Integration over Singular n-chains and Stokes’ Theorem

If w is a k-form on [0, 1]%, then w = f(xq, ..., X )dx, A ... A dxy for a
unique function, f:[0,1]* = R.

We have already defined the Riemann integral of f over [0, 1]k, f[o 1]k f.We

now define:

j w = fdxi A ...ANdxy, = f
[0,1]k [0,1]% [0,1]k

Note on notation:

fdxy A ... Ndxy = fdxq ...dxy
[0,1]% [0,1]%

Ex. Letw = (x + y)dx Adyon[0,1] X [0,1]

1,1
J w = J f (x +y)dxdy
[0,1]2 0 Yo

We can evaluate this with Fubini’s Theorem.

Def. If w isa k-formon A S R" and c is a singular k-cube in 4, then we

define:
f w = j c*(w).
c [0,1]k



Note: We have defined a singular k-cube as a map c: [0, 1]%¥ — R™. So if we have
a k-form, w, on A € R", then we define:

L w = j[o’l]kc*(a)).

However, we don’t need ¢ to map [0, 1]¥ into R™. We can make the same
definition for integration for ¢’: D = R"™, where D € R¥ and D is compact

(but D is not necessarily [0, 1]%).

We define:
jc = fD () (@)

Since D € R¥ and compact, we can still use Fubini’s Theorem to evaluate:

jD ()" (w).

If ¢ is a k-chain, then we write:



Ex. Letc:[0,1]? » R? by c(r,8) = (r cos 2mB ,r sin 2mh), so ¢ maps
the square [0, 1]? into the unit disk, D, in R?.
letw = (x* + y?)dx Ady on D.Find |, w.
1

J W = f c*w = j c*((x? + y2dx A dy)
c [0,1]2 [0,1]2

c*((x%2 +y?)dx Ady) = [(x% +y?) o c] c¢*(dx) A c*(dy)
i 2 2 2 .2 ox dx ady dy
= (r“ cos“ 2m8 + r=sin“ 2m0) (a—rdr + %de) A (a—rdr + ﬁde)

c*(w) = r?[(cos 2m0)dr — (2nr sin 2m0)d0]
A [(sin 2m0)dr + (27mr cos 2m0)do]

= r2[—2nrsin®?(2n0) dO A dr + (2nr cos?(2m8))dr A dO
= r2(2nr(sin?(2n0) + cos?(2m0))dr A db

= 2mr3dr A d6.



j w

f 2nr3dr A dO —j j 2nr3dr dé

jlnr
0 2

do=[ Eag=C
| Fdo=3.

0

In a 2" year calculus course, here’s how we would have evaluated the same
integral:

j (x% + y?)dx dy .

We would then change to polar coordinates, so

x2+y2=7r? and dxdy=rdrdé.

2T

!) (x2 +y®)dx dy = f f(rz)r dr do

60=0 r=
an41 271'1 T
= —-d9=j ~dh=—.
.[9:04‘0 9=04 2




Notice that if we had let ¢': [0,1] X [0,27] = R? by
c'(r,0) = (rcos0,rsin @), then

() ((x* + y?)dx Ady) = [(x* + y?) o '] (c")*(dx) A (¢")*(dy)
= (r?cos? 0 + r?sin?0) (% dr + Z—;d@) A (%dr + Z—gd@)
= 1r2[(cos 0)dr — (r sin )dO] A [(sin 8)dr + (r cos 8)d8]
= r2[—rsin?(0) dO A dr + (r cos?(0))dr A dO
= r2(r(sin?(8) + cos?(8))dr A dO

= r3dr A d6.

So we have the same integral as above:
2m 1
I * 3 T
w = (c)'w= rdrd9=z.
/
c [0,1]%[0,27] 0%0 r=0

Our new definition of fc w is going to allow us to do line integrals and surface

integrals (as well as integrals over higher dimensional regions).



Ex. Evaluate the line integral: fc (x°dx + y%dy + zdz), where c is the
curvec(t) = (t,t%,t3),0 <t < land w = x°dx + y?dy + zdz.

1
j (x°dx + y?dy + zdz) = f c*w.
c 0
c*(x°dx + y?dy + zdz)
= (x> o c)c*(dx) + (y? o c)c*(dy) + (z o ¢)c*(dz)
.5 Jox 4 ay 3 0z
=5 (Sodt) + t*(Zat) +¢3 (S dt)
= t5(dt) + t*(2tdt) + t3(3t?dt) = 6t>dt.

1
J (x°dx + y?dy + zdz) = f 6t>dt = t°|} = 1.
c 0

In a vector calculus course, that same integral might have been evaluated by:
c(t) = (¢, t%t3)
dx d dz
Z=1 Z=2t Z=3t2
dt dt dt
1

j (x°dx + y2dy + zdz) = j t>dt + t*(2t)dt + t3(3t?)dt
c 0

1
= j 6t>dt = to|3 = 1.
0



The formula that one learns in second year calculus for the integral of a 2-form
over a surface in R3 is very messy. If a surface, S, is parameterized by

c(u,v) = (x(u, v),y(u,v), z(u, v)), (u,v) € D and
w=Fdx ANdy + Gdy ANdz + Hdz A dx, then:

Hw=ﬂFdx/\dy+Gdy/\dz+Hdz/\dx
S S

d(x, oy,
= ﬂ [F(x(u, v),y(u,v), z(u, v)) agz 33 + G(x(u, v),y(u,v),z(u, v)) 68; 3
+ H(x(u, v),y(u,v),z(u, v)) SEZ 2 dudv
where:
ox ox
ox,y) _ |ou ov ote

o(uv) |9y Oy
ou Ov

This can be concisely summarized by:

foefoe



Ex. Find the surface integral:

