Singular n-Chains

Def. A singular n-cube in A € R" is a continuous function:

c:[0,1]" > A
([0,1]™ =[0,1] x [0,1] X ...x [0,1],n-times)

Ex. ¢:[0,1]% » D € R?, where D is the unit disk x2 + y? < 1.
c(r,0) = (rcos2mO,rsin 2w 0).

Def. The standard n-cube is the identity map on [0, 1]™:
":10,1]" - R™; [™(x) = x.

We will consider the formal sums of singular n-cubes of the form:
3¢y — 4c, + 5¢3, where ¢4, €y, C3 are singular n-cubes in A. A formal sum like
this is called an n-chain in A.

Def. Let x € [0, 1] L. Define Iioy(x) = 1"(xq, s X321, 0, Xy vev, Xy 1)
and I&l)(x) =1"(xq, o, Xi— 1, 1, Xy ooy Xpp—1)-

13’0) is called the (i, 0) face and 1(7;,1) is called the (i, 1) face.

We define the boundary of I™ by:

n 1

oI = z Z(—1)i+“ -

i=1 a=0



Ex. For I? = [0, 1]
—J?
I 0y = 12(0,x1) = (0, %) () ¢
1(21,1) =1*(1,x) = (1,x1)
—J? 5
1(22,0) = 12(x4,0) = (x4,0) (.0 It 1y
N
1(22,1) =1%(xq,1) = (x1,1) 7N
S
I0)
2 1
1% = Z Z(—l)iwc [(Zl.'a) = —1(21’0) + 1(21,1) + [(22,0) — ](22’1)
i=1 a=0

Def. For a general singular n-cube, c: I™ — A, we define the (i, &) face as:

C(i’a) =Co I?i,a) .

And we define the boundary of ¢ by:

= Z Z( D € g

i=1 a=



Ex. Let c:[0,1]? > R2 by c(r,8) = (r cos(2m 8), r sin(2m 8)). Find dc.

We know from the previous example:

Ity =(0,0) = ¢ =c(0,0)=(0,0)
1(21’1) =(1,6) = C11) = c(1,0) = (cos 26, sin 21H)
1(22,0) = (r,0) = C2,0) = ¢(r,0) = (1,0)
1(22,1) =1 2cgy=cl,1)=(0).

So we can write:
2 1

dc = Z Z(—l)”“ Clim) = ~C1,0) T €1,1) T C2,0) ~ €2,1)-

i=1 a=0

C(2,0) = €(2,1) 59 €(2,0) — C(2,1) = 0, thus we know:

dc = —c1,0) + c1,1) = —(0,0) U (cos 218, sin 216).

Def. For an n-chain:

J
dc =20 Z ac; | = Z a;(dc;).

i=1 i=1



Theorem: If ¢ is an n-chain in 4, then (dc) = 0 or 3% = 0.

This theorem is proved by showing that it’s first true for [¥ and then it
follows for ¢ (I*). We can see how this works for I2.

We saw earlier that: 1% = —1(21’0) + 1(21’1) + 1(22,0) — 1(22'1), where:

1(21,0) = (0,%,)
1(21,1) = (1,x1)
1(22,0) = (x1,0)
1(22,1) = (x, 1)

0(01?) = 0(—1¢ ) + 01¢, 1) + 01%, 00 + 0(=1%1))

= 0.

We saw earlier for differential forms that:

d*(w) =0

Now we see that for n-chains:

0%(c) = 0.

We also saw earlier that dw = 0 does not imply w = dn (it depends on the
geometry of the set A € R™). It’s natural to ask for an n-chain if dc = 0, does
itimply that ¢ = dk for some (n — 1)-chain k?



The answer, generally, is no (and this is related to the statement about
differential forms). For example, let ¢: [0, 1] —» R? — (0, 0) by:

c(t) = (cos 2mt, sin 27t)
c(1) = c(0) = (1,0), soweknow dc = 0.

But there is no 2-chain k in R? — (0, 0) with dk = c.



