Manifolds- HW Problems

1. Show that the unit sphere, S? € R3, is a manifold by covering it
with the following two sets and their coordinate systems:
W, =5%-(0,0,1); and
m: Wy = R* by my(x,y,2) = (i :E)
W, =52 —-(0,0,—1); and
My Wy = R? by m,(%,y,2) = (5, 7)-
m, and 1, are called stereographic projections of S2.

a. Show that ; and m, are diffeomorphisms by
i Showing that m; and , have partial derivatives of all
orders.
ii.  Showing m; and m, are 1-1 and onto R2. Hint: for both
1-1 and onto consider the following:
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iv.  Showing that m; ! and ;1 have partial derivatives of all
orders.

b. Show that m7 1(R?) U m; 1(R?) 2 S2.
c. Find the transition function m,m; 1 (u, v) and show that {m;, W;}
is a smooth atlas for S2.



2. Let ST = {(x,y) € R?| x2 + y? = 1}. Let
U ={(x,y) €S|x >0}, U,={(xy) €Stx<0}
U; ={(x,y) €St|y>0}, U,={(y)€eSty<o0}
Define the functions:
hi:U; >R by hy(x,y)=y, hy,:U, >R by hy(x,y) =1y
h3:Us > R by hs(x,y) =x, hu:U, >R by h(x,y) =x.

Notice, for example, U; = {(x,y) e R?| x = /1 —y2, -1 < y < 1},

sohy(x,y) = (1 —y2y) =y.

a. Show that the h; are diffeomorphisms.

b. Show that U{_,(U;) 2 S*.
c. Show that {h;, U;} is a smooth atlas for S1.



