part of the domain
of ,. Thus we can say S? is orientable.

: : (X Y
Note: the atlas with 174 (x, Y, z) = (1_2, 1—2) and
— (X ). . I
T, (x, Y, z) = (1+z’ 1+z)’ the standard stereographic projection does not

have:
det((m, oy 1)") > 0.