ﬂ x dydz + y dxdy

where the surface S is given by:

ctu,v) = (u+v,u?—-v3uw) ; (uv)€0,1] x [0,1].

x=u+v y=u?-v? z=uw.
c*(xdyAndz + ydx Ady)
= (xoc)c*(dy)Ac*(dz) + (y o c)c*(dx) A c*(dy)

—(u+v)( du+ayd) (Zdu+a—zdv)
+(u? —vz)( du + —= d) (azdu+3—idv)

= (u + v) 2udu — 2vdv) A (vdu + udv)
+ (u? — v?)(du + dv) A Qudu — 2vdv)

= w+v)Qu?+2v¥)dundv+ w? —v?)(-2)(u +v)du Adv

=2(u + v)[u? + v? — (W? —v?)]du A dv = (4uv? + 4v3)du A dv.

1,1
U x dydz + y dxdy = f f (4uv? + 4v3)du dv
5 0 Jo
1 1
= j 2uv? + 4uvd|ydv = f 2v2 + 4v3dv
0 0

2
=§v3+v4



The relationship between d and d shows up in Stokes’ Theorem.

Stokes’ Theorem: If w is a (k — 1)-form on an open set, A € R™, and ¢
is a k-chain in A, then:

f da)=j .
C dc

Proof: First let’s prove this for ¢ = I%, so w is a sum of (k — 1)-forms of the

type: fdxy A . Adx, A ... A\ dxy,.
It is enough to show the theorem is true for each of these.

Recall that: I(kj’a): I = [*=1py Ié{j,a)(x) = (Xq, ., @, ..., X ), Where

a = 0 or 1 andis in the jt" place. So we have:

(15 &) (fdxy A oA dX, A A dixy)

= (f o 1 0)) (I 0y) (@) A e A(IE o)) (dx) A oo A (I ) (dicy)

= F(xq, e, O e, X )dXg A Adx, A o A dxy ifj=1
=0 if j # L

This is because if j # [, then:
ko _ Oa _
(I6e) (dx;) = oz, 5 =0

Thus we have what we will call Equation #1:

If j # [, then:

j[ ) (A Bn ) =0
0,1~

If j = [, then:



10

This is because:

Lljolf(x,l)dxdy=L1L1f(x,1)dydx=jol

Now let’s expand:

de = fo f(x,1)dx.

fdxy Ao Adx, A ... Adxy

6lk
1
= Z Z( 1)1+“f fdxy A . Adx, A ... A\ dxy,
j=1a=0 I(J a)
k 1
- Z Z( 1)1+aj 1(1(""]-’05))* (fdx;y A oA dx, A ... A dixy)
j=1a=0

By Equation #1 we have:

= (_1)l+1 f(xl, . 1, ...,Xk)dxl dxk

[0,1]k

+ (—1)lj[ ]kf(xl, v, 0, e, X )dXq L d Xy
0,1

Now let’s examine flk d(fdx1 A Ndx, A ..\ dxk):

of

Ik axl

fk d(fdxy A Adx, A Ndxy) = | ==dx Adxy A Adx A A dxy
1

d
= (—1)i1 kafldxl/\ Adxy A . A dxg,
1

af
= (=1)i1 —d .dx;, .
(—1) " 9%, X1 . AXg
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By Fubini’s Theorem and the Fundamental Theorem of Calculus:

1 1 0 _
= (—1)1‘1j <] 6_3];de> dx; ...dx, ...dx;
0 0

1 1 N
= (—1)1"110 Jo [F(x, .1, e, x) — f(xq, 00, 0, o, X )]d Xy oo dXg .o dxy

= (D4t [ ]kf(x, s Ly e, X )d g . dxy
0,1

+ (-1 [ ]kf(x, w0, e, X )dXy L dXy
0,1

Thus we have:

j d(fdx; AAdx A Adx) = | fdxy A Adx A A dx
Ik oIk

f dw=j w .
1k a1k

So we can now write:

For a singular k-cube since

J a)=f c*w
dc oIk
we have:

f da)=j c*dw = d(c*a))=f c*a)=j w
c 1k 1k ark oc

Finally, if ¢ is a k-chain, Z§=1 a;c;, we have:

l l
jda)zz aij da)zz aij wzj w.
c =1 Jgy i=1  Jac; dc
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-y X .
X dy is closed but
x2+y? + x2%+y? Y

Ex. Use Stokes’ Theorem to show that w =

not exact on R% — (0, 0).

We already saw by direct calculation that dw = 0.
If w = df on R? — (0, 0), then by Stokes’ Theorem if
c(t) = (cost,sint), 0<t<2m weget:

fc w = fc df = facf= 0; Since dc = ¢, but:
jd - Y gx+——d
c f_ acx2+3’2x x2+y2y

c*(w) = (—sint) (—sint)dt + (cost) (cost) dt = dt

2T
j a)=j dt =2n # 0
c 0

So w is not exact on R? — (0, 0).

Ex. Evaluate fc w Where C is the unit circle and:

w = ((sinx) e* — cos y)dx + (xsiny + cos3 y)dy.

By Stokes’ Theorem:
fc w = fD dw where dD = ¢ (i.e. D is the unit disk).

dw =sinydy Adx +sinydx Ady = 0, so we get:

jcw=jDo:o.



